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Motivations

Objective

Estimate the state and the unknown inputs of nonlinear systems described by a Takagi-Sugeno
model.
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Objective

Estimate the state and the unknown inputs of nonlinear systems described by a Takagi-Sugeno
model.

The premise variables intervening in the weighting functions are unmeasurable.
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0 Takagi-Sugeno approach for modeling
@ Takagi-Sugeno principle
@ Takagi-Sugeno model
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Takagi-Sugeno approach for modeling )
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Takagi-Sugeno principle

» Operating range decomposition into several local zones.
> A local model represents the behavior of the system in each zone.

» The overall behavior of the system is obtained by the aggregation of the sub-models with
adequate weighting functions.

&a(t)

! Operating

! space

Nonlinear system Multiple Model representation
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Takagi-Sugeno approach for modeling

Interests of Takagi-Sugeno approach

» Simple structure for modeling complex nonlinear systems.
» The specific study of the nonlinearities is not required.
> Possible extension of the theoretical LTI tools to nonlinear systems.
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Takagi-Sugeno model

The considered model is described by the following equations

X() = 3 W(ED) (Ax()+Biu()
y(t) = 3 (D) Cx(t)+Dut)

e Interpolation mechanism : z Hi(E(t))=1and 0 < p(&(t)) <1,vt,Vie{l,..r}

e The premise variable &(t) can be measurable (input u(t),output y(t),...) or unmeasurable
(state x(t),...).
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Takagi-Sugeno model 4.

The considered model is described by the following equations

X() = 3 W(E(0) (Ax(D)+Biu(b)
y(t) = 5 (&) (Cx(D)+Dut)

e Interpolation mechanism : z Hi(E(t))=1and 0 < p(&(t)) <1,vt,Vie{l,..r}

e The premise variable &(t) can be measurable (input u(t),output y(t),...) or unmeasurable
(state x(t),...)-

Interests of T-S model with unmeasurable premise variables

» Exact representation of the model x(t) = f(x(t),u(t)).
» Only one T-S model for FDI with observer banks.
» Application example: security improvement in cryptography systems.
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Observer design J
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Observer design —.

Let us consider the T-S model represented by

(1) = 5 (V) (Ax(1) + Bu(t))

y(t) = 5 10x(D) (Cix(1)+ Du(t)
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Let us consider the T-S model represented by
(1) = 5 (V) (Ax(1) + Bu(t))
y(t) = 5 10x(D) (Cix(1)+ Du(t)

Let us denote the estimated state by X. By adding and subtracting the term

S (11(x) — 1 (R)) (A + Biu)
=1

Ichalal, Marx, Ragot, Maquin (CRAN) State estimation MED 2009 9/27



Observer design —.

Let us consider the T-S model represented by
(1) = 5 (V) (Ax(1) + Bu(t))
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Observer design —.

Let us consider the T-S model represented by
(1) = 5 (V) (Ax(1) + Bu(t))
y(t) = 5 (D) (Cix(t) + Diu(D)
Let us denote the estimated state by X. By adding and subtracting the term
3 (400~ ) (A +Bu)
i
The following equivalent system is obtained

X = i Hi(R) (Aix +Bju) + i (1 (%) = i (X)) (Aix + Bju)
i=1 i=1
Thanks to convex sum property, we have
'zl(lli (x) = Hi (X)X = z 1 (x) Hj (X)X — X])
1= |J_

where
X; € {Ai,B;,Ci,Dj}
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Observer design

Let us define the following notations
AXjj = Xi = X;
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Observer design

Let us define the following notations
AXjj = Xi = X;

Then the system can be transformed into the following representation
- Jﬁzlui (OB RI(A; + DA X + (B +ABy)u)
The output equation can similarly be written in the following form
V= 5 WO (G-t ACK)-+ D+ ADL)

The system is written like an uncertain system but the considered "uncertain terms" AX; are
completely known and are constant matrices.
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Observer design —.

Observer structure

R = :i K (X) (AX +Bju+Gj(y —¥))

§ = 3 m(X)(Cuk +D)
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Observer design

Observer structure
. r
X = z [Jj(i) (AJ)A(-‘FBJ'U-FGj(y 7)7))

§ = 3 m(X)(Cuk +D)

Taking into account the convex sum property, the equations of the observer can be multiplied by

Si_4 Ki(x) to obtain
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Observer design

The state estimation error

e(t) =x(t) —k(t)
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Observer design

The state estimation error

e(t) =x(t) —k(t)

r

Z X)[JJ X)Hk(X)(¢]ke+r|]kX +S|Jku)

where
¢jk = Aj - jSk
rijk = AA” _ GJ ACik
Sjk = ABjj — GjADj

i,j,ke{l,..,r}
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Observer design

The state estimation error

e(t) =x(t) —k(t)

r

Z X)[JJ X)Hk(X)(¢]ke+r|]kX +S|Jku)

where
¢jk = Aj - jSk
rijk = AA” _ GJ ACik
Sjk = ABjj — GjADj

i,j,ke{l,..,r}

Let us define the augmented state X = [eT xT]T which dynamics is described by the augmented
system:

r

X Z i (X) 5 (X) e (X)) (A X + Bicu)
ijk=1

z = HXx
where
f///ijk:{ o ,&,k }7v@ijk:{ B"ik }’H:['n 0]
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Observer design

Augmented state dynamics

r

Z i (<) 1 () e (X) (A X + B )
ijfe1

<
Il

z = Hx

Observer design

The goal is to determine the observer gain matrices G; to guarantee the stability of the system
which generates the state estimation error while attenuating the effect of the input u(t) on z(t).
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Observer design

Theorem 1: State estimation

The system generating the state estimation error is stable and the -%,-gain of the transfer from
u(t) to z(t) is bounded, if there exists symmetric matrices P; and P, matrices K; and a positive
scalar y, such that the following conditions hold:

ATP1+P1A —KCk —Cy KT +1  P1AA; —KACk P1ABj —KjADk
(P1AA; —KjAC;)T AT P, +PoA; P,B; <0,
(P1ABj — K ADy )T BT P, -
v(i,j,k) € {1,....r}3
The gains of the observer are derived from:
Gj =P;K;

and the attenuation level is :

Y=\
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State and unknown input estimation ]
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State and unknown input estimation 4.

