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Swit hed ane systems using sampled-data ontrollers: robust and
guaranteed stabilization
Pas al Hauroigné, Pierre Riedinger, Claude Iung

Abstra t
The problem of robust and guaranteed stabilization is addressed for swit hed
using sampled state feedba k

ontrollers.

Based on the existen e of a

fun tion for a relaxed system, we propose three sampled-data
sets,

ontrols.

ane systems

ontrol Lyapunov
Global attra ting

omputed by solving a sequen e of optimization problems, guarantee pra ti al and global

asymptoti

stabilization for the whole system traje tories. In addition, robust margins with

respe t to parameters un ertainties and non uniform sampling are provided using input-tostate stability. Finally, a bu k-boost

onverter is

onsidered to illustrate the ee tiveness of

the proposed approa hes.

Keywords:
robust

swit hed ane systems, stabilization of hybrid systems, input-to-state stability,

ontrol

1. Introdu tion
During the past de ades, hybrid systems have attra ted a large interest from the s ienti
ommunity. Indeed, a wide range of systems

an be modeled in a hybrid

systems involving impa ts, multi-model approa hes, ele tri al
elements (diodes, transistors,...), et .
swit hed ane systems. It

ir uits

Here, we study a parti ular

onsists in a nite

le ted by a swit hing rule. Usually, the

ontext: physi al

ontaining swit hing

lass of hybrid systems:

olle tion of ane subsystems whi h are se-

ontrol design of these systems relies on an averaged

model [1℄. Averaging methods [2, 3℄ are largely used in power ele troni s in order to provide
feedba k strategies using Pulse Width Modulation (PWM)
as passivity based

ontrol [4℄, sliding modes [5, 6℄, optimal [7, 8, 9℄ and predi tive

[10, 11, 12, 13, 14℄ are attra tive in order to improve dynami

Preprint

ontrol. Advan ed methods su h
ontrol

performan es. These methods,
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in whi h a dire t sele tion of the a tive subsystem is made, provide strategies to take into
a

ount the dis ontinuities introdu ed by swit hings.
Two main problems are related to the stability of swit hed systems: the rst

the stability

onditions for an arbitrary swit hing law and the se ond

on erns

on erns the swit hing

strategy whi h keeps the system stable. In this paper, we treat the latter problem. Several
surveys are available [15, 16, 17, 18℄ on this topi .
either analyzing the stability or synthesizing
quadrati

Most of the available te hniques for

ontrol laws are based on Lyapunov fun tions:

[19℄, multiple [20, 21, 22℄, pie ewise quadrati

[23, 24℄, et .

In [17℄, the author

presents a Lie algebra approa h for the study of swit hing systems. The role of dwell time
and the impa t of time-delay have also been emphasized in [25, 26℄. Even various te hniques
are employed, most of them deal with swit hed systems whose subsystems share a

ommon

equilibrium.
Unlike these studies, we address the
large

ase where no

ommon equilibrium

lass of systems having a pra ti al interest, su h as DC-DC power

by this framework.

Based on the existen e of a

ommon quadrati

an be dened. A

onverters is

overed

Lyapunov fun tion, a

ontinuous time stabilizing swit hing strategy is provided in a re ent paper [27℄. In [28℄, in
a dis rete time framework, a positively invariant set [29℄ formed by the union of bounded
ellipsoids is determined and used in a predi tive

ontrol algorithm to steer the state inside.

However, the method uses a LMI formulation to

ompute these ellipsoids whi h introdu es

some

onservatism in the result. Indeed, LMIs imply that the swit hed system possesses a

swit hing sequen e
the initial

S

of a pres ribed length for whi h a property of uniform stability w.r.t.

ondition is satised. So, the

omputed invariants are not parti ularly tight around

the target.
In this paper, based on the existen e of a Control Lyapunov Fun tion (CLF) for a relaxed
system - obtained by relaxing the

ontrol domain to its

onvex hull -, robust stability for

sampled swit hed strategies is investigated. In this framework, the referred targets, named
operating points, are dened as the equilibria of the relaxed system. Assuming that a

on-

tinuous time CLF is known for the relaxed system, dierent sampled swit hed strategies are
dedu ed.

A method whi h

omputes estimation of tight positive invariant sets around the

2

targets is given. The global and pra ti al asymptoti
Pre isely, we prove that positive invariant sets

stabilization is thus guaranteed.
an be obtained by solving optimization

problems. Sin e no assumption is made on the CLF, this problem is in general non trivial and
non-linear. Fortunately, when the target denes a stable equilibrium of the relaxed system, a
quadrati

Lyapunov fun tion

be a quadrati ally

an be easily exhibited and the optimization problem reveals to

onstrained quadrati

program (QCQP) for whi h e ient solvers exist.

The robustness aspe ts of the proposed sampled swit hed strategies in
sampling and parameter un ertainties are also studied and dis ussed.

ase of non uniform
The Input-to-State

Stability (ISS) formulation [30, 31℄ is used in order to provide stability margins.
The paper is organized as follows. Se tion 2 gives notations and denitions used throughout the paper. The system des ription is given and the operating points are dened in Se tion
3. In Se tion 4, we propose three dierent sampled-data

ontrols for the swit hed system,

dedu ed from a known CLF for the relaxed system. Using this CLF, a set of optimization
problems is also formulated. In Se tion 5, we prove that the solutions of these problems allow
to dene global attra ting sets for the sampled swit hed ane system.

