Design of observers for Takagi-Sugeno

Discrete-time systems with unmeasurable premise
variables

Dalil Ichalal, Benoit Marx, José Ragot and Didier Maquin

Centre de Recherche en Automatique de Nancy, UMR7039, Nancy-Université, CNRS
2, Avenue de la forét de Haye, 54516 Vandceuvre-Lés-Nancy Cedex, France

5" Workshop on Advanced Control and Diagnosis
November 15-16, 2007 Grenoble, France

Nancy-Université

CR“N \ INPL

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 1/36



Outline

0 Introduction
@ Multiple Model Structure
@ Problem statement and objective

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 2/36



Outline

0 Introduction
@ Multiple Model Structure
@ Problem statement and objective

e State estimation

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 2/36



Outline

0 Introduction

@ Multiple Model Structure

@ Problem statement and objective
e State estimation

e Extension of the method: .¥ approach

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation

ACD 2007

2/36



Outline

0 Introduction
@ Multiple Model Structure
@ Problem statement and objective

e State estimation
9 Extension of the method: .#, approach
@ Simulation results

@ Comparison between the two methods
@ Example

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation

ACD 2007



Outline

0 Introduction
@ Multiple Model Structure
@ Problem statement and objective

e State estimation
9 Extension of the method: .#, approach
@ Simulation results

@ Comparison between the two methods

@ Example

e Conclusion and future works

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation

ACD 2007



Introduction J

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 3/36



Introduction

Faults and perturbations

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 4/36



Introduction

Faults and perturbations

Linearity assumptio;

Inputs t = Ax+ B
P! X X u Oumuts
y=Cx+Du

+ Simplicity
=Valid only around an operating point

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 4/36



Introduction

Faults and perturbations

Linearity assumptio;

Inputs X=Ax+Bu Inputs Outputs
P! Oumuts P!
y=Cx+Du
+ Simplicity = Complexity
=Valid only around an operating point + Good representation of nonlinear behavior

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 4/36



Introduction

Faults and perturbations

Linearity assumptio;
Inputs X=Ax+Bu Inputs Outputs
P! Oumuts P!
y=Cx+Du
+ Simplicity = Complexity
=Valid only around an operating point + Good representation of nonlinear behavior
P ST AT AT
Inputs A : ) Outputs
p LU Multiple model ,A
i S

+ Good representation of nonlinear behavior
+ Simplicity
Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 4/36






Introduction: static case example

Y = u1(X)y1 + p2(x)y2
pa (X)) + p2(x) =1
0<pu(x) <1
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Multiple Model Structure

i (€ (k)): weighting functions.
& (k): decision variable.
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Multiple Model Structure

x(k+1)= 3 1 (£()) (Ax(K)+Biu(k))

y(K) = 3 1 (£(K)(Cix (k) +Du(k))

i=1
0 S ‘ul(é(k)) S 1vVK7I — 17""ar

r

2 ui(§(k)) =1,vk

i=1
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Multiple Model Structure

Advantages of Multiple Models
@ Universal approximator.

@ Simplicity because this structure is inspired by the linear systems.

@ Ability to generalize the tools developed for linear systems to
nonlinear systems.
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Problem statement and objective

Observer Design

X(k+1)= é1 1 (8 (k) (Ax (k) +Biu(k) +Gi(y (k) =y (k)))

I(k) = 3 (& (k) (CR(K)+ Diu(k))

Objective of the study

Synthesize observers in order compare the real behavior of the
system to its healthy behavior.
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Problem statement and objective

Advantages of multiple models with unmeasurable premise
variables

@ Representation of a wider class of nonlinear systems.

@ One multiple model is sufficient for the design of observer banks
for the detection and isolation of sensors and actuators faults.
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Objective of the study

Main objective

@ Design of nonlinear observers for nonlinear discrete-time systems
described under the multiple model form with unmeasurable
premise variables i.e. : &(k) = x(k).
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State estimation

Multiple Model

{ (k1) = 5 x0)(Ax(K) + Biu())

y (k) =Cx(k)
Multiple Observer

{ X(k+1) = 3 m(x(k))(AX(K) +Biu(k) + G(y (k) -y (k)
y (k) = Cx(

=i~
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Re-writting the model

Equivalent form of the multiple model

Variations around a nominal linear model:

r —
%z%%A,N=N+%
1=

The system is written then:

x(k+1) = Aox () + X i (x () Ax () + Buu (k)
y(k) =Cx(k)

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007 14/36



State estimation

Multiple Model

{XW+U—AMW)ﬂiMUWMNMH+&MH)

y(k) =Cx(k)

Multiple Observer

{*W+UAﬁ&)ﬂimﬁwmiﬂm+&MH+GWW)9&m
(k) = (k)
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State estimation

