(© 2003 IEEE. Personal use of this material is permitted. However, permission to reprint/republish this material for
advertising or promotional purposes or for creating new collective works for resale or redistribution to servers or lists,
or to reuse any copyrighted component of this work in other works must be obtained from the IEEE.

Interpretation and improvement of an iterative

wavelet—based denoising method

R. Ranta, C. Heinricl¥, Valérie Louis-Dort, and D. Wolf
! Centre de Recherche en Automatique de Nancy — CRAN UMR CNRS,70
2 av. de la Forét de Haye, 54516 Vandoeuvre, France
2 Laboratoire des Sciences de I'lmage, de I'InformatiqueestadTélédétection — LSIIT UMR CNRS-ULP 7005,

Péle API Parc d'innovation, bd. Sébastien Brant, 67400rdlkGraffenstaden, France

Abstract— The goal of this communication is to shed residual is decomposed on a wavelet basis and the largest

new light on a wavelet-based denoising method developedcoefficients of each scale are used to reconstruct a signal
by Hadjileontiadis et al. [1], [2], which is derived from

an iterative denoising algorithm by Coifman and Wick-

which is added to the current estimate of the denoised

erhauser [3], [4]. The underlying algorithm is revisited signal. This denoising procedure may be interwoven with

and interpreted as a fixed point algorithm. This allows to & best basis search at each iteration [4].
derive a new version of the algorithm largely increasing

computational efficiency.
The goal of this paper is to show that, under certain

conditions, these successive refinements may be inter-

. INTRODUCTION _ . . -
preted as fixed—point algorithm searches for determining

The general framework of this communication isndependent thresholds for each scale. If no best basis
wavelet-based denoising of discrete—time signals. Weocedure is considered, we show moreover that succes-
deal with a method proposed by Coifman and Wicksive wavelet-decompositions, —reconstruction®gs)
erhauser [3], [4], which has been further developegte useless, thus allowing an important reduction of the
and applied by Hadjileontiadist al. [1], [2] to lung computational burden.
and bowel-sound denoising, segmentation and analysis

(see also [5f). The denoised signal is estimated with

. ) . . This communication is organized as follows. In the
the help of an iterative scheme, yielding successive

i . ) _second section, we detail the method originally proposed
refinements of this signal. This may be seen as “peeling

) . ) . by Coifman and Wickerhauser, and used by Hadjileon-
off successive layers” of the signal, in Coifman and

) . . . tiadiset al. in a biomedical framework. In the third sec-
Wickerhauser’'s own terms: at a given iteration, the noise

tion, we detail the proposed fixed—point interpretation.
1See for example [6] and the references therein for a broadiet p Conclusion is given, with particular focus on the CPU

of view on wavelet-based denoising methods. time stakes.
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[I. | TERATIVE WAVELET—-BASED DENOISING whereF/ is as user—defined constgmivhich can

METHODS depend on the scalg
3) compute €/ ,., and Q% .., by hard-

We consider the modet = z + n, where z is

thresholding €7, , using the threshold_ ,;

the given discrete—time signal to be denoiseds the
9 9 B 4) computen;,; and Az, as wavelet reconstruc-

denoised unknown version af andn the noise. Coif- . .
tions of2,, ;+1 andQa, 1 respectively, and set

man and Wickerhauser proposed an iterative denoising ]
Tpt1 = T + A$k+1u

scheme ag = , Wherek is the iteration step. . o .
Tk o+ M P 5) loop to the top if the stop criterion (1) is not

The current noise estimatiam,, which is initialized for
reached.