Se tion 6 provides

some relations of in lusions between these attra ting sets. An extension of those results in
the

ase of parameter un ertainties and non-uniform sampling is given in Se tion 7. The

putational aspe ts are addressed in Se tion 8. A bu k-boost

om-

onverter is used in Se tion 9 to

illustrate our results. We show that the stability is guaranteed even in presen e of parameter
un ertainties. To

on lude, Se tion 10 summarizes the results of this paper and their interest

in the resear h eld of swit hed ane systems.

2. Notations
Let

R, N

and

N∗

denote the set of real, natural and stri tly positive natural numbers,

respe tively. Moreover, for any

a ∈ N,

Eu lidian norm of a ve tor and

k · k∞

are of the form

ẋ(t) = f (x(t), u(t))

So, for a given input

x(t, x0 , u)

u,

let

N≤a

denotes the set

{k ∈ N | k ≤ a}. k · k

is the

the innite norm of a fun tion. In this paper, systems

where

f : Rn × Rm → Rn

is lo ally Lips hitz

ontinuous.

there is a unique solution of the initial value problem and is denoted

for ea h initial state

x0 .
3

Denition 1 (N0 , K and K∞ −fun tions). A fun tion α : R+ → R+ is a N0 −fun tion, if it
is ontinuous, nonde reasing and satises α(0) = 0. Moreover, α is a K−fun tion if α ∈ N0
and is stri tly in reasing. α is a K∞ −fun tion if it is an unbounded K−fun tion.
Denition 2 (KL−fun tion). A lass KL−fun tion is a fun tion β : R+ × R+ → R+ su h
that β(·, t) ∈ K for ea h xed t ≥ 0 and ∀r ≥ 0, β(r, t) → 0 as t → +∞.
Denition 3 (ISS). A system of the form ẋ = f (x, u) is said to be Input-to-State Stable (ISS)
if there exist some β ∈ KL and γ ∈ K su h that kx(t, x0 , u)k ≤ β(kx0 k, t) + γ(kuk∞ ), ∀u ∀x0 .
Denition 4 (Pra ti al stability). A system of the form ẋ = f (x, p) where p is a xed
parameter, is said to be pra ti ally stable if there exist some β ∈ KL and a positive onstant
c(p) su h that kx(t, x0 , u)k ≤ β(kx0 k, t) + c(p), ∀x0 .
Denition 5 (0-GAS). A system of the form ẋ = f (x, u) is said to be 0-Globally Asymptoti ally Stable (0-GAS), if there exists some β ∈ KL su h that kx(t, x0 , 0)k ≤ β(kx0 k, t), ∀x0 .
Denition 6 (AG). A system of the form ẋ = f (x, u) has the Asymptoti Gain property
(AG), if there exists some α ∈ N0 su h that lim sup kx(t, x0 , u)k ≤ α(kuk∞ ), ∀u ∀x0 .
t→+∞

Denition 7 (CLF). For a system of the form ẋ = f (x, u), a ontrol Lyapunov fun tion is a
fun tion V that is ontinuous, dierentiable, positive-denite, proper, and su h that for all x,
there exists u for whi h the dire tional derivative along the traje tory satises V̇ (x; u(x)) :=
∂V
· f (x, u(x)) ≤ −γ(kxk) where γ is a lass K−fun tion.
∂x
3. System Des ription
A swit hed

ane system has the form:
ẋ(t) = A0 x(t) + B0 +

m
X

ui (t)(Ai x(t) + Bi )

(1)

i=1

where

ui (t), i = 1, . . . , m

x(t) ∈ Rn

omponent values of the

represents the state value at time

dimensions. As previously
ase

are

Bi = 0, ∀i ∈ N≤m .

t. Ai

and

laimed, the most studied

Bi

ontrol

u(t) ∈ U = {0, 1}m

and

are real matri es of appropriate

ase in the literature is the parti ular

In this situation, all the subsystems (following the nite values of
4

u)

share a

ommon and unique equilibrium: the origin. The aim of this paper is to explore the

ase where

Bi

e.g. DC-DC

are all distin t from

0

and for whi h no

ommon equilibrium

an be dened,

onverters.

System (1) belongs to the

lass of nonsmooth systems for whi h the notion of solution

an

be properly dened and generalized in the sense given by Fillipov [32, 33℄. The generalized
solutions are dened by

onsidering the following relaxed system:

ẋ(t) = A0 x(t) + B0 +

m
X

ui (t)(Ai x(t) + Bi )

with

ui (t) ∈ [0, 1]

(2)

i=1

where the

ontrol domain is now the

o(U ) of the original one. A link between

onvex hull

the solutions of the system (1) and those of the system (2)

an be established by a density

theorem in innite time [34℄:

Theorem 1. If z is a global solution of (2) starting from z0 and ε : [0, +∞) → (0, +∞)
is ontinuous, then there exists a solution x of (1), starting from x0 ∈ B(z0 , ε(0)) su h that
kz(t) − x(t)k < ε(t) for all t ∈ [0, +∞).
Therefore, swit hing laws

u ∈ L∞ ([0, +∞), U ) (where L∞

denotes the Bana h spa e of all

essentially bounded measurable fun tions) exist su h that the traje tory of the system (2)
be approa hed as

points set

lose as desired by the one of the system (1). For this reason, the

of the swit hed system (1) denoted by

Xref ,

an

operating

is dened as the set of equilibrium

points of the system (2):



n

Xref = xref ∈ R : A0 xref + B0 +

uiref (Ai xref

+ Bi ) =

0, uiref



∈ [0, 1] .

i=1

This set denes the

(3)

ontrol targets for the state of the system (1).