The state estimation error is given by:
e(k) = x(k) — X(K)
Its dynamic is: )
e(k+1) = (Ag—GCle(k)+ Y (Aigi(Kk)+BiAj(k))
6 (k) = pi(x(k))x (k) — ;1(('()))2('()
Ai(k) = (ui(x (k) — i (X (k))u(k)

wi(x) is lipschitz = [ (x (k) — i (R (K))| < Nj [x
Ui (x)x is lipschitz = | (X ( ( i
bounded input = [lu(k)|| < B> = &
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Observer Design

Second method of Lyapunov

Consider the quadratic candidate Lyapunov function V (e(k)):
V(e(k)) = e(k)"Pe(k).

The convergence of state estimation error to zero is assured if:
@ V(e(k))>0,vk
Q AV(e(k))<0,Vk
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Stateestimaton________ 9

CIRAN

Theorem 1 : Asymptotic Convergence

The state estimation error converges globally asymptotically toward zero, if
there exists a matrix P =PT > 0, gain matrix K and positive scalars 7, &1,&>
and &3 such that the following conditions hold for i € {1,...,r}:

e =T =T =T AP
x  —IP 0 0 0
0 —regl 0 0 |<0 ==PAj—KC
0 0 —rgl O
N &
PAL O 0 0 3

(rea+res)B B + 1B PB; — 11 <0

O = 1 P+1RI+ R e +1)A A +2RrA PA

The observer gain is given by G = P~ K.
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Proof 1/5

Quadratic Lyapunov Function

V(e(k)) = e(k)"Pe(k)
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Proof 1/5

Quadratic Lyapunov Function
V(e(k)) =e(k)"Pe(k)

The variation of V is given by:

r r r r
AV = e"o"Poe+ Y eToTPAG+ Y eToTPBA + Y 5TA P YA
i— i— i=— =1

r r r r

+ Y oTA Poe+ Y 8TA PY BA+ Y ATBTPoe
i=1 i=1 j=1 i=1

r o r r

+ YABIPYAG+Y ATBIPY BjA—eTPe
i=1 j=1 i=1 j=1

Ichalal, Marx, Ragot, Maquin (CRAN) Nonlinear state estimation ACD 2007



Proof 1/5

Quadratic Lyapunov Function
V(e(k)) =e(k)"Pe(k)

The variation of V is given by:

r r r r
AV = e"o"Poe+ Y eToTPAG+ Y eToTPBA + Y §TA P YA
i— i— i=— =1

r r r r

+ Y oTA Poe+ Y 8TA PY BA+ Y ATBTPoe
i=1 i=1 j=1 i=1

r o r r

+ YABIPYAG+Y ATBIPY BjA—eTPe
i=1 j=1 i=1 j=1

XTY +YTX <eXTX+e'YTY, with e>0

9
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Proof 2/5

Reducing the double sum:

r r r

YXT XX <1 XX
= j=1 i=1

i=1
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Proof 2/5

Reducing the double sum:

r r r

XTY X <r Y XX
=1 j=1 i=1
The variation of V is bounded as follows:

r r
AV <eTWie+ Y § Wy + > Al Vg A

i=1 i=1

where:
Vi =0TPd+e '®TPPO+e, 'dTPPO-P

Wy =ré&y Krﬂ, + I'KlT Pﬂi + 83_1 rK,T PPKi
Vg =r(g —|—82)BiT Bi +rBiTPBi
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Proof35_

Lipschitz property of & in assumption 1 gives:

r r
Y88 <Y rele
= =
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Proof 3/5
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r r
Y88 <Y rele
i=1 i=1
we obtain:

r r T _ _ _ _
Y 5TUnd < Y et (BreA A+ ArA PA +Re; 'TA PPA)e
i=1 i=1
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Proof 3/5
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- ST - T NN Ny 1.2 ppA
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Proof 3/5

Lipschitz property of & in assumption 1 gives:

r r
Y88 <Y rele
i=1 i=1
we obtain:
- ST - T NN Ny 1.2 ppA
Y 58 < Y el (BrelA A+ A PA +Yie; 'TA PPA)e
i=1 i=1

Lipschitz property of A; in assumption 1 gives:
r T r T
Y ATA <Y ele
i=1 i=1
that can be written in the form:

r r
Y elet+t Y AN <O
i=1 i=1
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Proof 4/5

Applying the S-procedure:
AV < AV —1l
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Applying the S-procedure:
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Proof 4/5

Applying the S-procedure:

AV < AV — 1T
with:
r:—iyfieTeJriAiTAi <0
i=1 i=1
we obtain :
AV < ieTQ1ie+ iAIQZiAi
i=1 i=1
where:
Qi = r'oTPO4+r e ToTPPO 11 e, TOTPPO —r TP 4 T2
+ RreAl A+ A PA +1Pe; A PPA
and:

Qpi = (rep +res)B B + 1B PB; — 7l
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Proof 5/5

The negativity of AV is guaranteed if:
Q-“ <0
Qo <0
ie{l,....r}
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Proof 5/5

The negativity of AV is guaranteed if:
Q-“ <0
Qo <0

ie{l,....r}
We consider the change of variable:

K =PG

and by using the Schur complement we obtain the inequalities expressed in
theorem 1.
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Extension of the method: > approach |
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State estimation: .4 approach

The state estimation error can be expressed like a perturbed system:

e(k+1)=de(k)+Haw(k)

where:
®=Ay—GC
H=[H; -+ H]
a):[\/;r Vl:r ]T
H=[A B]

w=[a a1’
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ObserverDesign ____ bm

The state estimation error converges globally asymptotically toward zero, if
there exists matrices P =PT > 0, K and positive scalar ¥ such that the
following condition holds:

—P+1 U8 v,
vl HTPH-# 0 |<0
vl 0 —P
where:
v, = (AJP-CTKT)H
v, = AJP-C'KT

The observer gain is given by G = P K.
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Proof 1/2

Quadratic Lyapunov function:

V(e(k))=e(k)"Pe(k),P =PT >0
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Proof 1/2

Quadratic Lyapunov function:
V(e(k))=e(k)"Pe(k),P =PT >0

The observer converges and the %-gain from w(k) to e(k) is bounded by y
if the following holds :

AV (e)+e(k) ek) - Pok) k) <0
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Proof 1/2

Quadratic Lyapunov function:
V(e(k))=e(k)"Pe(k),P =PT >0

The observer converges and the %-gain from w(k) to e(k) is bounded by y
if the following holds :

AV (e)+e(k) ek) - Pok) k) <0
Variation of Lyapunov function:

AV(e)=e'o"Pde—e'Pe+e'®"PHo + o H Pde+ o HTPHo
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We obtain:

e'o"Pde—e'Pe+e"d"PHo+ 0 H Pde+w HTPHo +eTe—Po'w <0
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Proof 2/2 —

We obtain:
e'o"Poe—e"Pe+e’d"PHo+ 0 HTPde+0"H'PHo +e"e— Yo o <0
That can be expressed under the following form:

[ e T [ ®TPO-P+1  ®TPH } [ e

® HTP®  HTPH - w}<0
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Proof 2/2

We obtain:
e'o"Poe—e"Pe+e’d"PHo+ 0 HTPde+0"H'PHo +e"e— Yo o <0
That can be expressed under the following form:

e]"[®PO—P+I  &TPH e o
o HTP® HTPH-¥l || o

We consider the changes of variables:

K=PG, 7=7

Then, by using Schur Complement, we obtain the LMIs expressed in the
theorem 2.
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Simulation results J
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Comparison between the two methods

We consider the following example with variable parameters a and b:

a —0.3 0.4 0.
A1_[o —0.5]’A2_[—o.2 b }

512[01.5]’82:[0i5]’cz[1 g

The weighting functions are

u1 (X) — 1—tar;h(x1) 1 i
pa(X) =1—p(x) = 7“&‘2 =
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Comparison between the two methods -
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Figure: (*) first method,(+) -4 method
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Example

We consider the previous example witha = —-0.6 and b =0.1. A
stable observer with % attenuation of the considered perturbation
terms for the above system can be designed using Theorem 2.
Conditions in Theorem 2 are satisfied with :

255 -1.76 ] G- { —0.18 ]

P_

| —-1.76 299 -0.27

Given the initial conditions x(0) = [0.7 —0.5]", X(0) = [0 0]"
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Example

Input of the system
T T T

05 1
B
o L
-05 1
1 . . . . . . . . .
0 05 1 1.5 2 25 3 35 4 45 5

t(s)

Variation of the weighting functions
1 T T T T T

=

.
0 0.5 1 15 2 2.5 3 35 4 4.5 5
t(s)

Figure: Input of the system and variation of weighting functions
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Example

0.8

06

0.2

0 05 1 15 2 25
t(s)

0.5 T T T T T T T T

4.5

I
0 05 1 15 2 25 3 35 4
ts)

Figure: State estimation error
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Conclusions and futureworks .|

@ Representation of nonlinear systems by the multiple model
structure with unmeasurable premise variables.

@ Sufficient conditions for state estimation are derived using the
second method of Lyapunov and .%» approach, and given in the
form of LMls.

@ Diagnosis of nonlinear systems using this observer.
@ Reducing the conservatism of conditions expressed in theorem 1.
@ Extension of the method to unknown input and state estimation.
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Thank you
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