k = 0 asng = z, is decomposed on an orthogonal
The general idea of the algorithm is to consider,

wavelet basis as:
at each iteration step, the empirical distribution of the
ng =Yy wh P+ Y wl? e, wavelet coefficients of the current noise estimation for
& b each scale. The large coefficients, whose values exceed
We use the following notations; is the scalep the the current threshold defined & times the current
position (translation index}) the waveletg the scaling empirical standard deviation, are supposed to belong to
function and M the decomposition depth [7]. As Wethe denoised signal and are excluded from the noise
consider finite duration signals and compactly supportedtimate. This procedure thus iteratively calculates final
wavelets, the dimension of the transformed vector {gfferent thresholds for each scale. This enables an
finite. Let©? , be the vector containing the noise coefadaptation of the threshold to the coefficient distribution
ficients at scalg, w),% and€2, , the complete noise co- of a given scale, hence to a colored noise.
efficients vector. By thresholdin®,, ,, one obtains the
current “peeled off layerQ2a; +1. The noise coefficient
vectorQ,, 1, derived fromQa, k11 +Qn k11 = Lok IIl. A FIXED—POINT INTERPRETATION OF THE
is used to reconstruet,;. The iterations end when the ALGORITHM

stop criterion:
The goal of this section is to show that the afore-

STChir = ||nll® = ksl < e, (1) mentioned iterative determination of the final thresholds

may be interpreted as finding fixed points of functions

is validated, for a user chosen . . .
whose expressions will be given. Moreover, we show that

The threshold selection rule in the algorithm of Co'f'successiVGNDRs are useless, thus saving much precious

man and Wickerhauser [3], [4] is different from the on%omputational time, providing that no best basis search

in the algorithm of Hadjileontiadiet al. [1], [2]. The is considered

latter, which we develop in this communication, writes:
. -\ 2 1 L2
1) computeo; as (ai) = — HQﬁL kH ;
N o ) 2Hadijileontiadiset al. considered an uniqu&, = 3, on a medical
J i J
2) compute the thrEShOIHkH aSTk+1 - f(Uk)' The expertise of denoised signals basis.

particular case considered hereisj':ﬂ =FJ Ui, 3See [8] for the distinction between hard— and soft—thrashgl
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A. Preliminaries 1, +(9)| > T}. Moreover,T{ > |, ,(q)],V ¢. We

Let us notice that the orthogonality of the waveleR!S0 have

transform allows us to rewrite the stop criterion (1) as: |QJAw7k(q)| >T] > |QJAw7k+1(q)| > Tngrl >..., (@

STChi1 = ||nll? = [nsra |’ = 12kl =1 Qnrra ]l sinceQ, .., is obtained by thresholdin@®? ,. As a

(2) consequence, every non vanishing coef‘ficier‘ﬂ@}c =

Moreover, fore = 0, iterations are stopped wheh, , = S°F (¥, , is greater or equal, in modulus, tha,
Q. k+1. i.€., when no wavelet coefficient is thresholdedhich is greater than the modulus of any coefficient of

and soQa, k11 = 0. Q/, ;.. The thresholds sequence is initializedRs= oo,
Furthermore, because of the linearity property of thgielding nq = 2, which leads to a decreasing sequence

wavelet decomposition, we have: T] (see also eq. (4)), withy > 77 > ... > T} | =

k TJ., where T is the final threshold (reached when
Q= Qs+ Qo = Do + o, Vo (3)

— @), x(q) =0 for all g).

Thus, T} splits the coefficient§?] = @/, + €/ , in

B. Consequences two disjoint vectors, which means that threshololil@’,c

The consequences are straightforward: by 77/, , amounts to thresholding directi2?. Hence,

« because of the orthogonality of the wavelet transuccessive thresholdings & are useless and the final
form we can use the modified stop criterion (2) inhresholdsr{( can be computed in a previous step of the
the 5t step of the previously described algorithmalgorithnt',

This makes the reconstruction of the estimated noise
np = WR(Q, ;) Useless; D. Fixed point algorithm
« because of the linearity of the wavelet transform, Provided that we choose = 0 (see eq. (1)), the

we don't have to compute anx; = WR(2a, ;) algorithm writes as: for each sceyeandT,g being given:

. N\ 2
(the goal of this computation is to yiele: as 1) compute o as (oi) =
K K 1 ) 2
= A = WR(QAa2.1). Instead, = , . )
x .Zkzo fL'k .Zk:O -( A ,.k) ¥ > (wgp ]I(|w;,p|<T’g)) , where
the final denoised—signal estimate is computed as P
& = WR(Q,) = WR(Y—, Qa, 1), Where K is 1, if x| <T,
L L <1y = .
the number of iterations till convergence. 0, if |z|>T;