It is worth noting that none of the
to an equilibrium

m
X

xref ,

swit hed system state

ontrols

uref ∈

o(U )\U from (3) and

orresponding

is admissible for the swit hed system (1). The out ome is that the

x

annot be maintained on

xref

by a

ontrol taking its values in

U

(unless the time duration between swit hings tends towards 0). Consequently, if the target
for the swit hed system is an operating point
of (1) is

xref , the asymptoti

hara terized by:

5

behavior of the traje tories

•

a

y le near

xref

if a

dwell time

ondition is applied on the swit hings (i.e. a lower limit

exists for the time duration between swit hings);

•

an innite swit hings sequen e with a vanishing time duration between swit hings as

t → ∞.
These features

on ern indire tly most of the

ontrol designs whi h use an averaged model

[2, 3, 35℄.

4. Sampled ontrol strategies
Many
stabilizing

ontrol strategies like optimal [7, 11, 9℄, predi tive [13, 36℄, sliding mode [37℄ or
ontrols [38, 6, 5℄

dened operating point

ar s

an be investigated to steer the state of the system (1) near a

xref ∈ Xref .

As shown in [9℄, some singularities known as

that render parti ularly hard the optimal

of optimal

ontrol synthesis, appear in the resolution

ontrol problems for the system (1) or (2). This

time predi tive formulation with

singular

ontrol restri ted to

U

ertainly explains why dis rete

or Lyapunov based approa hes seem

to be more tra table. Our aim is not to dis uss the advantages and/or drawba ks of ea h
method. The paper fo uses on two pra ti al aspe ts: the use of sampled swit hed laws and
the guarantee of stability margins.
For a given
(1) or (2)

xref ∈ Xref ,

let us dene the

hange of

oordinates

z = x − xref .

an be rewritten in the form:

ż = A(u)z + B(u)
with

The system

A(u) = A0 +

Pm

i=1

ui A i

and

B(u) = A0 xref + B0 +

Suppose that the following assumption is satised:

(4)

Pm

i=1

ui (Ai xref + Bi ).

Assumption 1. A ontrol Lyapunov fun tion V is known for the system (4) with a ontrol
domain relaxed to co(U ).
Assumption 1 implies that a

ontinuous time state feedba k strategy:

u∗ = κ(z) ∈ co(U )
6

(5)

exists su h that the system (4) is globally asymptoti ally stable (GAS). On e the origin is
rea hed, i.e. the target

xref

in

From Assumption 1, we

1.

x−

oordinates, the relation

an dedu e three sampled swit hed

ne essarily holds.

ontrol strategies:

Pulse-Width Modulation strategy is a simple way to apply a
to the swit hed system. For a given sample period

u

Ts ,

the

ith

ontrol dened by (5)

omponent of the

ontrol

is approximated by:

∞
X

v i (t, Ts ) =

I[tk ,

k=0
where

IA (.)

otherwise,
2.

u∗ = uref

∀t ∈ R+

tk +uik Ts [ (t),

stands for the indi ator fun tion whi h takes the value

tk = kTs

and

V

1

when

t∈A

and

0

uk = u(tk ).

Steepest des ent strategy
dire tion of the CLF

(6)

onsists in hoosing at time tk ,

among the nite values given by

∞
X

v(t, Ts ) =

uk I[tk ,

k ∈ N, the most de

reasing

u ∈ U:

tk+1 [ (t),

∀t ∈ R+

(7)

k=0

uk = arg min V̇ (zk ; u)

where

with
3.

V̇ (zk ; u)

(8)

u∈U

the derivative of

V

in the dire tion given by

A(u)zk + B(u).

Predi tive strategy minimizes, over a horizon NH and among a nite set of sequen
V (zk+NH )

from the

urrent position

zk :

v(t, Ts ) =

∞
X

uk I[tk ,

tk+1 [ (t),

∀t ∈ R+

es,

(9)

k=0
where

with

arg1

uk = arg1

min

uk ,uk+1 ,··· ,uk+NH −1 ∈U NH

the rst argument of the optimal sequen e

V (zk+NH )

(10)

uk , uk+1 , · · · , uk+NH −1 .

Note that all the proposed swit hing strategies dene expli itly or impli itly a state feedba k
ontrol law:

v(t, Ts ) = κs (t, z(t), Ts ).
7

(11)

Whi h stability guarantees
tion,

onsider the

an be given for these three strategies? To answer this ques-

losed loop obtained from one of the three feedba ks

dis retization of (4) at time

tk , k ∈ N,

v.

The resulting exa t

an be written as:

zk+1 = As (κs )zk + Bs (κs ).
When the

Bs (κs ) =

(12)

hosen strategy is the predi tive or the steepest des ent,



R Ts
0



eA(uk )(Ts −τ ) dτ B(uk )

with

uk

As (κs ) = eA(uk )Ts

given in (8) or (10). For the PWM strategy, the

right side expression is obtained re ursively sin e this strategy denes a pie ewise
ontrol on ea h interval

(tk , tk+1 )

and

uk ,

depending on the value

onstant

given in (6).

Denition 8 (Level sequen e and sublevel set sequen e). For a sequen e {z0 , · · · , zN } of
length N + 1 generated by the system (12) from an initial ondition z0 , let us dene the level
sequen e by:
Lk (z0 ) = V (zk ), k ∈ N≤N ,

(13)

SLk (z0 ) = {z : V (z) ≤ Lk (z0 )}, k ∈ N≤N .

