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Abstract—This paper investigates the tracking control problem for uncertain switched two-time-scale
systems (TTSSs) subject to full state constraints (FSCs). In our design, instead of employing the com-
monly used barrier Lyapunov function (BLF), a unified framework is established by integrating a nonlin-
ear transformed function (NTF) with a change of coordinates to address the FSCs, which can eliminate
the feasibility conditions on the virtual controls. Moreover, this method can also handle the case of time-
varying state constraints (SCs) and constraint-free cases without changing the structure of the controller.
Based on a mode-dependent and ε-dependent Lyapunov function, a single-parameter-estimation-based
control strategy is developed for the uncertain switched TTSSs, significantly reducing the design com-
plexity. Finally, employing the improved admissible edge-dependent average dwell-time (AED-ADT)
scheme in conjunction with Lyapunov techniques, it is ultimately verified that all signals in the closed-
loop system are bounded, the tracking error converges to a bounded compact set, and the system states
do not violate the given constraints.

Keywords—Switched two-time-scale systems, full state constraints, admissible edge-dependent average

dwell-time, one parameter estimation.

1 Introduction

Switched systems are a specific class of hybrid systems, which are widely used in the modeling of
many real systems [1–3]. For the stability analysis of switched systems, one can find popular meth-
ods based on state dependent switching but also methods based on time dependent switching, which
generally require either a dwell-time (DT) or an average dwell-time (ADT), or a mode-dependent
average dwell-time (MDADT). [4] investigates the recurrent stabilizability of discrete-time switched
linear systems under switching constraints defined by a nondeterministic finite automaton, provid-
ing necessary and sufficient conditions and exploring its relation to control Lyapunov functions
and initial states. Two stabilization strategies are proposed in [5] for continuous-time switched lin-
ear systems: an open-loop approach based on minimum DT using multiple Lyapunov functions,
and a closed-loop method via Lyapunov–Metzler inequalities accounting for chattering. [6] shows
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that ADT switching among stable systems ensures uniform exponential stability, and the results
extend to certain nonlinear systems and hysteresis-based adaptive control. [7] demonstrates that a
switched nonlinear system exhibits multiple practical input-to-state stable (ISS)-like characteristics
under ADT switching signals, provided that every individual dynamical system within it is ISS.
Furthermore, the concept of MDADT is built in [8] by extending the ADT method, which prevents
the occurrence of sliding mode and has been extensively applied in the control design of switched
systems [9–11]. In addition, adaptive tracking control under communication constraints and cyber
attacks has attracted increasing attention. For instance, an adaptive event-triggered tracking strategy
is developed in [12] for nonlinear networked systems subject to dynamic quantization and deception
attacks. Meanwhile, to further relax the constraints on switching signals and enhance the stability
conditions of slowly switched systems, the concept of admissible edge-dependent average dwell-
time (AED-ADT) is presented in [13].

Many practical engineering systems involve dynamic processes evolving at significantly differ-
ent time scales. For instance, in motor systems [14], electromagnetic transients are typically much
faster than mechanical responses. Similar slow-fast characteristics can also arise in systems con-
taining fast electrical dynamics and relatively slow mechanical dynamics. Meanwhile, changes in
operating conditions, component configurations, or working modes may introduce switching behav-
ior. Therefore, switched systems with slow-fast dynamics provide a useful framework for describing
such engineering processes. Two-time-scale systems (TTSSs), also known as singularly perturbed
systems, characterize the separation between fast and slow dynamics through a small singular per-
turbation parameter (SPP). This framework also provides useful tools for alleviating difficulties
such as high dimensionality and ill conditioning that may arise when conventional single-time-scale
methods are directly applied; see, e.g., [15–18]. When switching behavior is further involved, these
systems are referred to as switched TTSSs [19–23]. Specifically, [19,20] investigate the stabilization
problems for switched TTSSs subject to deception attacks by utilizing the ADT approach. The fuzzy
control for discrete nonlinear switched TTSSs in finite time is studied in [21] by using the MDADT
method. [22,23] address the problems for controller design and stability analysis of switched TTSSs
with actuator saturation. However, these results ignore the constraints on the system states.

When deploying a control system in real applications, state constraints (SCs), static or dynamic,
may be encountered. Violating these constraints can degrade system performance and may even lead
to instability of the closed-loop system. Many current methods are well-established to handle state
constraints, such as barrier Lyapunov function (BLF) methods [24–26], predictive control meth-
ods [27–29], and projected control methods [30, 31]. As discussed in [24–26], classical BLF-based
constrained control schemes require explicit upper and lower bounds on virtual control laws to guar-
antee feasibility conditions. However, such bounds are generally difficult or impossible to compute
analytically for uncertain switched TTSSs, especially when fast and slow dynamics are coupled.
To completely remove these restrictive conditions, the studies in [32–34] propose novel methods
based on nonlinear state-dependent functions to directly address the asymmetric full state constraints
(FSCs). The methods are implemented for the traditional continuous time dynamics evolving on a
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single time scale. Addressing the problem in the singularly perturbed setup is even more challeng-
ing. To this end, [35] further addresses the tracking control problem for nonlinear uncertain TTSSs
with FSCs by using the approach in [32]. It is important to note that the results in [32–35] have to
be carefully tackled in order to extend them to the case of switched systems. While switched TTSSs
have been studied under ADT/MDADT/AED-ADT switching (e.g., [19–23]), these works neglect
FSCs, and directly extending existing constrained control methods to switched TTSSs is nontrivial
due to the interaction between switching, singular perturbations, and constraint enforcement. More-
over, existing constrained approaches [32, 33, 35] are specifically designed for constrained systems
and fail to reduce to standard state feedback when constraints are removed. This limitation prevents
seamless applicability across constrained, time-varying constrained, and constraint-free scenarios.

Meanwhile, parameter uncertainties and communication-induced effects such as quantization are
also frequently encountered in practical control systems. For example, [36] investigates quantized
fuzzy guaranteed cost control for electric-vehicle lateral dynamics with norm-bounded uncertain pa-
rameters. From a practical viewpoint, slow-fast dynamics, switching behavior, and state constraints
may coexist in the same system. For example, physical variables such as speed, current, or other
internal states are often required to remain within prescribed operating ranges for safety and reliable
operation. Moreover, these allowable ranges may change with operating conditions or may not be
imposed in some applications. It is therefore desirable to develop a control framework that can ac-
commodate switching and different time scales while handling different forms of state constraints
without redesigning the controller. This consideration provides the practical motivation for studying
uncertain switched TTSSs under FSCs. Building on the preceding discussion, this paper investi-
gates the tracking control problem for uncertain switched TTSSs with FSCs. The main challenges
of the considered problem are twofold. First, the interaction among switching, slow-fast dynamics,
and state constraints makes it difficult to directly extend existing constrained control methods to
switched TTSSs. In particular, the feasibility conditions required by conventional BLF-based meth-
ods become difficult to verify when system uncertainties and slow-fast coupling are involved. Sec-
ond, the presence of mode-dependent uncertainties increases the complexity of adaptive controller
design, since multiple parameter updates may be required when conventional adaptive schemes are
employed. These difficulties motivate the development of a simpler adaptive control strategy and a
constraint-handling method without feasibility conditions for uncertain switched TTSSs. The pri-
mary innovations of this study are outlined below.

1. To reduce the complexity caused by parameter estimation in the adaptive design, a single-
parameter-estimation-based control strategy is developed for uncertain switched TTSSs, where
the adaptive law is independent of the switching mode. Compared with the existing result for
uncertain TTSSs in [35], only one parameter update is required throughout the control design,
which simplifies the design procedure and reduces the online computational burden.

2. To address the difficulty associated with the feasibility conditions in conventional BLF-based
methods [24–26], a unified constraint-handling framework is established by combining the
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nonlinear transformed function (NTF) with a modified change of coordinates. This framework
eliminates the feasibility conditions on the virtual controls and can simultaneously handle
symmetric/asymmetric, constant/time-varying, and constraint-free cases without changing the
basic controller structure.

