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Objective and main contribution

Design a stabilizing static state feedback control ensuring the stability of the system

under actuator saturation
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Takagi-Sugeno approach for modeling

m The Takagi-Sugeno structure is given by

x(t) i (& (D)) (Aix (1) +Biu(t))

IM=Tv5

y(t) i (&(D)(Cix(t) +Dju(t))

x(t) € R™ is the system state variable, u(t) € R™ the control input and y(t) € R™ the
system output.

&(t) € RY is the decision variable vector assumed to be measurable (as the system
output) or known (as the system input).
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Takagi-Sugeno approach for modeling

m The Takagi-Sugeno structure is given by

x(t) i (& (D)) (Aix (1) +Biu(t))

y(t) i (&(D)(Cix(t) +Dju(t))

IM-=TM>

x(t) € R™ is the system state variable, u(t) € R™ the control input and y(t) € R™ the
system output.
&(t) € RY is the decision variable vector assumed to be measurable (as the system

output) or known (as the system input).

m Based on a nonlinear interpolation between certain linear submodels with adequate

weighting functions p;(&(t)) satisfying the convex sum property

S w(EM)=1 and
i=1

OSM(E(t))SL i=1..,n W
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Taka no approach for model

stematicall n a multi-model ?

m Nonlinear sector approach : a systematic procedure which guarantees an exact T-S

model construction from nonlinear systems with bounded nonlinearities.
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Takagi-Sugeno approach for modeling

How to systematically obtain a multi-model ?

m Nonlinear sector approach : a systematic procedure which guarantees an exact T-S

model construction from nonlinear systems with bounded nonlinearities.

m Starting with an existing general form of nonlinear systems, a quasi-LPV state
representation is realized. The T-S form is obtained by using the convex polytopic
transformation.

Each vertex defines a linear submodel and nonlinear parts are rejected into the

weighting functions.

X(t) = (x(t), u(t))

NL
y(0) =ty ((D).u(t))
ooy d KO = AKOUOMXO +BEOUOMO)
Y = Cx@.umXO)+Dx(t.u)u()
X0 = 3 WEO)NAXO+Bu)
T-S model =i
YO = 3 HED)CKE+DuE)
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ugeno saturation control

Polytopic saturated control

Objective

Model the nonlinear actuator saturation using the T-S representation
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Sugeno Approach
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Usat (1) =

u(t)
Umax

Umin

if

if

A

Umaxr

Umin < U(t) < Umax

u(t) > Umax

\ Usat (f)

u(t) < Umin

Umin
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Takagi-Sugeno saturation control
L Scalar case
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Usat (1) =

Usat (t)
pa(t)

H2(t)

Ha(t)

A Usat(t)

Umar [~———~-
u(t) if Umin <u(t) < Umax
Umax if  U(t) > Umax
Unin  if U(t) < Umin > u(t)
~--1 Umin
= M1 (t)Umin + H2(1)u(t) + Mz (t)Umax
) 3
_ 1—sign(u(t) — umin) Usat(t) = 3 pi(t)(Aiu(t) + )
2 i=1
=
_sign(u(t) - Umin) — SIGN(U(t) — Umax) M=0 X=1 A3=0
2 Yi =Umin ¥>=0 y3=Umax
_ 14sign(u(t) — Umax)
B 2
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Tal ugeno saturation control

L Vectorial case

u(t) € R", uj(t) (resp. usat(t)) the j component of u(t) (resp. usq (t)).

_%M (uz(t))(Altug () + )

Usat (t) =
3
z nu(Unu(t )(AnuUnu t)+yn

To have the same activation functions uij (t) for all the input vector components Uga (t)

(_% )N ult)-H’l)) <|nj|z (ukt)>

pf(u ))

-1

n

B (D) A ur(t) + ) ( M
k=

Usat (t) =

Mo
xMw

1k£(

<

1 (Ui t))>

I

3 ' n
(ZW%wﬂmwwmm+w0X<kl
Q/22 1= _ ]



eno saturation control
rial case

S representation f

3

Usat (1) = Y #* (D)(Au(t) +T5)
i=1
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Takagi-Sugeno saturation control
Vectorial case

T-S representation for the saturation

3

Usat (1) = Y #* (D)(Au(t) +T5)
i=1

Weighting functions

HE = AR ()
A; = diag(A;il,...,A;iﬁu)

o= (e )

where the indexes oij(i =1,...,3%andj=1,...,n,), equal to 1,2 or 3, indicate which

partition of the j ! input (ujl,ué or uj3) is involved in the i ™ submodel.
The relations between the i " submodel and the Uij indices are given by the following
equation