(14)

and the sublevel set sequen e by:

Following the fa t mentioned at the end of the previous se tion that a swit hed system
annot be maintained on

k ∈ N≤N ,

xref ,

may exist for some

near the operating point

it is

z0 .

xref .

lear that non-monotone de reasing sequen es

Intuitively and as one

To get some insights: for a sequen e
ondition

sequen e that

z0 ,

one

y li

path is followed

Thus, the notion of pra ti al stability seems

hara terize an attra ting set w.r.t. the period

an initial

an expe t,

z0 ,

an be rea hed from a lower level

onvenient to

Ts .

{z0 , · · · , zN },

an sear h w.r.t.

Lk (z0 ),

generated by the system (12) from

the highest level

L0 (z0 ).

LN (z0 )

at the end of the

Denote this optimization problem by

PN :
PN :

max LN (z0 )

(15)

zk+1 = As (κs )zk + Bs (κs ), k ∈ N≤N −1

(16)

LN (z0 ) ≥ L0 (z0 )

(17)

z0 ∈Rn
s.t.

8

Remark 1. For all N ≥ 1, the onstraints (16) and (17) an be trivially satised with an
initial ondition z0 = 0. Therefore z0 = 0 is always a feasible argument for PN .
If

z0∗

SLN (z0∗ )

is an optimal argument of
the

PN ,

then

L∗N = LN (z0∗ )

denotes the optimum and

SL∗ N =

orresponding sublevel set.

Denition 9. The problem PN is said to be bounded if the optimum L∗N is nite.
From the denition of

LN (z0 ) < L0 (z0 ).

PN , any sequen

e

{z0 , · · · , zN } with z0

The next se tion uses this feature,

the system (12) to the set

SL∗ N , N ∈ N∗ ,

outside

SL∗ N

learly satises

onne ts the asymptoti

properties of

and proves pra ti al stability results for the system

(12).

5. A su ient ondition for global and pra ti al stabilization
Let us begin by re alling some denitions:

Denition 10. A set Ω is said to be positively invariant for the system (12), if for all z0 ∈ Ω,
the state sequen e zk ∈ Ω, k ∈ N∗ .
kzk −
Denition 11. A traje tory is said to approa h a set Ω, if the distan e d(zk , Ω) = min
ω∈Ω
ωk → 0 as k → ∞.

Denition 12. A losed positively invariant set Ω is said to be a global attra ting set of (12),
if for all initial onditions z0 ∈ Rn , the traje tories approa h Ω.
Now, some properties

on erning the sublevel sets

SL∗ N , N ∈ N∗

an be established:

Theorem 2. Under Assumption 1, if the problem PN is bounded, then SL∗ N is a global attra ting set for all traje tories of the system (12).
Proof.

Consider a traje tory

ondition

z0 .

First, let us prove that

(zpN +r )p∈N , r ∈ N≤N −1 .
V (zr+N ).

(zk )k∈N

Then,

zr

of the system (12) obtained from an arbitrary initial

SL∗ N

is a positive invariant set for all innite subsequen es

Suppose that a state

zr ∈ SL∗ N

leads to a bounded solution for

9

PN

exists su h that

V (zr ) ≤ L∗N <

better than the optimum, whi h is

absurd. Consequently, if

SL∗ N

V (zr ) ≤ L∗N

then

V (zpN +r ) ≤ L∗N ,

for all

is a positive invariant set for innite subsequen es of the form
Now, let show that

index

•

s ∈ N≤N −1

either an index

p0 ∈ N∗

SL∗ N

implies

zs ∈
/ SL∗ N ,

the sequen e

V (zpN +s ), ∀p ∈ N∗

ys

ys+

holds. However,

the

As

V

is also

then the positive invarian e

lim V (zpN +s ) = ℓs .
(with

N th

iterate of

V (ys+ ) = V (ys )

absurd. Therefore the sequen e

Sin e all subsequen es of the form
ases, then the whole sequen e

Assume

ϕs : N → N

an be extra ted.

ys

Moreover,

(zpN +s )p∈N

t de reasing of

V (zpN +s ) > V (z(p+1)N +s ) >

ℓs > L∗N .

ys

By

ys

ne essarily satises

onverges

V (ys ) = ℓs .

V (ys+ ) = V (ys ) = ℓs

is a possible argument for

fullls

ompa tness,

stri tly in reasing), that

by (12), the relation

implies that

L∗N , a stri

ontinuous and the sequen e is bounded,

p→∞

(zϕs (pN +s) )p∈N

to a limit point
Considering

V (zp0 N +s ) ≤ L∗N

is mandatory. The relation

p ∈ N∗ .

exists su h that

a subsequen e

ases must be distinguished:

does not exist, then, following the denition of

ne essarily holds, for

ℓs

(zpN +r )p∈N , r ∈ N≤N −1 .

∀p ≥ p0 ∈ N∗ , zpN +s ∈ SL∗ N ;

p0

a limit

then two

exists su h that

or this index

L∗N

whi h means that

is a global attra ting set for the system (12). Assume that an

exists su h that

property of

•

SL∗ N

p ∈ N,

PN

also

whi h is

lim V (zpN +s ) = L∗N .

p→∞

(zpN +s )p∈N , s ∈ N≤N −1 , follow one of the two aforementioned

(zk )k∈N

from Denition 12 and the fa t that

SL∗ N

approa hes

SL∗ N

i.e.

lim sup V (zk ) ≤ L∗N .

Therefore,

k→∞

is a positively invariant set,

SL∗ N

is a global attra ting

set for the system (12).