The structure of the paper is organized as follows: Section 2 introduces the problem formulation
and necessary preliminaries. Section 3 presents the main theoretical results. Numerical simulations
are provided in Section 4, followed by conclusion in Section 5.

2 Problem Formulation and Preliminaries

2.1 System Description

Consider the following uncertain switched TTSSs [35]:⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẋ1 = F

σ(t)
1 (x1, θ1) +G

σ(t)
1 (x1)x2

E(ε)ẋ2 = F
σ(t)
2 (x1, x2, θ2) +G

σ(t)
2 (x1, x2)u

y = x1

(1)

where x1 = [x11, x12, . . . , x1m]
T ∈ Rm and x2 = [x21, . . . , x2m1 , x2m1+1, . . . , x2m]

T ∈ Rm are
the system states. The switching signal σ(t) : [0,∞) → Ω = {1, 2, ...,M} is a piecewise right-
continuous constant function with M ∈ N being the number of modes. u = [u1, . . . , um]

T ∈ Rm and
y ∈ Rm are the control input vector and output vector of the system, respectively. F

σ(t)
i (·) ∈ Rm,

i = 1, 2, denotes the uncertain nonlinear function vector including external disturbances or system
modeling uncertainties, and θi ∈ Rri is the unknown constant parameter vector inseparable from
F

σ(t)
i (·). Gσ(t)

i (·) ∈ Rm×m, i = 1, 2, is the unknown time-varying control coefficient matrix. ε is the
SPP satisfying 0 < ε ≪ 1, and

E(ε) =

[︄
Im1×m1 0

0 εIm2×m2

]︄
∈ Rm×m, m1 +m2 = m.

In the following, the argument for a variable or function can be omitted if it is unlikely to cause
confusion.

In system (1), x1 and x̄2m1 = [x21, . . . , x2m1 ]
T ∈ Rm1 are the slow state vectors, and x̄2m2 =

[x2m1+1, . . . , x2m]
T ∈ Rm2 is the fast state vector, which are required to satisfy the following asym-

metric constraints:
xik ∈ Dik := {xik ∈ R| −Dik < xik < Dik} (2)

provided −Dik < xik(0) < Dik, i = 1, 2, k = 1, . . . ,m, where Dik and Dik are known positive
constants, and −Dik and Dik specify the lower and upper constraint bounds of xik, respectively.

The control objectives of this work are:
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P1: A robust adaptive controller is constructed based on one parameter update for uncertain
switched TTSSs with FSCs or constraint-free.

P2: All signals in the closed-loop system are bounded and the tracking error e = x1 − yd =

[e1, . . . , em]
T ∈ Rm, with yd = [yd1, . . . , ydm]

T being the known desired signal, converges to a small
neighborhood of the origin.

P3: The asymmetric FSCs (2) are maintained without imposing feasibility conditions on the
virtual controls.

The analysis requires the following assumptions and a definition.

Assumption 1 [24] The desired signal vectors yd, ẏd, ÿd are available and continuous in known
compact set Dd := {[yTd , ẏTd , ÿTd ]T|yTd yd + ẏTd ẏd + ÿTd ÿd ≤ D0} with D0 being a positive constant.
Moreover, there exist positive constants Ddk, Ddk, k = 1, . . . ,m, satisfying ydk ∈ Ddk := {−D1k <

−Ddk ≤ ydk ≤ Ddk < D1k}.

Assumption 2 [24] There exist unknown positive constants bpi , i = 1, 2, p ∈ Ω, and known non-
negative smooth functions φp

i (x̄i) : Rim → R+ such that, for xik ∈ Dik, the uncertainties F p
i (·)

satisfy ∥F p
i (·)∥ ≤ bpiφ

p
i (·), where x̄1 = x1, x̄2 = [xT

1 , x
T
2 ]

T. If x̄i are bounded, so are F p
i and φp

i .

Assumption 3 [37] The control coefficient matrices Gp
i (·), i = 1, 2, p ∈ Ω, are bounded and

positive definite, namely, there exist positive constants gpi,m and gpi,M such that xTGp
ix ≥ gpi,mx

Tx >

0 for any x ∈ Rm \ {0}, and ∥Gp
i ∥ ≤ gpi,M .

Remark 1 Assumption 1 regarding the desired signal yd has been commonly used in the existing
literature [24–26]. For Assumption 2, such a relationship may always be established by providing
only basic information on F p

i (x̄i), i = 1, 2, p ∈ Ω. Assumption 3 specifies the boundedness of the
control gain matrices and reasonably requires that Gp

i (x̄i), i = 1, 2, p ∈ Ω, remains nonzero to
ensure system controllability.

Definition 1 [13] For all pairs (p, q) ∈ Ω×Ω, let Nσ
p,q(t, T ) denote the number of transitions from

the qth subsystem to the pth subsystem within the interval [t, T ), and let Tp,q(t, T ) represent the total
activation time of subsystem p over [t, T ), conditioned on such transitions occurring. The switching
signal σ(t) is said to satisfy an AED-ADT τap,q if there exist positive constants N 0

p,q and τap,q such that

N σ
p,q(t, T ) ≤ N 0

p,q +
Tp,q(t, T )

τap,q
, ∀T ≥ t ≥ 0,

where N 0
p,q is referred to as the admissible edge-dependent chatter bound.

The primary motivation for introducing the AED-ADT technique stems from the intrinsic charac-
teristics of switched TTSSs. In such systems, the interaction between slow and fast dynamics leads
to mode-dependent transient behaviors, and different switching transitions may induce significantly
different Lyapunov jumps. Consequently, imposing a uniform dwell-time constraint on all switch-
ing signals, as in classical ADT or MDADT schemes [6–11], can be overly conservative and may
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unnecessarily restrict the admissible switching sequences. To address this issue, the AED-ADT
framework assigns dwell-time constraints in an edge-dependent manner, that is, for each ordered
switching pair (q → p). This allows the switching logic to account for the direction of mode tran-
sitions and the corresponding Lyapunov mismatch between subsystems. As a result, the stability
conditions can be relaxed while still guaranteeing overall system stability.

2.2 System Transformation

To directly impose the asymmetric FSCs on state variables for system (1), a NTF ξik purely based
upon system state is designed as follows:

ξik =
DikDikxik

(Dik − xik)(Dik + xik)
(3)

with the initial condition xik(0) satisfying xik ∈ Dik, i = 1, 2, and k = 1, . . . ,m. From (3), ξik is a
scalar function of xik, which is continuously differentiable on the interval Dik. Moreover, ξik → ∞
as xik approaches the boundary of Dik for any initial condition xik ∈ Dik. Thus, if ξik ∈ L∞,
xik ∈ Dik can be ensured, i.e., FSCs (2) are not violated as long as ξik are bounded. Therefore,
satisfying the FSCs (2) means ensuring the boundedness of ξik.

Remark 2 The advantages of the NTF (3) lies in the following aspects:
(i) Compared to BLF-based approaches, it imposes less stringent restrictions on initial system

states by introducing a direct technique to handle FSCs rather than using the conservative method
of converting original constraints into tracking error bounds [24–26].

(ii) A specific NTF in [32] is expressed as: ξi = xi

(Di−xi)(Di+xi)
, i = 1, · · · ,m. It can be observed

that for the constraint-free cases (i.e., Di = Di → ∞), the function simplifies to limDi=Di→∞ ξi =
xi

(Di−xi)(Di+xi)
= 0. This result implies that the NTF proposed in [32] fails to handle both constrained

and unconstrained scenarios in a unified manner. However, in our paper, for the constraint-free
cases, we have limDik=Dik→∞ ξik = limDik=Dik→∞

DikDikxik

(Dik−xik)(Dik+xik)
= xik. This indicates that the

NTF ξik reduces to the system state xik, enabling the function (3) to handle SCs or constraint-free
cases of the system (1) in a unified manner without changing the controller structure. In fact, time-
varying asymmetric SCs can also be solved by the proposed NTF, which will be discussed in Section
3.

