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Abstract. Switching systems are a particular class of hybrid systerhsy
are represented by several operating regimes, called mealgsof them be-
ing active under certain particular conditions. The modestme associated
with normal or faulty operating conditions. Therefore, tetermination of
the active mode at any moment constitutes a fault diagnggisoach for
such systems. This paper addresses the issue of the detgomiof the
active mode at any moment, using only the system'’s inpyildudata. To
perform this task, we propose an adaptation of the well-kmpuarity space
method to this class of system. Conditions that guarantearigueness of
the determined active mode are also given.
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1. Introduction

The modeling of complex systems often leads to complex im@at models. To get rid

of the obtained model’s complexity, a widely used modelitrategy is to represent the
system’s behavior using a set of models with simple stre¢teaach model describing the
behavior of the system in a particular operating zone. Withis modeling framework,
hybrid models are very successful in representing suchegess.

Hybrid models (Heemelst al, 2001) characterize physical processes governed by con-
tinuous differential equations and discrete variablese Process is described by several
operating regimes, called modes, and the transition froenmoade to another is governed
by a mechanism which depends of the system’s variablest(ioptput, state) or external
variables (human operator for instance). When the tramsftiam one mode to another is
abrupt, one obtains a particular, but significant, clasystesns namely switching models.
This class of models is widely used because tools for arsadysi control of linear systems
are well mastered and, moreover, many real processes capiesented by models belong-
ing to this class.

Switching system (Juloskit al., 2005) are described by several operating regimes that are
often linked to linear models. The transition from one modeathother is governed by

a mechanism which depends on the system'’s variables (ioptput, state) or external
variables (human operator for instance). When the naturbeoswitching mechanism is
unknown, the determination of the mode describing the Heha¥ the system at any mo-
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ment, this mode being called active mode, is a crucial in&diom. We assume here that the
modes describe the behavior of the real system either inaavperating conditions or in
faulty operating conditions. The aim of this paper is to presaa method for the determi-
nation of the active mode at any moment using the measurestaga{input and output) of
the system. This task is equivalent to a fault diagnostiestwhas it leads to the detection
of the modes associated with faulty operating conditionise dletermination of the active
mode is performed thanks to an extension of the well-knowitypapace method (Chow
and Willsky, 1984) to switching system.

The paper starts in section 2 with the problem statement. dBtermination of the active
mode is tackled in section 3. Conditions guaranteeing tkeednability of the various
modes are formulated in section 5 and an illustrative exanggbroposed in section 6.

2. Problem statement

Let us consider the switching system represented by edquit)o

{ 2 (k+1) = Ay (k) + Bu (k)
y (k) = Cx (k) (1)
Ay, € A={A1, Ay, At e €{1,2,...,s},s e N*\{1}

In equation/(1), the variables(-), y(-) andz(-) respectively stand for the input, the output
and the state of the system. The regime switchings are intemtiby means of the state
matrix which takes its value in a finite sdtwhich isa priori known. The results presented
in this paper can be extended to the case where the mafigesl C' also take different
values. The variablg,.) denotes the active mode at any moment. For example, if one has
pr = 4,1 € {1,2,...,s}, the system is said to be in the modat the instank. We
assume that the switchings are triggered by unknown exteaniables and then, the mode
sequence is arbitrary and independent of the system’sblar{enput, output and state).
Coming from (1), we wish to recover the active mode (or thei@ahken byu.)) at any
moment, using only the system’s input/output data on a fioliservation window. We
introduce the following definitions:

Definition 1 (Path) A pathy is a finite sequence of modeg:= (1 - po - ... ). The
length of a pathu is denotedy:| and©,, denotes the set of all paths of lendth.
pi.5) is the infix of the patiy between and j: pp; ;) = (1 - fig1 - -+ f15)-

Definition 2 (Observability matrix) The observability matrixD,, ;, of a pathy € ©y, is
defined as:
C
CAHl
Ou,h = (2)
CA#h—lAHh,—2 e A,ul

h—1

Definition 3 (Active path) On a finite observation windoy — h, k], the active path.*
is the one describing the true mode sequence on the obsarwaitndow.

From definitions 1 and 3, the estimation of the active modengitraoment is equivalent
to the determination of the path describing the true modeesze on a finite observation
window. For that, throughout the remainder of this paperwilefocus on the recovery of

the active path on an observation window.



Switching Systems Mode Estimation 3

3. Determination of the active path

The determination of the active path task can be formulaseslr@cursive problem applied
to a sliding window. On a time windof: — i, k], equation[(1) can be written in a compact
way as:

Yicnk — TunUi—nik = Oppx(k —h) (3)
whereVi nx=(y(k) ... yk=h) ) Usnr=(ulk) ... u(k—h))" and
7,1, is a Toeplitz matrix defined by:

0 ... 0 0
CB 0 0
Tun = :
; . 4
CAu s Ay B CB 0 @)
h—1

The relation[(3) links on the time window the system’s inpaidl @utput to the initial state
x(k — h) oon the observation window. We introduce the following psigon:

Proposition 1 The observability matrice®,, 5, of the pathg: generated on the observation
window[k — h, k] are all of full rank: rank (O, ;) = dim (z) = n,Vh > n.