Corollary 1. A su ient ondition for the global and pra ti al stabilization of the sampled
swit hed system (12) is that an integer N exists su h that PN is bounded.
6. Relations of in lusion and smallest attra ting set
A natural question

on erns how the sets

SL∗ N , N ∈ N∗ ,

are imbri ated.

Theorem 3. Assume problem PN is bounded. Then ∀p ∈ N∗ , the problem PpN is bounded
and the following in lusions hold:
SL∗ pN ⊆ SL∗ N .
10

Proof.

Following Remark 1, the set of

always an initial
suppose that

andidates is not empty sin e for all

andidate. Consider a sequen e

zpN ∈
/ SL∗ N .

As in the proof of Theorem 2, the subsequen e

is bounded sin e

PN

zk∗ , k ∈ N≤pN ,

for

PpN

is

zk , k ∈ N≤pN , for any positive integer p, and

ne essarily stri tly de reasing and then, this sequen e is not feasible for
the optimal sequen e

N , z0 = 0

fullls

V (zjN ), j ∈ N≤p ,
PpN .

∗
zpN
∈ SL∗ N

(and a fortiori

SL∗ N .

This is not the

is

It implies that

z0∗ ).

Then

PpN

is bounded.

One might expe t a stri t in lusion between the sets

and it is easy to exhibit an example showing that a relation as
hold. However, the upper bound

L∗1 ≥ L∗N , ∀N ∈ N∗

ase in general

L∗N ≥ L∗N +1 , ∀N ∈ N∗ ,

remains valid when

P1

annot

is bounded.

Corollary 2. Assume that a non empty set of integers I exists (ne essarily innite following
T
Theorem 3) rendering Pi , i ∈ I , bounded. Then S∞ = SL∗ i = lim
inf SL∗ i is the smallest
i→∞
i∈I
attra ting set of the system (12) given by the set of problems P .
7. Robust stabilization
In order to investigate the robustness of the proposed sampled-data

ontrollers, an input-

to-stable stability property with the sample time as input is given hereafter. Then, in the next
subse tion, a generalization of this result is provided in the

ase of parameter un ertainties

and non-uniform sampling.

7.1. Input-to-state stability w.r.t. the sample time

Theorem 4. Under Assumption 1 and assuming for every sampled period Ts , 0 < Ts ≤ Tsmax ,
that an integer N (Ts ) exists su h that the problem PN is bounded, the system (12) when Ts → 0
is 0−GAS.
In order to establish the proof of this theorem,

onsider the following denition:

Denition 13 (Supporting hyperplane). A hyperplane H of dimension (n − 1) is said to


support a losed and onvex set M (⊂ Rn ) on point y ∈ ∂M ∩ H if M is ompletely lo ated
in one of the two losed half-spa es determined by H (where ∂M is the boundary of M ). If
11

a ve tor λ is inward-pointing normal to this supporting hyperplane H of M on point y then
λT y = inf λT z .
z∈M

Proof.

First, we show that the system (12) is GAS whatever the

Ts → 0.

is, when

everywhere, the

For the PWM strategy, sin e
ontrol law

NH −step

when

Ts

vanishes,

lim v(t, Ts ) = u(t) = κ(z(t))

Ts →0

holds almost

orresponds exa tly to the feedba k given by the CLF. So, from

Assumption 1, the system is
For the

hosen swit hed strategy

0−GAS

when

Ts → 0.

predi tive strategy, the best de reasing value for

orresponds to the dire tion given by

V (zk+NH )

arg min V̇ (zk ; u)
u∈U

responds to the steepest des ent. A rst order Taylor expansion

from

V (zk ),

whi h pre isely

or-

an be used to prove this

point. So it only remains to prove the fa t that the steepest des ent strategy is GAS when

Ts → 0.
Noti e that the instantaneous swit hing law from a

arg min V̇ (z; u).

is given by

urrent position

z

along the traje tory

Now, if

u∈U

min V̇ (z; u) ≤ V̇ (z; κ(z)) < −γ(kzk)

(18)

u∈U

where

γ

fun tion

is a

γ

lass

K−fun

tion, the GAS property holds.

Note that the existen e of the

is dedu ed from the denition of a CLF.

In order to prove the left side inequality of (18), observe that along the traje tory, the
derivative of

V

is given by

u.

is ane w.r.t.
o

n

on

f (z, u), u ∈ U

Λ.

w∈Λ

polyhedron

Λ

polyhedron

Λ.

u∗ ∈ U

and is a

n

f (z, u), u ∈

losed polyhedron. Let

u

Two

∂V T
f (z, u). For a xed
∂z

So, the set dened by

u∗ = arg min λT f (z, u).

Denote

min λT w.

o

V̇ (z(t); u) =

u∗ ∈ U ,

or

ρ

o(U )

∂V
∂z

z , f (z, u) = A(u)z + B(u)
mat hes with the set

(z) and G

Then, on the point

Λ =

its supporting hyperplane

ρ = f (z, u∗ ),

λT ρ =

ρ

is single, then

is non single, then

ρ

belongs to an edge or a fa e of the

At least one vertex

δ

exists su h as

δ ∈ ∂Λ ∩ G

ρ

we have

either

ases must be distinguished:

and

λ=

o

is a vertex of the

(Figure 1).

So, a

ontrol

always exists su h that (18) holds.

Corollary 3. Assuming for every sampled period Ts , 0 < Ts ≤ Tsmax , an integer N (Ts ) exists
su h that problem PN is bounded. Then, the system (12) is input-to-state stable w.r.t. the
12

G
f (z, u3 )
ρ
2

f (z, u )

f (z, u4 ) = δ

λ

Λ

f (z, u5 )

1

f (z, u )

Figure 1: Supporting hyperplane

G

on

Λ.

lass of onstant input Ts .
Proof.