Let us consider the following system

r

x= 3 Wi(x)(Aix+Bju+Ef)

is1
y =Cx +Du+Ff

The following assumption holds

f(t)=0
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State and unknown input estimation 4.

Let us consider the following system

r

x= 3 Wi(x)(Aix+Bju+Ef)

is1
y =Cx +Du+Ff

The following assumption holds

f(t)=0

Let us consider the augmented state x, = [xT fT]T, then the corresponding augmented system
is

X r ~ ~

%a= 5 1(x) (Axa+Bu)

i=1

y = Cxa+Du

where:

Ae[8 G les[B]emte m
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State and unknown input estimation

Applying the same method used previously, the system can be transformed into the following
equivalent form

Xa = i IJi(X)Ilj(*)((Aj-i-AAij)Xa-i-(éj-i-Aéij)U)
iJj=1

where .
AX” =X —XJ', Xi € {AivBi}

Ichalal, Marx, Ragot, Maquin (CRAN) State estimation MED 2009 17127



State and unknown input estimation 4.

The PI observer is given by

y = CXa+Du

where
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The PI observer is given by
. r ~ ~ ~

{ %o = 5 100 (ke +Bju+ 6y 9))

y = CXa+Du

where

=~ [ Gp
G'f[ Gy }

The estimation error is given by e, = X — Xa, and its dynamics is given by
r ~ o~ ~ ~
€a= % H(X)K(X)((A —GjC)ea+ AAjxa+ ABju)
ij=1 SN——
b
- AA; AE;j; =
L (X)) (X)(Pjea+ { 0 ij }x-&- { 0” }H—ABHU)

1IJi(X)IJJ'()A() <¢jea+ { A(';‘\ij } X +ﬁjw>

where
- . . f -~ AE;j
rij:[AEij ABij},w:{u],AEij:{ Ou]
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State and unknown input estimation

Let us define the augmented state X = [e] xT]T, then the augmented system is:

)| [8 R [ [

N—_——
M;j Rij
z =HX
where: _
Bi = [ Ei B; }
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State and unknown input estimation ciEA

Let us define the augmented state X = [e] xT]T, then the augmented system is:

)| [8 R [ [

N—_——
M;j Rij
z =HX
where: _
Bi = [ Ei B; }

The objective is to assure the stability of the system which generates the state estimation error
while minimizing the influence of u(t) on the estimation error e(t).
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State and unknown input estimation

Theorem 2: State and unknown input estimation

The system which generates the state estimation error is stable and the #>-gain of the transfer
from u(t) to z(t) is bounded, if there exists symmetric matrices P, and P, matrices L; and a
positive scalar y, such that the following conditions hold V¥(i,j) € {1,...,r}?:

ATP +P A -C-CTLT +1 P1AA; PL1AE; P1AB;
(PLAA)T ATP2+PoA PEi PoB |
AE[ Py ETP, - 0
ABTPy B! P, 0 oy

The gains of the observer are derived from:

and the attenuation level is given by:
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Numerical example

2 1 1 3 2 -2 1 1.5
A=l 1 -3 0 |,A=| 5 -3 0 |,Bi=| 05 |,B,=| 3
2 1 -2 1 2 -4 0.25 2

The weighting functions are defined by:

IJ1(X) _ 1—tar;h(><1) o
Ho(x) =1 py (x) = HHagnta)
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Numerical example

2 1 1 3 2 -2 1 1.5
A=l 1 -3 0 |,A=| 5 -3 0 |,Bi=| 05 |,B,=| 3
2 1 -2 1 2 -4 0.25 2

The weighting functions are defined by:
IJ1(X) _ 1—tar;h(><1) . i
t
Ho(x) =1 py (x) = HHagnta)
By solving the LMIs in theorem 1, we obtain the following matrices:
—1.556  8.556 —-1556 8556
Li=| 6919 -895% |[,L,=| 6919 -8956
-1.684 6472 -1.684 6472

An output noise bounded by 1 is added to the output of the system in order to simulate
measurement noise.
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Numerical example: State estimation
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Figure: State estimation errors
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Numerical example: unknown input estimation

Actuator and sensor faults are added to the previous example. Their respective influences are
defined by the following matrices:

1 0
E,=| 0 0|, E=
1 0

r

x= 3 Wi(x)(Aix+Bju+Ef)

is1
y =Cx +Du+Ff

e
ooo
| I
m
Il
—
oo
R
P
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wn input estimation
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Figure: Unknown inputs and their estimates

Ichalal, Marx, Ragot, Maquin (CRAN) State estimation 25/27



Conclusions and perspectives

» Observer design for nonlinear systems represented by a Takagi-Sugeno structure.
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Conclusions and perspectives

» Observer design for nonlinear systems represented by a Takagi-Sugeno structure.
» Study of the case where the premise variables are unmeasurable

» Extension to unknown inputs estimation.

> Pole assignement in a specific region (see the paper).

Perspectives

» Study and reduction of the conservatism when searching a common Lyapunov matrix P,
which satisfies r LMIs.

» Extension to fault tolerant control of nonlinear systems.
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Thank you for your attention!
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