To facilitate the controller design, we define ρik =
(Dik−xik)(Dik+xik)

DikDik
and ρi = diag{ρi1, . . . , ρim},

for i = 1, 2, and k = 1, . . . ,m. With this notation, one gets

xi = ρiξi (4)

with ξi = [ξi1, . . . , ξim]
T. Then the derivative of ξik in (3) is obtained as:

ξ̇ik = λikẋik, (5)
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where λik =
DikDik(DikDik+x2

ik)

(Dik−xik)2(Dik+xik)2
, i = 1, 2, and k = 1, . . . ,m, is well defined in set Dik. Combining

(1) and (4), we can rewrite (5) as⎧⎨⎩ξ̇1 = λ1(F
σ(t)
1 +G

σ(t)
1 ρ2ξ2)

E(ε)ξ̇2 = λ2(F
σ(t)
2 +G

σ(t)
2 u)

(6)

with λi = diag{λi1, . . . , λim} being a positive definite diagonal matrix when xik ∈ Dik, i = 1, 2,
and k = 1, . . . ,m.

3 Main Results

3.1 Single-Parameter-Estimation-Based Controller Design

In this section, the dynamic surface control (DSC) method is utilized to construct a robust adap-
tive controller based on one parameter estimation for system (1) with FSCs, in which the feasibility
conditions in [24–26] can be entirely eliminated. As an essential step in the control design, the
conventional change of coordinates z1 = x1 − yd in [25] is no longer directly applicable due to the
introduction of the NTF (3). Instead, a modified change of coordinates tailored to the structure of
the NTF (3) is developed to facilitate the subsequent design of the virtual control law α1. To this
end, we introduce the following change of coordinates:⎧⎨⎩z1 = ξ1 − α1f

z2 = ξ2 − α2f

(7)

where zi, i = 1, 2, is the virtual error, ξi is introduced to handle FSCs without imposing the fea-
sibility conditions on virtual control laws, α1f = [α1f,1, . . . , α1f,m]

T, α1f,k =
D1kD1kydk

(D1k−ydk)(D1k+ydk)
,

k = 1, . . . ,m, and α2f is obtained from the following first-order filter:

κ2α̇2f + α2f = ρ−1
2 α1, (8)

where κ2 > 0 is a design parameter, α1 is a virtual controller designed later in (19), and ρ2 is defined
in (4). Then it can be seen from Assumption 1 that α1f is calculable and bounded in the compact set
Dd. In order to facilitate the subsequent controller design and stability analysis, define the following
filter error:

y2 = α2f − ρ−1
2 α1. (9)

Thus, according to (7) and (9),

ξ2 = z2 + α2f = z2 + y2 + ρ−1
2 α1. (10)

Remark 3 In conventional BLF methods (e.g., [24–26]), feasibility conditions require the virtual
control signals to remain strictly within predefined bounds to prevent singularity of the BLF. This
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inevitably introduces parameter-dependent inequalities that must be verified a priori, which is ex-
tremely difficult for uncertain switched TTSSs due to the coupling between slow-fast dynamics and
switching.

In contrast, our method removes this requirement through two key mechanisms:
(i) As defined in (3), the NTF maps each constrained state xik ∈ Dik to an unconstrained variable

ξik ∈ R, i = 1, 2, k = 1, . . . ,m. Importantly, constraint satisfaction is equivalently guaranteed by
the boundedness of ξik, rather than by bounding the virtual controls.

(ii) Instead of the traditional virtual errors zi = xi−αi−1 in [25], the modified forms zi = ξi−αif

in (7) ensure that the virtual errors are defined entirely in the transformed space. As a result, the
stability analysis only requires the boundedness of zi and ξi, without imposing any explicit upper or
lower bounds on the virtual control α1.

The detailed process of the adaptive backstepping control based on one parameter update is given
as follows.

Step 1: For p ∈ Ω, taking the derivative of z1 = ξ1 − α1f along (6), we can obtain from (10)

ż1 = ξ̇1 − α̇1f = λ1(F
p
1 +Gp

1ρ2ξ2)− α̇1f = λ1(F
p
1 +Gp

1ρ2(z2 + y2) +Gp
1α1)− α̇1f (11)

with α̇1f = λdẏd, λd = diag{λd1, . . . , λdm}, λdk =
D1kD1k(D1kD1k+y2dk)

(D1k−ydk)2(D1k+ydk)2
, k = 1, . . . ,m. From the

definition of λdk, λd is positive definite and calculable in the compact sets Ddk.
Choose a Lyapunov function candidate

V p
1 =

1

2gp1,m
zT1 z1 +

1

2γ
˜︁Θ2 +

1

2
yT2 y2, (12)

where gp1,m is defined in Assumption 3, γ > 0 is a design parameter, ˜︁Θ = Θ − ˆ︁Θ is the parameter
estimate error with ˆ︁Θ being the parameter estimate of Θ = max{(bpi )2, 1}, i = 1, 2, p ∈ Ω. Then
the derivative of V p

1 along (12) yields

V̇ p
1 =

1

gp1,m
zT1 (λ1F

p
1 + λ1G

p
1ρ2z2 + λ1G

p
1ρ2y2 + λ1G

p
1α1 − α̇1f )−

1

γ
˜︁Θ ˆ̇︁Θ+ yT2 ẏ2. (13)

By using Assumptions 1-3 and Young’s inequality, we have

1

gp1,m
zT1 λ1F

p
1 ≤ ∥z1∥2∥λ1∥2Θφ1

2a2
+

a2

2(g1,min)2
, (14)

− 1

gp1,m
zT1 α̇1f ≤ ∥z1∥2∥λdẏd∥2

2a2
+

a2

2(g1,min)2
, (15)

1

gp1,m
zT1 λ1G

p
1ρ2y2 ≤

(g1,max)
2

2a2(g1,min)2
∥z1∥2∥λ1∥2 +

a2

2
∥ρ2∥2∥y2∥2, (16)

1

gp1,m
zT1 λ1G

p
1ρ2z2 ≤

1

2a2gp2,m
∥z1∥2∥λ1∥2∥ρ2∥2∥z2∥2 +

a2(g1,max)
2g2,max

2(g1,min)2
, (17)
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where a > 0 is a design parameter, g1,min = minp∈Ω{gp1,m}, g1,max = maxp∈Ω{gp1,M}, g2,max =

maxp∈Ω{gp2,m}, ∥φp
1∥2 ≤ φ1, p ∈ Ω. Substituting (14)-(17) into (13), we obtain

V̇ p
1 ≤ΘΨ1∥z1∥2 +

1

gp1,m
zT1 λ1G

p
1α1 +

a2

2
∥ρ2∥2∥y2∥2 +

1

2a2gp2,m
∥z1∥2∥λ1∥2∥ρ2∥2∥z2∥2

− 1

γ
˜︁Θ ˆ̇︁Θ+ yT2 ẏ2 + Λ1, (18)

where Ψ1 = 1
2a2

(︂
∥λ1∥2φ1 + ∥λdẏd∥2 + (g1,max)2

(g1,min)2
∥λ1∥2

)︂
is a known and calculable scalar function,

Λ1 =
a2

(g1,min)2
+ a2(g1,max)2g2,max

2(g1,min)2
is a positive constant.