A

lassi al result [30℄ states that ISS is equivalent to 0-GAS property ( f. Theorem 4)

and asymptoti gain property (the solutions are ultimately bounded) i.e.

lim sup kzk (z0 , Ts )k ≤
k→∞

γ(Ts )

where

γ

so iated level

is a

by

tion for

L∞ = lim inf L∗i .
i→∞

is given by taking

γ

N0 −fun

hoosing

If

0 < Ts ≤ Tsmax .

L∞ (Ts ) is a

γ(Ts ) = L∞ (Ts ).

N0 −fun

lass

tion for

S∞ ,

γ(Ts ) ≥ sup L∞ (T )

sin e

sup L∞ (T )

dene the as-

0 < Ts ≤ Tsmax , the result

If not, it is always possible to dene a

0<T ≤Ts

all

From the denition of

lass

N0 −fun

tion

is bounded and nonde reasing for

0<T ≤Ts

Ts ≤ Tsmax .

Remark 2. Note that this ISS result is given for the lass of onstant input Ts .
7.2. Non-uniform sampling and parameter un ertainties
An improvement

an be obtained if the

lass of swit hing laws is relaxed in the following

manner: dene a minimum (resp. maximum) dwell time

δmin

(resp.

δmax )

as the minimum

(resp. maximum) duration between two swit hings. Let us dene the swit hing time sequen e

tk , k ∈ N,

with duration

onstraints:

δmin ≤ τk = |tk+1 − tk | ≤ δmax ,

(19)

orresponding to the time instants where the system (4) swit hes from one mode to another.
Assume also bounded parameter un ertainties

θ on the matri

es

Ai and Bi in (4).

Without

loss of generality, the un ertainties are given in the form:

−θmax ≤ θ ≤ θmax .

13

(20)

We relax the problem

PN

by:

PN (δmin , δmax , θmax ) :

max LN (z0 )

(21)

z0 ,θ,τk
s.t.

zk+1 = As (⋆)zk + Bs (⋆), k ∈ N≤N −1

δmin ≤ τk = |tk+1 − tk | ≤ δmax

(23)

− θmax ≤ θ ≤ θmax

(24)

LN (z0 ) ≥ L0 (z0 )
where

(22)

(25)

(⋆) = (τk , θ, κs ).

Remark 3. κs remains un hanged and based on the unperturbed model (4).
Remark 4. In this relaxed problem, the optimization depends on the initial ondition z0 , the
swit hing time sequen e tk and the parameter un ertainties θ. Noti e that the set of onstraints
(22) is now time dependent following the integration duration τk .
Remark 5. All the results on erning the attra ting sets SL∗ k remain valid sin e the given
proofs do not depend on how the losed loop sequen e (zk )k∈N is obtained from an initial guess
z0 .
Property 1. The optimal value of PN (δmin , δmax , θmax ) is non-de reasing w.r.t. δmax or θmax
and non-in reasing w.r.t. δmin .
Proof.

It is

lear that an optimal argument

is also an admissible argument for

(z0∗ , θ∗ , τk∗ , k ∈ N≤N −1 )

PN (δmin , δmax + δ, θmax )

for all

for

PN (δmin , δmax , θmax )

δ ≥ 0.

The rest of the

announ ed properties is also trivially established.

Corollary 4. Assume (∆max , Θmax ) > 0 exists su h that for all δmin > 0 (∆max ≥ δmax ≥
δmin ), an integer N (∆max , δmin , Θmax ) exists su h that the problem PN (δmin , ∆max , Θmax ) is
bounded. Then the system (12) with relaxed swit hing laws (19) and parameter un ertainties
(20), is ISS with input (τ, θ) orresponding to the swit hing duration sequen e τ = (τ0 , τ1 , · · · )
and the parameter un ertainties θ.
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Proof.

The proof uses, as in Corollary 3, the equivalen e between ISS and (0-GAS+AG) prop-

erties [30℄. Taking δmin
mains valid with this

≤ δmax → 0 and θmax → 0, 0-GAS property expressed in Theorem 4 re-

lass of relaxed swit hing laws and bounded un ertainties. The AG prop-

lim sup kzk (z0 , θ, τi , i ∈ N≤k−1 )k ≤ γ(k(τ, θ)k∞ )

erty i.e.

k(τ, θ)k∞ = max (sup τk , θ),

with

k→∞

k

φ(δmax , θmax ) =

follows from the fa t that the fun tion

sup

L∞ (δmin , δmax , θmax )

is

0<δmin ≤δmax
bounded and non-de reasing w.r.t.

θmax ≤ Θmax .
example

δmax ,

for all

δmax ≤ ∆max

Then, it is always possible to dene a

γ(s) ≥ φ(s, s)

with

lass

and respe tively

N0 −fun

tion

γ

by

θmax ,

for all

hoosing for

s = k(τ, θ)k∞ .

8. Computational aspe ts
This se tion dis usses some
solves the optimization problems

omputational aspe ts that

PN .

an be en ountered when one

Sin e no assumption is made about the known CLF

and sin e the state feedba k is generally a dis ontinuous fun tion of the state, the optimization
problems

PN

are non-linear and non-smooth.

Nevertheless, if the predi tive or steepest strategies are
to a partition of the state spa e w.r.t. the
requirement

an be a hieved if

text, additional

PN

ontrol values

onsidered, the feedba k law leads

u(z) ∈ U .