The existence of an integér such that propositidn 1 holds, has been analyzed in (Babaal
et al, 2003) and is linked to pathwise observability that havenbferthermore shown to be
decidable.

Using proposition 1, a projection maiﬂmh is defined in such a way th&, ,O,, ,, = 0,

i.e. Q, p is selected as a basis for the left null spac€qf;, .

Next, residuals, »(-), independent of the initial statgk — k), can be defined as:

Tuh(k) = Qun(Ye—ne — TunUk—n k) %)

The residuals,, ,(-) depends only on the system’s input and output and their kedion
requires the preliminary determination of all matri¢gs;,.

Theorem 1 (Active path determination) The active path.* describing the true mode se-
quence on atime windofk — h, k| satisfies :

e n (k) = Qe Yk — Tr nUg—n k) = 0 (6)

To recover the true mode sequencefrom the system’s measurements, one can proceed in
the following way:

o first, all the possible paths of lengthare built on the time windoik — h, k]. This
is equivalent to finding all the matric&s,, ;.

¢ knowing the matrice®),, 5, the projection matriceQ,, ;, are easily calculated.

e from the matrice®),, , andQ, 5, one can form the residuals ;(-) using the sys-
tem’s measurements.

LIn fact, the existence of the projection matrix is directlykiéd to the observability of the system and to the
length of the observation window (Gertler, 1997)
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¢ the active path is recovered from the system’s measurerbgritsting the residuals
r,,n(-) and it corresponds to the one which residual is equal to zero.

Let us noticed that the same methodology can be applied éatékermination of the active

in the case of noisy measurement by allowing the test (6)k® itsto account the presence

of noise on the system measurement (Dondaal, 2006). Finally, once the active mode

is identified, the state(-) of the system can be estimated using a finite memory observer
(Ragotet al., 2003).

4. On the number of path

It is easy to see that the enumeration of all paths on a timdawvirix — h, k] introduces
a problem of combinative explosion related on the number @d@s and the length of the
observation window. Indeed, the number of residugls(-), ;1 € Oy, to be calculated
is equal tos” and quickly grows with the length + 1 of the observation window and
the numbers of modes. Then, the use of all paths on a time window is awkvesud
computationally demanding. In practice, all paths ©;, do not have to be considered at
every moment. When at a tinig, the active path on an observation wind@w — h, ko]

is identified, it is not necessary to test thie residuals at the next instaht + 1. Only
the pathsy € ©;, with infixes p, +1-n,1,—1) identical to the infixufkﬁlfh’kofl] of the
path u* recovered previously at, are considered at the next instdt+ 1. Moreover,
assuming that the minimum sojourn time in a mode is less tatength of the observation
window, one can limit the number of generated paths by onhgicering paths that describe
the mode sequence when the system remains in the same moderathe duration of the
observation window, i.eu = (i - i -... -4),i € {1,2,..., s}. Nevertheless, the reduction
of the number of residuals comes at the expense of a delag Estimation of the switching
time from one mode to another. The recognition of the actath pannot take place as long
as the switching instant is in the observation window. Tlausiaximum delay equals to the
length of the observation window exists.

Prior knowledge on the process such as “prohibited” swilglsequences or minimal time
between two consecutive switchings, can also help to lmsittumber of generated residuals
or paths to be considered.

5. Path discernability

In what follows, we are interested in the conditions guaraimy the discernability of the
various paths enumerated on an observation window. Thesditioms ensure the unique-
ness of the recovered active pathduring the path recognition process.

Definition 4 (Path discernability) Two pathsu! € 6, and u? € ©, are discernible on
an observation windowt — h, k] if their respective corresponding residuals: ,(-) and
r,2.5(+) are not simultaneously null when one of the two paths is adiivthe considered
observation window.

In order to establish the discernability conditions of twiedent paths, let us consider two
1
pathsy! € ©, andp? € O on an observation windows — h, k]. We denoteY}" , ,

m

(respectivelwkfh’k) the output vector related to the system when it undergaepath;.!
(respectively?). We suppose that at an instanthe active path on the observation window
is the pathu!. This information being unknown, we have to analyze the ipdis that
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the pathu! or the pathi? are in adequacy with the system’s data. Using equation|g), t
expressions of the residuals: ,(-) andr,2 5(-), wheny! is the active path, are given by:

Tul,h(k) = O
ut )
T‘#z’h(k) = Q‘uz’h (Yk—h,k — %{hkah,k)
Adding and taking awa@r’,jf_gmC from the expression af, ,(-), one obtains:
7”/‘17h(k) = 0
B) = Qs (V= Y+ Yk = T U, ®
Tz n(k) = Quz p k—h.k k—hk T Xi—nk p2,hVk—h,k
As by definition(2,,2 5, (Yk’fh’,C - %2’hUk_h7k) = 0, one has:
T, k)=0
) I u? 9)
2 (k) = Q2 (Yk—h,k - Yk—h,k)