Let the virtual control α1 be

α1 = −(c1 + ˆ︁ΘΨ1)(λ
∗
1)

−2λ1z1 (19)

with c1 > 0 being a design parameter, λ∗
1 = min{λ∗

1k}, λ∗
1k =

16D
2
1kD

2
1k

(D1k+D1k)
4 , k = 1, · · · ,m. Due to

λ1k =
D1kD1k(D1kD1k+x2

1k)

(D1k−x1k)2(D1k+x1k)2
≥ λ∗

1k in D1k, then zT1 λ1G
p
1λ1z1 ≥ gp1,m

∑︁n
k=1(λ

∗
1k)

2z21k ≥ gp1,m(λ
∗
1)

2∥z1∥2.
Then inserting the virtual control law α1 (19) into 1

gp1,m
zT1 λ1G

p
1α1, we have

1

gp1,m
zT1 λ1G

p
1α1 = −(c1 + ˆ︁ΘΨ1)

gp1,m
(λ∗

1)
−2zT1 λ1G

p
1λ1z1 ≤ −(c1 + ˆ︁ΘΨ1)∥z1∥2. (20)

Since (18) contains a nonlinear term 1
gp1,m

zT1 λ1G
p
1α1 and λ1 is related to the NTF (3), it is necessary

to use (λ∗
1)

−2λ2
1 ≤ −I to eliminate λ1 of this nonlinear term in the process of designing α1, thereby

obtaining the result (20). Similar challenges will also arise in the design process of the controller
(33). Consequently, combining (18) with (20), it follows that

V̇ p
1 ≤− c1∥z1∥2 + ˜︁ΘΨ1∥z1∥2 −

1

γ
˜︁Θ ˆ̇︁Θ+ yT2 ẏ2 + Λ1

+
a2

2
∥ρ2∥2∥y2∥2 +

1

2a2gp2,m
∥z1∥2∥λ1∥2∥ρ2∥2∥z2∥2. (21)

Furthermore, according to the first-order filter in (8) and the filter error y2 in (9), we have ẏ2 =

α̇2f − d
dt

(︁
ρ−1
2 α1

)︁
= − y2

κ2
+Υ(·), where Υ

(︂
z1, z2, y2, ˆ︁Θ, yd, ẏd, ÿd

)︂
= − d

dt

(︁
ρ−1
2 α1

)︁
= −(ρ−1

2 )′α1−

ρ−1
2

(︂
∂α1

∂ ˆ︁Θ ˆ̇︁Θ+ ∂α1

∂Ψ1
Ψ̇1 +

∂α1

∂λ∗
1
λ̇∗
1 +

∂α1

∂λ1
λ̇1 +

∂α1

∂z1
ż1

)︂
is a continuous function in regions Dik and ˆ̇︁Θ will

be given latter, i = 1, 2, and k = 1, . . . ,m. Therefore,

yT2 ẏ2 = −yT2 y2
κ2

+ yT2 Υ ≤
(︃
1

4
− 1

κ2

)︃
∥y2∥2 + ∥Υ∥2. (22)

Then, (21) can be rewritten as

V̇ p
1 ≤− c1∥z1∥2 + ˜︁Θ(︃Ψ1∥z1∥2 −

1

γ
ˆ̇︁Θ)︃+

1

2a2gp2,m
∥z1∥2∥λ1∥2∥ρ2∥2∥z2∥2 + ∥Υ∥2

+

(︃
1

4
+

a2

2
∥ρ2∥2 −

1

κ2

)︃
∥y2∥2 + Λ1. (23)

9



Choose a suitable constant κ̄2 > 0 such that 1
κ2

≥ 1
4
+ a2

2
∥ρ2∥2 + κ̄2. Hence, (23) can be further

expressed as

V̇ p
1 ≤− c1∥z1∥2 + ˜︁Θ(︃Ψ1∥z1∥2 −

1

γ
ˆ̇︁Θ)︃− κ̄2∥y2∥2

+
1

2a2gp2,m
∥z1∥2∥λ1∥2∥ρ2∥2∥z2∥2 + ∥Υ∥2 + Λ1, (24)

where ˆ̇︁Θ will be given in the next step.

Remark 4 As shown in (19), the virtual control α1 is a nonlinear function that relies on design
parameters c1, ˆ︁Θ, and functions z1, λ∗

1, λ1, and Ψ1. When employing the conventional BLF ap-
proaches [24–26] for control design, it is essential to explicitly determine both the upper and lower
bounds of the virtual control α1 to validate the feasibility conditions at this step. However, due to
the absence of an explicit analytical solution for deriving these bounds, the verification of param-
eter existence requires the utilization of offline optimization techniques, which would substantially
escalate the computational load. Furthermore, within a specified constrained domain, the identifi-
cation of optimal parameters that satisfy the feasibility conditions may prove unattainable, thereby
rendering BLF-based control algorithm ineffective in practical implementation. In this paper, a
notable advantage lies in its elimination of the requirement to determine explicit bounds for the
virtual controller α1 since no feasibility conditions are required. This significant simplification is
achieved through the NTF (3) and the change of coordinates (7), which enable stability analysis to
be conducted solely based on the boundedness property of α1.

Step 2: Taking the derivative of z2 = ξ2 − α2f along (6), for p ∈ Ω, we have

E(ε)ż2 = λ2(F
p
2 +Gp

2u)− E(ε)α̇2f , (25)

where α̇2f is well defined in (8).
Define a Lyapunov function candidate V p

2 as

V p
2 =

1

2gp2,m
zT2 E(ε)Pz2, (26)

where gp2,m is defined in Assumption 3, P =

[︄
P11 0

0 P22

]︄
with P11 = PT

11 > 0, P22 = PT
22 > 0, then

P = PT > 0 and E(ε)P = PTE(ε) > 0. Employing (25) and (26), the derivative of V p
2 can be

formulated as

V̇ p
2 =

1

gp2,m
zT2 P (λ2F

p
2 + λ2G

p
2u− E(ε)α̇2f ) . (27)

Similar to (14)-(17), utilizing Assumptions 1-3 and Young’s inequality gives

1

gp2,m
zT2 Pλ2F

p
2 ≤∥z2∥2∥P∥2∥λ2∥2Θφ2

2a2gp2,m
+

a2

2g2,min

, (28)

− 1

gp2,m
zT2 PE(ε)α̇2f ≤∥z2∥2∥P∥2∥E(ε)α̇2f∥2

2a2gp2,m
+

a2

2g2,min

, (29)
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where ∥φp
2∥2 ≤ φ2, p ∈ Ω. Then substituting (28), (29) into (27), we have

V̇ p
2 ≤∥z2∥2∥P∥2∥λ2∥2Θφ2

2a2gp2,m
+

∥z2∥2∥P∥2∥E(ε)α̇2f∥2

2a2gp2,m
+

1

gp2,m
zT2 Pλ2G

p
2u+ Λ2, (30)

with Λ2 =
a2

g2,min
being a positive constant.

Selecting the Lyapunov function candidate

V p = V p
1 + V p

2 =
1

2gp1,m
zT1 z1 +

1

2gp2,m
zT2 E(ε)Pz2 +

1

2γ
˜︁Θ2 +

1

2
yT2 y2, (31)

and combining (24), (30) with (31), for the pth subsystem, we can infer that

V̇ p ≤− c1∥z1∥2 − κ̄2∥y2∥2 + ˜︁Θ(︃Ψ1∥z1∥2 −
1

γ
ˆ̇︁Θ)︃+ ∥Υ∥2 + Λ

+
Θ

gp2,m
Ψ2∥z2∥2 +

1

gp2,m
zT2 Pλ2G

p
2u, (32)

where Λ = Λ1 + Λ2 and Ψ2 =
1

2a2
(∥P∥2∥λ2∥2φ2 + ∥P∥2∥E(ε)α̇2f∥2 + ∥z1∥2∥λ1∥2∥ρ2∥2).