Then, the smoothness

is solved for every xed swit hing sequen es. In this

onstraints related to the

on-

hosen swit hing strategy must be added. Pre isely

for a xed sequen e:

•

Steepest strategy: at ea h time

2m − 1

tk ,

the

ontrol

uk ∗

of the

hosen sequen e has to verify

onstraints:

V̇ (zk ; uk ∗) ≤ V̇ (zk ; u), u ∈ U, u 6= uk ∗, k ∈ N≤N −1 .
Therefore, for a xed sequen e of length
The problem is

• NH −predi
verify the

learly smooth in this

N , N (2m − 1)

onstraints are added to

(26)

PN .

ase, if the CLF is.

tive strategy: at ea h time tk , the

ontrol

uk ∗

of the

hosen sequen e has to

onstraints:

min

uk ∗,uk+1 ,··· ,uk+NH −1 ∈U NH

V (zk+NH ) ≤
15

min

uk ,uk+1 ,··· ,uk+NH −1 ∈U NH

V (zk+NH )

(27)

with

uk 6= uk ∗, k ∈ N≤N −1 .

the right one over

The left minimization is done over

2mNH − 2m(NH −1)

As the left and right terms are

elements for ea h

N

2m(NH −1)

elements and

element of the xed sequen e.

ontinuous but not dierentiable everywhere, a dire t

sear h algorithm is needed in order to solve the problem (ex ept the

ase

NH = 1:

where

the smoothness requirement is a hieved).
This

aution

an be avoided if, at ea h time

tk ,

the sequen e

uk ∗, uk+1 , . . . , uk+NH −1

in

the left term is xed in advan e. This pro edure implies to dene a set of additional
optimization problems

orresponding to all possible sequen es at all time tk . Then, the

total number of optimization problems be omes

•

PWM strategy: sin e the state feedba k laws

2mN NH .

u(z) are generally dis

ontinuous fun tions

of the state, optimization problems are non-smooth. Nevertheless, there are two
ontinuous or if

u(z) ∈ U

almost everywhere and allows to dene a partition of the state spa e. In this

ase, the

where

PN

ases

an be solved without numeri al issues: if

same previous methodology

u(z)

an be applied.

Now, we have shown that the smoothness requirement
that, for many pra ti al
For example, in (4) as

ases, quadrati

B(uref ) = 0,

if

A(uref )

andidates

an be underlined
an be exhibited.

is Hurwitz then there exists a quadrati

ż = A(uref )z

whi h

an be used with one of the

ontrol is another way to get su h quadrati

that the obje tive fun tion and the
onstrained quadrati

an be met. It

Lyapunov fun tion

Lyapunov fun tion asso iated to the system
given strategies. Passivity based

is

onstrains are quadrati

program (QCQP)

CLF. It means

fun tions. So, a quadrati ally

an be used. QCQP is a wide-studied problem in the

optimization literature having a large number of appli ations [39℄. Relaxations of QCQP based
on semidenite programming (SDP) and the reformulation-linearization te hnique (RLT)

an

be an e ient way to solve it. Global optimization solvers, su h as GloptiPoly [40℄, that solve
non

onvex global optimization problem of minimizing a multivariable polynomial fun tion

subje t to polynomial inequality, equality or integer
QCQP. GloptiPoly allows to solve a series of
optima are guaranteed to

onstraints, are parti ularly e ient for

onvex relaxations of in reasing size, whose

onverge monotoni ally to the global optimum. The result is an

16

Table 1: Compared omputation time

Computation Time (s)
Solver

extremely fast solver. A

GloptiPoly

the solver

L∗1

L∗4

L∗6

NL Matlab

0.98

399.2

4078

Gloptipoly

1.36

3.91

14.9

omparison between the Non-Linear Solver

fmin on

of Matlab and

is performed on the example given in the next se tion. The results are

summarized for the steepest strategy

ase in table (1).

Now, if parameter un ertainties and non uniform sampling are taken into a
level set

omputed mat hes to the worst

not a QCQP but a
expansion of
polytopi

ase for the dynami s. In this

urate polynomial approximations of (22)

e(A+∆A)(Ts +δTs )

where

∆A

approximation of the dynami

and

δTs

ase, the program is

an be obtained using Taylor

dene the un ertainties.

like in [26℄

ount, the

More a

urate, a

ould be another way to deal with this

issue. If a polytopi approximation is used then the problem be omes again a QCQP. So, the
PSfrag repla ements
proposed solver remains adapted for both

ases.

9. Appli ation
9.1. DC-DC onverter des ription
u

D
iL

E

L

C

vC

R

Figure 2: Bu k-boost onverter

Consider a bu k-boost
mode (the

onverter (Figure 2) whose state equation in

ontinuous

urrent passing through the indu tan e never falls to zero) is given by:

ẋ = A0 x + B0 + u(A1 x + B1 )
17

ondu tion

where

x = [iL , vC ]T

and







0

A1 = 

A0 = 

1
0 − RC

E
B0 = [ , 0]T
L
with

R = 50 Ω, C = 220 µF , L = 20 mH

Let the target be

Aref = A0 + uref A1
P Aref + Q = 0

with

system (4). Taking

Q = QT > 0

Q = 180 × Id,

− C1

0

and

E =6 V.
orresponding to

B(uref ) = 0,

the solutions

allow to dene quadrati

one gets:



E
B1 = [− , 0]T
L

xref = [0.24, −6]T ∈ Xref

is Hurwitz and as



1
L

 0

0 





uref = 0.5.