The 4" step of Hadjileontiadiset al's algorithm can  2) computel},, asT},, = FJ o],

then be completely eliminated. and loop till convergence. This boils down to the fol-
lowing iterative scheme:
C. Thresholding , 1 . 2
J — J,P . .
- . o T =l \/NZ (02" Luzrierp) -
The thresholding will then be implemented as follows: P

for all j, T} = Fio] | thresholds the coefficients of
4In this paper, the same basis is considered during suceessiv

J i ey J
Qn,k—l in order to Obtalrﬂn,k and Qvak' If we have iterations. This is the case, as in [1], [2], if no best basikdtion

at least one indey such aSQjAw (@) # 0, we can write procedure is included in every iteration.
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Considering functiorf defined as « for the givenF?, one can findb > a large enough

, : to havef(b) < b.
f(z) = F] \/% g (wl® H(|w§’p|<z)>27 (5)

the final threshold is computed by the fixed-point descefit least a fixed-point:y for f: f(zy) = zy,2; €
algorithm T}, | = f(T}) (see figure 1(b)). R*. One can prove that the iteratidfy,, = f(I7)

yields successive decreasing values of the thresholds (see

As a consequence of these observations, there exists

3 figure 1(a)) and converge towards the first encountered

ol |/ fixed point, i.e., the greatest (see Appendix). This fixed-

,,,,,,,,,,,,,, f point satisfies the stop criterion (2) fer= 0, so it is

: the final researched threshdig..

(@) ’ To conclude this discussion, let us mention that the

number of the fixed-points of the functigh may vary,

depending on the value of the const#tjtand the shape

of the histogram of thew’?s. Thus, the fixed point

11 il | interpretation enlightens the role of the constant in the

1.5
® iterative thresholding: the user must chooseFRinbig

_ , - o . _ enough to ensure the convergence of the algorithm to a
Fig. 1. For a given empirical distribution of)’” and a given

ji (a) functionsy = f(z) (for i = 3) andy = «, showing Strictly positive value. On the other hand, the thresholds

the fixed point interpretation and the final valug = T{{ of the values increase with the value (ﬂg, SO an excessive

Igorithm; (b) hist: f the absolut I bP_ The dashed - .
"’_‘go” m: (b) histogram of the a_ solute valuesuof , € G value of F7 will lead to an early stop of the algorithm
lines represent the threshold, which separates the naisall(8alues)

from the informative signal. (i.e., no or little signal is extracted from noise). In fact,
in practical implementations, the value 8f must be
: ; . ; ounded: ifFJ > M one can easily see that
We have to verify that the function defined in (5) haQ T e o ' y

) —_ .
at least one fixed point. Indeed, it is straightforward thdpe convergence point Is reached after the first iteration

F (see figure 1(a)) is a piecewise constant monotorfi0d NO thresholding is performed.

(increasing) positive function, defined for afl € R* We also have to note that, as the functignmay

and taking values in a finite set of real numbers, sindw@ve several fixed points, the final value of the threshold
the dimension of’ is finite (for compactly supported depends on the initializing value of & sequence:
wavelets). The values of the functighdepend on the an initialization 7j # oo can lead to an increasing
multiplicative user constanf’, so certains conditions Sequence of thresholds and/or a convergence point that is

must be fulfilled by this constant in order to assure th@ot necessarily the largest fixed-point of the functjon

existence of a fixed point: In fact, the user must respect the following restrictions

. . ) in the choice of the parameters:
» given a so that there existsw?* such that) < P

|wiP| < a, one can find a finite constait’ which « the algorithm must be initialized witmy = 2z

assuresf(a) > a; (I3 = oo);
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« the multiplicative constanf’y must be big enough hypothesis made at the beginning of the paragraph is

to assure the convergence to a non-vanishing poifdjse: the largest fixed point is not missed by the iterative
. Q) . .
but not superior tow, in order to separate algorithm.
99
informative signal from noise.
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