Let the actual control law u and the adaptive law ˆ︁Θ be designed as

u = −

(︄
c2 +

ˆ︁Θ
gp2,m

Ψ2

)︄
(λ∗

2)
−2λ̄−1

P λ2Pz2, (33)

ˆ̇︁Θ = γ

(︃
Ψ1∥z1∥2 +

1

g2,min

Ψ2∥z2∥2
)︃
− lˆ︁Θ, (34)

where c2 and l are positive parameters, λ∗
2 = min{λ∗

2k}, λ∗
2k =

16D
2
2kD

2
2k

(D2k+D2k)
4 , k = 1, · · · ,m, λ̄P =

λmin(P
2). ˆ︁Θ(0) ≥ 0 is an arbitrarily chosen initial estimate of ˆ︁Θ. Noting that as γ

(︂
Ψ1∥z1∥2 + 1

g2,min

Ψ2∥z2∥2) ≥ 0, it holds that ˆ︁Θ(t) ≥ 0 for any ˆ︁Θ(0) ≥ 0, t ≥ 0. Due to λ2k =
D2kD2k(D2kD2k+x2

2k)

(D2k−x2k)2(D2k+x2k)2
≥

λ∗
2k in D2k, zT2 Pλ2G

p
2λ2Pz2 ≥ gp2,m(λ

∗
2)

2λ̄P∥z2∥2 and 1
gp2,m

zT2 Pλ2G
p
2u ≤ −(c2 +

ˆ︁Θ
gp2,m

Ψ2)∥z2∥2.

Thus, substituting the actual control law u (33) and the adaptive law ˆ̇︁Θ (34) into (32), and utilizing
the fact that l

γ
˜︁Θˆ︁Θ ≤ − l

2γ
˜︁Θ2 + l

2γ
Θ2, we have

V̇ p ≤− c1∥z1∥2 − c2∥z2∥2 − κ̄2∥y2∥2 −
l

2γ
˜︁Θ2 + ∥Υ∥2 +K1 (35)

with K1 = Λ+ l
2γ
Θ2.

Remark 5 In the majority of existing adaptive control algorithms for state-constrained nonlinear
systems [32, 35], an adaptive law is required to estimate an unknown constant parameter or an un-
known parameter vector at every step of the backstepping procedure. As the system order increases,
this process becomes computationally demanding due to the need for multiple parameter estima-
tions and the increasing complexity of the control design. To address this issue, utilizing the norm
estimation approach [38], only a single parameter estimation is performed throughout the control
process, which significantly reduces the overall computational burden.
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In order to facilitate subsequent stability analysis, define the following positive constants:

µp <min{2c1gp1,m,
2c2g

p
2,m

λmax{E(ε)P}
, 2κ̄2, l}, (36)

ℏp,q >max

{︃
gq1,m
gp1,m

,
gq2,m
gp2,m

, 1

}︃
, (37)

K =K1 +K2
2 , (38)

where p, q ∈ Ω, and K2 will be defined later.

3.2 Stability Analysis

Theorem 1 Consider the uncertain switched TTSSs (1) with asymmetric FSCs under the controller
(33) and the adaptive law (34). Let the Lyapunov function candidate be designed as (31). If xik(0) ∈
Dik, i = 1, 2, and k = 1, . . . ,m, the AED-ADT of the switching signal σ(t) satisfies τap,q > ln ℏp,q

µp
,

and there exists a positive constant B0 such that V p(0) ≤ B0, p ∈ Ω, then under Assumptions
1-3, the control objectives P1-P3 can be achieved through the single-parameter-estimation-based
adaptive control.

Proof: Let the sets Dd :=
{︁
[yTd , ẏ

T
d , ÿ

T
d ]

T|yTd yd + ẏTd ẏd + ÿTd ÿd ≤ D0

}︁
⊂ R3m, DV p :=

{︂
[zT1 , z

T
2 , ˜︁Θ,

yT2 ]
T| 1

gp1,m
zT1 z1 + yT2 y2 +

1
gp2,m

zT2 E(ε)Pz2 +
1
γ
˜︁Θ2 ≤ 2B0

}︂
⊂ R3m+1, then Dd×DV p is a compact set

and there exists a constant K2 > 0 such that ∥Υ∥ ≤ K2 on Dd ×DV p , where Υ is given in (22). For
the pth subsystem, it follows from (35) that

V̇ p ≤− c1∥z1∥2 − c2∥z2∥2 − κ̄2∥y2∥2 −
l

2γ
˜︁Θ2 +K1 +K2

2 ≤ −µpV
p +K, (39)

and ∀(σ(tk) = p, σ(t−k ) = q) ∈ Ω× Ω, p ̸= q,

V p ≤ ℏp,qV q. (40)

For an arbitrary T > 0, let t0 = 0 and t1, t2, . . . , tk, tk+1, . . . , tNσ(0,T ) denote the switching in-
stants on the interval [0, T ], in which N σ(0, T ) =

∑︁M
p=1N σ

p (0, T ) and N σ
p (0, T ) =

∑︁M
q=1,p̸=q N σ

p,q(0, T ),
where N σ(0, T ) is the switching number of σ(t) and N σ

p (0, T ) is the switching number when the
pth subsystem is activated during the interval [0, T ], p ∈ Ω.

Let Ξ(t) = eµσ(t)tV σ(t)(Z(t)) with Z(t) = [zT1 , z
T
2 , y

T
2 , ˜︁Θ]T being piecewise differentiable along

solutions of the system. On each interval [tk, tk+1), using (39), it can be inferred that

Ξ̇(t) ≤µσ(t)e
µσ(t)tV σ(t)(Z(t)) +Keµσ(t)t − µσ(t)e

µσ(t)tV σ(t)(Z(t)) = Keµσ(t)t, (41)

which implies ∫︂ tk+1

tk

Ξ̇(t)dt = Ξ(tk+1)− Ξ(tk) ≤
∫︂ tk+1

tk

Keµσ(t)tdt. (42)
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Employing (40)-(42), we have

Ξ(tk+1) ≤ ℏσ(tk+1),σ(t
−
k+1)

e

(︃
µσ(tk+1)

−µ
σ(t−

k+1
)

)︃
tk+1

Ξ(t−k+1)

≤ Γ1,kΞ(tk) + Γ1,k

∫︂ tk+1

tk

Keµσ(tk)tdt

≤ Γ1,k−1Ξ(tk−1) + Γ1,k−1

∫︂ tk

tk−1

Ke
µσ(tk−1)

t
dt+ Γ1,k

∫︂ tk+1

tk

Keµσ(tk)tdt

...

≤
k∏︂

l=0

ℏσ(tl+1),σ(tl)e

k∑︁
l=0

(︂
µσ(tl+1)

−µσ(tl)

)︂
tl+1

Ξ(t0) +

k∑︂
l=0

Γ1,l

∫︂ tl+1

tl

Keµσ(tl)
tdt. (43)

where Γ1,k = ℏσ(tk+1),σ(tk) exp
{︁
(µσ(tk+1) − µσ(tk))tk+1

}︁
, Γ1,k−1 = ℏσ(tk+1),σ(tk)ℏσ(tk),σ(tk−1) ×

exp
{︁
(µσ(tk+1) − µσ(tk))tk+1 + (µσ(tk) − µσ(tk−1))tk

}︁
, Γ1,l =

∏︁k
s=l ℏσ(ts+1),σ(ts) exp

{︂∑︁k
s=l(µσ(ts+1)

−µσ(ts))ts+1

}︁
.

Furthermore, it can be derived from (43) that

Ξ(T−) =e
µσ(T−)TV σ(T−)(Z(T ))

≤Ξ(tNσ(0,T )) +

∫︂ T

tNσ(0,T )

Ke
µσ(tNσ(0,T ))

t
dt

≤Γ2Ξ(0) +

Nσ(0,T )−1∑︂
l=0

Γ2,l

∫︂ tl+1

tl

Keµσ(tl)
tdt+

∫︂ T

tNσ(0,T )

Ke
µσ(tNσ(0,T ))

t
dt, (44)

where Γ2 =
∏︁Nσ(0,T )−1

l=0 ℏσ(tl+1),σ(tl) exp
{︂∑︁Nσ(0,T )−1

l=0 (µσ(tl+1) − µσ(tl))tl+1

}︂
, Γ2,l =

∏︁Nσ(0,T )−1
s=l

ℏσ(ts+1),σ(ts) exp
{︂∑︁Nσ(0,T )−1

s=l (µσ(ts+1) − µσ(ts))ts+1

}︂
.