P = PT > 0

CLFs

91.05 0.04
P =
.
0.04
1

As

A(uref ) =

of

ATref P +

V (z) = z T P z

for the

In the next two subse tions,

the results of the proposed approa hes are illustrated through the steepest and predi tive
strategy. The sample time is

Ts = 2.5.10−5 s.

9.2. Attra ting set estimations for the sampled strategies
Figure 3 shows a system traje tory using the steepest des ent feedba k law and attra ting
sets determined by

SL∗ 2

is an a

PN

for

N =1

(red dashed line) and

N =2

(magenta solid line). Clearly,

urate approximation of the all system traje tories. Using Glotipoly software, the

omputation times are respe tively 1.36 s and 0.97 s.

1.5

SL∗ 1

1

0.5

SL∗ 2

0

PSfrag repla ements

−0.5

−1

−1.5
−0.1

−0.05

0

0.05

0.1

0.15

Figure 3: Traje tory in the state-spa e and attra ting sets for

For a re eding horizon
strategy.

NH

xed to

NH = 2,

N =1

Figure 4 shows the

and

N =2

ase of the predi tive

The bla k solid ellipse is the estimation for a sequen e of length
18

N = 1.

The

estimation is still large

omparing to the limit

approximation is obtained. The

y le. For a sequen e of length

N = 8, a better

omputation times, still using Glotipoly are respe tively 1.6

3
s and 29.10 s.

2

1

0

PSfrag repla ements

SL∗ 8

−1

SL∗ 1
−2
−0.2

−0.1

0

0.1

0.2

Figure 4: Traje tory in the state-spa e and attra ting sets for

Figure 5 represents the evolution of

L∗N

in fun tion of

line) and the predi tive strategies (dashed red line).

SL∗ N , ∀p ∈ N∗

N

N =1

and

N =8

for the steepest (solid blue

Observe that the relations

hold as stated in Theorem 3. While the relation

L∗N ≥ L∗N +1

SL∗ pN ⊆

does not hold in

general. Figure 5 also shows that the above given approximations of the attra ting sets are
a

urate although in the

tight around the

ase of predi tive

y le. This

an be

ontrol, this estimation appears not parti ularly

learly justied by the fa t that there exists at least one

sequen e starting inside the sublevel set that rea hes the level. This sequen e is obviously the
solution of

PN .

In view of the evolution of the

to lead to a better estimation of
In Figure 6, the evolution of

urve in Figure 5, an in rease of

N

seems not

S∞ .
L∗2

w.r.t.

Ts

is drawn for both strategies. This gure

learly

illustrates the ISS property of the system. Finally, Figure 7 shows the exponential growth of
the

omputation time for the two strategies.

9.3. Robust attra ting set estimations for sampled strategies
Suppose now that all parameters
the sample time
problem

Ts

L, R, E , C

are known with 5% of un ertainties and that

is time dependent with variation of 5% around its nominal value. The

PN (δmin , δmax , θmax )

solid line the level sets

gives the attra ting set in the worst

orresponding to

L∗N

for
19

N =1

(red line) and

ase.

Figure 8 shows in

N =8

(bla k line) and

4.5
4
3.5

Predi tive
strategy

3
2.5
2

PSfrag repla ements

1.5
1

Steepest
strategy

0.5
0
1

2

3

4

Figure 5:

5

L∗N

6

versus

7

8

N

900
800
700
600
Predi tive
strategy

500

Steepest

400

PSfrag repla ements

strategy

300
200
100
0
0

1

2

3

4
−3

x 10

Figure 6:

L∗2

versus

Ts ∈ [2.5, 4500]µs

in dashed line the respe tive level sets for the system without un ertainties. This gure also
shows two traje tories, simulated with a uniformly distributed random law for the sample
time variations, and two parameters sets inside the 5% of un ertainties.
It is worthy noti ing that, as expe ted, the attra ting sets for the system with parameters
variations are bigger than the ones for the nominal system. However, the boundedness of the
optimization problem guarantees the stability of the perturbed system.

10. Con lusion
In this paper, robust stability for the

lass of swit hed ane systems has been investigated.

Based on the existen e of a CLF for the relaxed

ontrol problem, sampled swit hed strategies

have been proposed to stabilize the swit hed ane system around an operating point.
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Figure 7: Computation time (in se onds) versus

N

2.5
2
1.5
1
0.5
0
−0.5
−1
−1.5
−2
−2.5
−0.2

−0.1

0

0.1

Figure 8: Traje tories in the state-spa e and attra ting sets for

The proposed framework allows to
tem traje tories, by solving a set of

0.2

N =1

and

N =8

in

ase of un ertainties

ompute tight global attra ting sets for the whole sysonstrained optimization problems. Numeri al aspe ts

have been dis ussed and it has been shown that pra ti ally, the optimization problems reveal to be QCQP or non

onvex polynomial optimization problems for whi h e ient global

optimization solvers exist. In addition, ISS results with respe t to the sample time and the
parameter un ertainties are formulated. In doing so, some stability margins are guaranted.
The numeri al illustration given on a bu k-boost
an be easily designed for DC-DC

ura y in the over-approximation of

As future work, a

CLF

onverters. Applying the steepest or predi tive strategies,

numeri al results also showed that it is not ne essary to
good a

onverter shows that quadrati

onsider a high order in

PN

to get a

S∞ .

omparison between optimal ontrol and the given swit hing laws would

be of interest in order to measure the ratio performan es over design easiness.
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