=3 tgl43W 262+ +3% M — (31 +3%+...43M 1)
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Takagi-Sugeno saturation control
L lllustrative example

for two inputs (ny = 2) : M=A=0 A=A=1 Aj=2=0
W=Unn =0 V= Una
. t)fZM (Nu(D)+1) R=wZ, B=0 =i,
sub-modeli | (al,02) | pi(t) Ai ri
1 (11) | pied | diagAfA2) | [ V]
> (1.2) | pipd | diagA}.A2) | [ ¥]T
3 (1.3) | g | diagA} A?) | [ B
2 (2.1) | i | diaghta2) | [vi ¥
5 (2.2) | phg | diagA3.A3) | [ ¥
6 (2.3) | g | diagM2.22) | [vi B
7 31) | w2 | dagn}A?) | [ B
8 (3.2) | g | diagM3.23) | [ B
9 (3.3) | e | diagnid) | [ 2]
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Saturated state feedback control input
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Problem stateme

X(t) = Ax(t) + Busat (t)
30
Usat() = 3 B OO +T), u(t) = —Kx ()
i=1
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Ensure the stability of the system even in the presence of control input saturation
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igeno saturation control
ted state feedback control input

Problem statement

X(t) = Ax(t) + Busat (t)
30

Usar(t) = 5 (DAL 4T, u(t) = —Kx(t)
i=1

Ensure the stability of the system even in the presence of control input saturation

Proposed solution

3
m Representing the system with a T-S form : x(t) = 3 L2 () ((A - BAK)x(t) +BI;)
i=1

m Solving an optimization problem under LMI constraints : ming ||x (t)]]

12/23
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Sugeno saturation control

L Saturated state feedback control input

Lyapunov approach

x(t) =32u i (t)((A=BAK)x(t) +Br)
i=1
V(x(t)) =xT(t)Px(t), P=PT>0
V(x(t)) gsg (X" (1)((A—BAK)TP +P(A—BAK)+PZ1P)x(t)+ T BT ZBI;)
i=1

Let us define :

2, = (A-BAK)TP+P(A-BAK)+PXZ P
€ = Mini—1.30 Amin(—<2i)
& = maxi_yan I BTEZB;

Thus

V(t)<—€||x |2 +5
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ugeno Approach

V(t) < —g]|x(t) || +6

x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g if :

2,<0 and |x(t)[?>¢
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Takagi-Sugeno saturation control

Saturated state feedback control input

V(t) < —g]|x(t) || +6

x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g if :

2,<0 and |x(t)[?>¢
LMI to solve

2, =(A—BAK)TP+P(A-BAK)+PxZ 1P
P,AT +AP; —RTATBT —BAR |
I -y

9 <0= <0, (Py=P7 1) i=1,..,3W

Feedback controller :
u(t) = —Kx(t), K=RP;*
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x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g —

minimize the radius ?
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ag eno saturation c
L Saturated state feedback control input
Objective : minimize the ball radius

x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g —

minimize the radius ?

d and ¢ optimisation

d=maxi—yan T BTEBI  with [BTEBM <pf =0<f

lje<B =e>1/B

€ = Mini—1.3n Amin(—2i)

=

~Qi>(1/B) 1 i=1,...,3% =

Qi I
I Bl

<0,i=1,...,3m

o< B

= radius < B = min(radius) = min
£>1/B
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igeno saturation control
ted state feedback control input

Theorem

There exists a static state feedback controller for a saturated input system such that the
system state converges toward an origin-centred ball of radius bounded by S if there exists

matrices P; = P] >0,R,X = X" > 0 solutions of the following optimization problem

minp, r ¥ 8
; I P1AT +AP; —RTATBT —BAR |
reTser,<p, | 2 <0, Q= "' ! ' '
I —pl I =%
i=1:3MW

The state feedback controller is given by :

u(t) = —Kx(t)
K =RP;?!
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Takagi-Sugeno saturation control
Numerical example

Numerical example
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Sugeno saturation control

L Numerical example

Linear system under actuator saturation

X (t) = Ax(t) + Busat (t)
3

Usar(t) = 5 H* () (Aiu(t) + )
i=1

u(t) = —Kx(t)
X(t) = 33 1 (1) ((A— BAK)X(t) +BI;)

2 01 0 01 1
A=| o —o05 o |.B=| o5 1 |u=["™
02 01 -3 08 06 1
Umax = 1
Uimin = -1
Uzmax = 1.5
Uzmin = —15
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Takagi-Sugeno saturation control

Numerical example
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FIGURE: System states (left) - input (right) for nominal, nominal saturated and T-S saturated controllers

19/23



ugeno Approach

The conventional anti-windup controller uses the difference v(t) — vsa (t) as an input for a

large gain matrix ¥ = al where a >> 1 is a scalar

<l

sat Vsat 1 “

‘f)
ki

FIGURE: Conventional AW controller (left) - system states for AW and T-S saturated controllers (right)
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m Diagnostic application and Fault Tolerant control
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Conclusion and Perspectives

Thanks for your attention
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