Hence, from (44),

V σ(T−)(Z(T ))

≤Γ3V
σ(0)(Z(0)) +

Nσ(0,T )−1∑︂
l=0

Γ3,l

∫︂ tl+1

tl

Keµσ(tl)
tdt+ e

−µσ(tNσ(0,T ))
T
∫︂ T

tNσ(0,T )

Ke
µσ(tNσ(0,T ))

t
dt

≤Γ3V
σ(0)(Z(0)) +

Nσ(0,T )−1∑︂
l=0

Γ3,le
−νmintl+1

∫︂ tl+1

tl

Keνmintdt+ e−νminT

∫︂ T

tNσ(0,T )

Keνmintdt

≤˜︁Γ3V
σ(0)(Z(0)) +

Nσ(0,T )−1∑︂
l=0

˜︁Γ3,le
−νmintl+1

∫︂ tl+1

tl

Keνmintdt+ e−νminT

∫︂ T

tNσ(0,T )

Keνmintdt, (45)

where Γ3 =
∏︁Nσ(0,T )−1

l=0 ℏσ(tl+1),σ(tl) exp

{︃
− µσ(tNσ(0,T ))T +

∑︁Nσ(0,T )−1
l=0 (µσ(tl+1) − µσ(tl))tl+1 +

µσ(t0)t0

}︃
, Γ3,l =

∏︁Nσ(0,T )−1
s=l ℏσ(ts+1),σ(ts) exp

{︃
−µσ(tNσ(0,T ))T+

∑︁Nσ(0,T )−1
s=l (µσ(ts+1)−µσ(ts))ts+1

}︃
,

Γ3 =
∏︁M

p=1

∏︁M
q=1,q ̸=p ℏ

Nσ
p,q(0,T )

p,q exp

{︄
−
∑︁M

p=1

∑︁M
q=1,q ̸=p µp

∑︁
s∈β(p,q)

(ts+1 − ts) − µσ(tNσ(0,T ))(T −
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tNσ(0,T ))

}︄
, Γ3,l =

∏︁Nσ(0,T )−1
s=l ℏσ(ts+1),σ(ts) exp

{︃
µσ(tl)tl+1 +

∑︁Nσ(0,T )−1
s=l (µσ(ts+1) − µσ(ts))ts+1 −

µσ(tNσ(0,T ))T

}︃
, ˜︁Γ3 = exp

{︃∑︁M
p=1

∑︁M
q=1,q ̸=p

[︃(︃
N 0

p,q +
Tp,q(0,T )

τap,q

)︃
ln ℏp,q − µpTp,q(0, T )

]︃}︃
, ˜︁Γ3,l =∏︁M

p=1

∏︁M
q=1,q ̸=p ℏ

Nσ
p,q(tl+1,T )

p,q exp

{︃
−
∑︁M

p=1

∑︁M
q=1,q ̸=p µpTp,q(tl+1, T )

}︃
, β(p,q) stands for the set of

satisfying σ(ts) = p, σ(t−s ) = q, ts ∈ {t0, t1, . . . , tk, tk+1, . . . , tNσ(0,T )−1}, and νp,q ∈ (0, µp −
ln ℏp,q/τap,q) with νmin = minp,q∈Ω{νp,q}.

Utilizing τap,q >
ln ℏp,q
µp

, for any T ≥ t ≥ 0,

N σ
p,q(t, T ) ≤ N 0

p,q +
(µp − νp,q)Tp,q(t, T )

ln ℏp,q
,

which implies

ℏN
σ
p,q(tl+1,T )

p,q ≤ ℏN
0
p,q

p,q e(µp−νp,q)Tp,q(tl+1,T ). (46)

According to (45) and (46), it’s easy to verify that

V σ(T−)(Z(T )) ≤Γ4V
σ(0)(Z(0)) +

M∏︂
p=1

M∏︂
q=1,q ̸=p

ℏN
0
p,q

p,q e−νminT

∫︂ T

0

Keνmintdt

≤e

M∑︁
p=1

M∑︁
q=1,q ̸=p

N 0
p,q ln ℏp,q

e
max
p,q∈Ω

{︃
ln ℏp,q
τap,q

−µp

}︃
T
V σ(0)(Z(0)) +

K

νmin

M∏︂
p=1

M∏︂
q=1,q ̸=p

ℏN
0
p,q

p,q , (47)

where Γ4 = exp

{︃∑︁M
p=1

∑︁M
q=1,q ̸=p

(︃
N 0

p,q ln ℏp,q +
(︂

ln ℏp,q
τap,q

− µp

)︂
Tp,q(0, T )

)︃}︃
.

Therefore, we can deduce from (47) that all signals in the closed-loop system are bounded. Since
ξi ∈ L∞ is ensured, the system state xik always remains in the predefined constraint set Dik, i = 1, 2,
and k = 1, . . . ,m, under the initial condition xik(0) ∈ Dik. This implies that there exist positive
constants D

∗
i,k, D∗

i,k such that −Di,k < −D∗
i,k ≤ xik ≤ D

∗
i,k < Di,k, i = 1, 2, and k = 1, . . . ,m,

namely, the FSCs (2) are always maintained without imposing the feasibility condition on the virtual
control law α1. Moreover, according to the definition of z1k = ξ1k − α1f,k =

D1kD1kx1k

(D1k−x1k)(D1k+x1k)
−

D1kD1kydk
(D1k−ydk)(D1k+ydk)

, k = 1, . . . ,m, the tracking error variable x1k − ydk = ek = ηkz1k, where ηk =

(D1k−x1k)(D1k+x1k)(D1k−ydk)(D1k+ydk)

D1kD1k(D1kD1k+x1kydk)
. Since ydk ∈ Ddk ⫋ D1k and −D1,k < −D∗

1,k ≤ x1k ≤ D
∗
1,k <

D1,k, k = 1, . . . ,m, there exist positive constants ηk, η
k

such that η
k
≤ ηk ≤ ηk, which means that

ek are bounded for t ≥ 0. In fact, from (39), we have V̇ p ≤ −c1∥z1∥2 + K, which indicates that

V̇ p becomes negative when ∥z1∥ >
(︂

K+δ
c1

)︂ 1
2

with δ being a small constant. Consequently, ∥z1∥ will

enter and stay within the compact set Ωz1 =

{︃
z1 ∈ Rm

⃓⃓⃓⃓
∥z1∥ ≤

(︂
K+δ
c1

)︂ 1
2

}︃
, which implies that the

tracking error e will enter and remain within the compact set Ωe =

{︃
e ∈ Rm

⃓⃓⃓⃓
∥e∥ ≤ η

(︂
K+δ
c1

)︂ 1
2

}︃
,

where η = max{ηk} for k = 1, · · · ,m. This completes the proof.
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Remark 6 When Dik = Dik holds for i = 1, 2, and k = 1, . . . ,m, the case of asymmetric SCs (2)
reduces to the case of symmetric SCs. Moreover, when Dik and Dik divergence to infinity (indicating
no SCs in control requirements), our analysis in Remark 2 demonstrates that the parameters reduce
to ξik = xik, λik = 1, ρik = 1, and α1f,k = ydk. In order to achieve the control goal in the
unconstrained scenario, the algorithm designed in this paper only needs to be simplified to substitute
ξik, λik, ρik, and α1f,k into their corresponding values xik, 1, 1, and ydk respectively, so as to keep
the original controller architecture and all design parameters unchanged.

3.3 The Case of Time-Varying Constraints

Time-varying constraints are important in practical applications where safety limits, operational
envelopes, or performance requirements evolve over time, such as actuator aging, environmental
changes, or task-dependent safety margins. To reflect these realistic scenarios, the constraint bounds
Dik and Dik are introduced as bounded C2 functions (see Assumption 4).

Assumption 4 [32] The positive time-varying constraint functions Dik(t) and Dik(t), i = 1, 2, and
k = 1, . . . ,m, are bounded and of class C2 with the first and second derivatives bounded.

Assumption 5 [32] The desired signal vectors yd, ẏd, ÿd are available and continuous in known
compact set Dd := {[yTd , ẏTd , ÿTd ]T|yTd yd + ẏTd ẏd + ÿTd ÿd ≤ D0} with D0 being a positive con-
stant. Moreover, there exist positive constants Ddk, Ddk, k = 1, . . . ,m, satisfying ydk ∈ Ddk :=

{−D1k(t) < −Ddk ≤ ydk ≤ Ddk < D1k(t)} .

To deal with the more general case of time-varying asymmetric FSCs, introduce a NTF as fol-
lows:

ξik =
Dik(t)Dik(t)xik

(Dik(t)− xik)(Dik(t) + xik)
, (48)

where Dik(t) and Dik(t) are time-varying positive functions satisfying −Dik(0) < xik(0) < Dik(0),
i = 1, 2, and k = 1, . . . ,m. In the following, Dik(t) and Dik(t) are simply denoted as Dik and Dik,
respectively. Then, the derivative of ξik can be expressed as :

ξ̇ik = λ̄i1,kẋik + λ̄i2,k, (49)

where λ̄i1,k =
DikDik(DikDik+x2

ik)

(Dik−xik)2(Dik+xik)2
and λ̄i2,k =

(D
2
ikḊik−ḊikD

2
ik−(DikḊik+ḊikDik)xik)x

2
ik

(Dik−xik)2(Dik+xik)2
are well defined

and calculable for −Dik < xik < Dik, t ≥ 0, i = 1, 2, and k = 1, . . . ,m.
Based on the time-varying NTF (48) and the change of coordinates (7), we propose the corre-

sponding control strategy⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1 = −(c1 + ˆ︁ΘΨ∗
1)(λ

∗
1)

−2λ̄11z1

u = −
(︂
c2 +

ˆ︁Θ
gp2,m

Ψ∗
2

)︂
(λ∗

2)
−2λ̄−1

P λ̄21Pz2

Ψ∗
1 =

1
2a2

(︃
∥λ̄11∥2φ1 + ∥λ̄12 − λ̄d1ẏd − λ̄d2∥2 + (g1,max)2

(g1,min)2
∥λ̄11∥2

)︃
Ψ∗

2 =
1

2a2

(︃
∥P∥2∥λ̄21∥2φ2 + ∥P∥2∥E(ε)(λ̄22 − α̇2f )∥2 + ∥z1∥2∥λ̄11∥2∥ρ2∥2

)︃ (50)
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with the adaptive law

ˆ̇︁Θ = γ

(︃
Ψ∗

1∥z1∥2 +
1

g2,min

Ψ∗
2∥z2∥2

)︃
− lˆ︁Θ, (51)

where c1, c2, γ, l, a are the positive design parameters and P is defined in (26). For i = 1, 2, p ∈ Ω, zi
is defined in (7), ∥φp

i ∥2 ≤ φi, ˜︁Θ = Θ− ˆ︁Θ is the parameter estimate error with ˆ︁Θ being the parameter
estimate of Θ and Θ = max{(bpi )2, 1}. For i = 1, 2, and k = 1, . . . ,m, λ̄i1 = diag{λ̄i1,1, . . . , λ̄i1,m},
λ̄i2 = [λ̄i2,1, . . . , λ̄i2,m]

T, λ̄d1 = diag{λ̄d1,1, . . . , λ̄d1,m} with λ̄d1,k =
D1kD1k(D1kD1k+y2dk)

(D1k−ydk)2(D1k+ydk)2
, λ̄d2 =

[λ̄d2,1, . . . , λ̄d2,m]
T with λ̄d2,k =

(D
2
1kḊ1k−Ḋ1kD

2
1k−(D1kḊ1k+Ḋ1kD1k)ydk)y

2
dk

(D1k−ydk)2(Dk+ydk)2
, λ∗

1 = min{λ∗
1k} with λ∗

1k =

16D
2
1kD

2
1k

(D1k+D1k)
4 , λ∗

2 = min{λ∗
2k} with λ∗

2k =
16D

2
2kD

2
2k

(D2k+D2k)
4 , λ̄P = λmin(P

2), ρ2 = diag{ρ21, . . . , ρ2m} with

ρ2k =
(D2k−x2k)(D2k+x2k)

D2kD2k
, g1,min = minp∈Ω{gp1,m}, g1,max = maxp∈Ω{gp1,M}, g2,min = minp∈Ω{gp2,m}.

Next, we declare the following conclusion on the time-varying asymmetric FSCs.

Theorem 2 Consider the uncertain switched TTSSs (1) with time-varying asymmetric FSCs −Dik(t) <

xik < Dik(t), i = 1, 2, and k = 1, . . . ,m, under the control strategy (50) and (51). Let the Lyapunov
function candidate be designed as (31). If −Dik(0) < xik(0) < Dik(0), i = 1, 2, and k = 1, . . . ,m,
the AED-ADT of the switching signal σ(t) satisfies τap,q >

ln ℏp,q
µp

, and there exists a positive constant
B0 such that V p(0) ≤ B0, p ∈ Ω, then under Assumptions 2-5, the control objectives P1-P3 can be
achieved through the single-parameter-estimation-based adaptive control.

Proof: The proof can be conducted similarly to the proof of Theorem 1.

4 Simulation Results

In this section, the efficacy of the proposed control method is demonstrated through numerical
simulations.

Example 1: Consider the following uncertain switched TTSSs (1), where m = 2, σ(t) : [0,+∞) →
Ω = {1, 2, 3}, and F p

i , Gp
i , i = 1, 2, p = 1, 2, 3, are given as:

F 1
1 =

[︄
θ11x11 sin(x11)

0.1x11x12 cos(θ12t)

]︄
, F 2

1 =

[︄
θ11x11

x12e
−θ12t

]︄
, F 3

1 =

[︄
θ11 cos(x11)

θ12x12

]︄
,

F 1
2 =

[︄
x21e

−θ21t

θ22x11x
2
22

]︄
, F 2

2 =

[︄
0.1x11x21 sin(θ21t)

θ22x22

]︄
, F 3

2 =

[︄
0.1x21 sin(θ21t)

θ22x
2
22

]︄
and

G1
1 =

[︄
1.2 + 0.4e−x11 0.5

0.5 1 + 0.5 cos2(x12)

]︄
, G1

2 =

[︄
2 + 0.2 sin(x2

11) 0.6

0.6 1.5 + 0.5e−x22

]︄
,

G2
1 =

[︄
1 + 0.1 sin(x2

11) 0.4 sin(x12)

0.4 sin(x12) 1.8 + 0.2e−x12

]︄
, G2

2 =

[︄
1.2 0.4 sin(x21)

0.4 sin(x21) 1.4

]︄
,

G3
1 =

[︄
0.8 + 0.6e−x11 0.4 tanh(x11x12)

0.4 tanh(x11x12) 1.4 + 0.2 sin(x2
12)

]︄
, G3

2 =

[︄
5 + 0.1e−x21 0.5 arctan(x11)

0.5 arctan(x11) 2 + sin2(x22)

]︄
,
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where θ1 = [θ11, θ12]
T = [0.15, 0.2]T, θ2 = [θ21, θ22]

T = [0.2, 0.1]T, and ε = 0.05.
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Figure 1: Trajectories of the system state x1 = [x11, x12]
T and the desired signal yd = [yd1, yd2]

T

under SCs (52), and the tracking error e = [e1, e2]
T in Example 1.
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Figure 2: Trajectory of the system state x2 = [x21, x22]
T under SCs (52) in Example 1.

The control objectives are: (i) all signals in the closed-loop system are bounded and the output
y tracks the desired trajectory yd = [yd1, yd2]

T = [0.3 sin(t), 0.3 sin(t)]T to a bounded compact set,
and (ii) the system states are constrained in the following sets:

xik ∈ Dik := {xik ∈ R| −Dik < xik < Dik}, (52)

for i = 1, 2, k = 1, 2, where D11 = 1.5, D11 = 0.8, D12 = 0.8, D12 = 1, D21 = 1, D21 = 1,
D22 = 1.2, D22 = 0.5. To ensure that the FSCs (52) are not violated, the initial states are given as
x1(0) = [x11(0), x12(0)]

T = [1.2,−0.6]T, x2(0) = [x21(0), x22(0)]
T = [−0.6, 1.1]T and the initial

estimate value is ˆ︁Θ(0) = 0. The design parameters are selected according to the sufficient conditions
17
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Figure 3: Trajectories of the virtual control α1 = [α11, α12]
T and the control input u = [u1, u2]

T in
Example 1.
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Figure 4: Trajectories of the virtual control α1 = [α11, α12]
T using BLF methods in [24–26].

obtained in the stability analysis. A practical selection procedure is summarized as follows:
Step 1: the positive definite matrix P is selected, and the feedback gains c1 and c2 are chosen
as positive constants. Larger values of c1 and c2 generally increase the decay rates of z1 and z2,
respectively, as can be seen from (35).
Step 2: the filter parameter κ2 is selected to satisfy the condition given below (23), while a is
used to balance the terms introduced by Young’s inequality. The parameters γ and l determine the
adaptation behavior and are further adjusted according to the desired transient performance. After
these parameters are fixed, µp and ℏp,q are calculated from (36) and (37), respectively.
Step 3: the admissible AED-ADT bounds are obtained according to the condition τap,q > ln ℏp,q/µp

in Theorem 1. Following this procedure, the parameters used in this example are selected as c1 =

3.5, c2 = 3, γ = 0.1, l = 0.2, κ2 = 0.2, a = 3, and P11 = P22 = 1. Accordingly, from (36), (37),
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Table 1: Example 1 under AED-ADT switching, MDADT switching, and ADT switching.

Switching
strategies

AED-ADT
MDADT

in [8]
ADT

in [39]

ℏ1,2 = 1.3751

ℏ1,3 = 2.5001

ℏ2,1 = 1.6665

ℏ2,3 = 4.1665 ℏ1 = 2.5001

ℏ3,1 = 1.3332 ℏ2 = 4.1665

ℏ3,2 = 1.8333 ℏ3 = 1.8333

Switching µ1 = 0.2 µ1 = 0.2 ℏ = 4.1665

signals µ2 = 0.2 µ2 = 0.2 µ = 0.2

µ3 = 0.2 µ3 = 0.2 τa ≥ 7.1354

τa1,2 ≥ 1.5926 τa1 ≥ 4.5817

τa1,3 ≥ 4.5817 τa2 ≥ 7.1354

τa2,1 ≥ 2.5536 τa3 ≥ 3.0306

τa2,3 ≥ 7.1354

τa3,1 ≥ 1.4379

τa3,2 ≥ 3.0306

and Theorem 1, we obtain τa1,2 ≥ 1.5926, τa1,3 ≥ 4.5817, τa2,1 ≥ 2.5536, τa2,3 ≥ 7.1354, τa3,1 ≥ 1.4379,
and τa3,2 ≥ 3.0306.

The simulation results are depicted in Figs. 1-4. Fig. 1 illustrates the trajectories of the system
state x1 = [x11, x12]

T and the desired signal yd = [yd1, yd2]
T under SCs (52), and the tracking error

e = [e1, e2]
T. The trajectory of the system state x2 = [x21, x22]

T under SCs (52) is exhibited in Fig.
2. This indicates that the system states remain in the predefined regions under the proposed control
method, and the tracking error converges to a bounded compact set. Moreover, the trajectories of
the virtual control α1 = [α11, α12]

T and the control input u are shown in Fig. 3. Note that if the
BLF methods in [24–26] are applied to Example 1, the feasibility conditions on the virtual controls
α11, α12 need to be satisfied, i.e., −1 < α11 < 1,−0.5 < α12 < 1.2 (see Fig. 4). However, as
shown in Fig. 3, our control scheme can work effectively even if the virtual controls α11, α12 do not
fall within the predefined constraints, which enhances the accessibility and ease in the design of the
proposed control scheme.

Remark 7 In order to facilitate comparison, we give the results of Example 1 in Table 1, based
on the AED-ADT switching, the MDADT switching in [8], and the ADT switching in [39] with the
same initial conditions and control targets. It can be inferred that the calculated ADT τa ≥ 7.1354

and the calculated MDADT τa1 ≥ 4.5817, τa2 ≥ 7.1354, τa3 ≥ 3.0306, are significantly greater than
or equal to the calculated AED-ADT τa1,2 ≥ 1.5926, τa1,3 ≥ 4.5817, τa2,1 ≥ 2.5536, τa2,3 ≥ 7.1354,
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τa3,1 ≥ 1.4379, τa3,2 ≥ 3.0306, which shows that AED-ADT switching offers greater flexibility and
effectively encompasses both ADT and MDADT switching as special cases.

Example 2: Consider a DC motor system in [14] where the electromagnetic transient character-
istics are much faster than the torque response. The dynamics of the system is described by⎧⎪⎪⎪⎨⎪⎪⎪⎩

Jm
dω
dt

= −bσ(t)ω + kmi

Ldi
dt

= −kbω −R0i+ u

y = ω

(53)

where ω is the angle speed, i, R0, and u are the armature current, resistance, and voltage, respec-
tively, Jm denotes the equivalent moment of inertia, L is a small constant representing the induc-
tance, km and kb are the torque and back electromotive force, bσ(t) is the equivalent viscous friction
coefficient and σ(t) : [0,+∞) → Ω = {1, 2, 3}. Let R0 = 0.6Ω, Jm = 0.093kg ·m2, L = 0.06H,
km = 0.7274N ·m, kb = 0.6v · s/rad, b1 = 0.006, b2 = 0.008, b3 = 0.01.
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Figure 5: Trajectories of the angle speed ω, the armature current i and the desired signal yd under
SCs (54), the tracking error e, and the control input u in Example 2.

The control objectives are: (i) all signals in the closed-loop system are bounded and the output y
tracks the desired trajectory yd = 0.5 sin(0.8t) as closely as possible, and (ii) the system states are
constrained in the following sets:

ω ∈ Dω := {ω ∈ R| −Dω < ω < Dω},
i ∈ Di := {i ∈ R| −Di < i < Di}, (54)
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where Dω = 1, Dω = 0.8, Di = 1, Di = 1.5. In order to guarantee that the SCs (54) are not
violated, the initial states are taken as ω(0) = 0.8, i(0) = −1. Following the same parameter
selection procedure described in Example 1, the design parameters are selected as c1 = 5, c2 = 2,
κ2 = 0.2, a = 1, and P = 1. Then, according to (36), (37), and Theorem 1, the corresponding
AED-ADT bounds are obtained as τa1,2 ≥ 2.7184, τa1,3 ≥ 3.2959, τa2,1 ≥ 6.0412, τa2,3 ≥ 1.9845,
τa3,1 ≥ 5.6723, and τa3,2 ≥ 3.3301. The trajectories of the angle speed ω, the armature current i and
the desired signal yd under SCs (54), the tracking error e, and the control input u are depicted in Fig.
5, demonstrating the efficacy of the proposed control method.

5 Conclusion

In this paper, the adaptive tracking problem is investigated for uncertain switched TTSSs under
the AED-ADT switching law with SCs. First, the SCs are solved by constructing the NTF and the
change of coordinates on the system states to eliminate the requirement of the feasibility conditions
on the virtual controls. Then, utilizing a mode-dependent and ε-dependent Lyapunov function, a
single-parameter-estimation-based state feedback controller is proposed while the adaptive law is
mode-independent under a class of switching signals with the AED-ADT property. Finally, the
theoretical results are validated through two numerical examples. Several directions are worth fur-
ther investigation. First, the output feedback control problem for switched TTSSs with SCs will be
studied when some system states are not directly measurable. Second, less conservative switching
conditions and more general switching mechanisms will be explored to further improve the flexibil-
ity of the proposed method. In addition, experimental studies on practical systems will be considered
to further verify the effectiveness and applicability of the proposed control scheme.
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