Equation[(9) clearly points out that the residual calculdte the pathu? (nonactive path)
directly depends on the difference between the systemputaitvhen the mode sequence
evolves according to the two path$ andy?, the system being excited by the same inputs
in both cases. Therefore, a necessary and sufficient condidir the residuals,: ;, (k) and
.25 (k) not to be simultaneously equal to zero is:

1 2
Ykﬂ—h,k - Ykﬂ—h,k §é N?"(Quz,h) (10)

whereN,. stands for the operator “right null space”.
Condition [(10) has to be analyzed in order to deduce the wliabdity conditions. Accord-
ing to (3), one has:

1 2
Ykl:h,k - Yklih,k = (Oulyh - O;ﬁ,h) l‘(kj - h) + (7;1& — 7;2’;1) Uk—h,k (11)

wherez(k — h) is the value of the system’s state at the initial instant ef dhservation
window.
From (11), we obtain:

1 2
Quz-,h(YkE—h,k — Ykljb—h,k) = Qﬂz’hoﬂlvhx(/{ — h) + Q;ﬂ,h (Zﬂ,h — %27h) kah,k(lz)
If Yk”_lh’k - Yk“jh,k belongs to the right null space 6,2 5, one has:

Quzﬁoul,hx(k — h) + Q;ﬂ,h (%17,5 — Zﬁ,h) Uk—ni =0 (13)

The relation is satisfied “for almost every initial st@e:’(k — h) if the following necessary
and sufficient condition is satisfied:

Q240 =0
Pt 14
{ Qe (Ton = To2n) Up—ne = 0 (14)

Therefore, the pathg! and ;i are not discernible on a time windoj — &, k] if the
relations|(14) are satisfied.

2see remark]1 for the explanation of the expression “for almestyenitial state”
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Theorem 2 (Path discernability) Two pathg:' andu? of a switching system are discernible
on an observation windoy — h, k|, “for almost every initial state”z(k — h), if:

Qui,houj,h #07 27.7 € {172}727&3 (15)
or
Q/Li,h (le,h - Zl,i7h) Uk*h,k 7é 0 17] € {15 2} N 7&] (16)
whereUy,_}, 1 is the vector containing the system’s input stacked on temiation window.

The proof of this theorem directly comes from the precedergarks.

Remark 1 (Dependency to the initial state)In theorem 2, the expression “for almost ev-
ery initial state” holds owing to the fact that the discerrilétl of the paths cannot be en-
sured for any initial state:(k—h). In fact, for certain particular values af(k—h), the rela-
tion (13) is always satisfied independently of the input saqalUy_, 1. For example, in the

situation where . ;, has full rank, forz(k—h) = ((’)Ml,h)T (@ — (Tpon — T2 ) Up—no),
equation|(13) is satisfied for every input sequebige;, .., where® belongs to the right null

space of),,2 ;, and (OMIJL)T is the pseudo-inverse 61,1 ,.
6. Academic example

We present here an academic example of a switching systeractéazed by three modes
and the matrices of the models describing the different rmede:

—-0.211 0 0691 0
A= ( 0 0521 )A2 B < 0 —0.310 )

0.153 0 T
A3:< ! 0.41())3:(2 YTe=(1 2)

(17)

Figurel 1 shows the input(-), the outputy(-), the stater(-) and the mode sequenge,.
The vertical dashed lines on the third graphic of figure 1 nthektime instants where
switchings occur. The fourth graphic plots the mode seqaelascribed by the mode’s
selection variable.).

As QEMORM #£0, it 1 € O, pt # 1, O being the set of all paths of length the
condition [(15) of theorem|2 is respected. Condition (16¢#&ed at every moment. If it is
not satisfied, no decision is taken concerning the recagndf the active path.

In order to perform the determination of the active path argwmoment from the system’s
input and output signals, we consider an observation windblength 3, leading to the
consideration of the s, of all paths of lengtt2 on the observation window.

Figure 2 presents the evolution of the calculated residugle different graphics on the
figure show the residuals; . ;) »(:), 4,7 € {1,2,3} corresponding to the paths of length
Only one residual equals zero at each instant, the ifdex) of this residual corresponding
to the active path on the considered time window.

As explained in sectidn 4, to reduce the number of residodie analyzed during the active
mode determination process, it is possible to only condiseipaths describing the mode
sequence when the system remains in the same mode all ovkrrtiten of the observation
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Fig. 2. Residuals (), u € Oy

window. In this case, only the patis - 1), (2 - 2), and(3 - 3) have to be considered. While
having a close look at the residualg . 1) 1, (-), 7(2.2),n(-) @andrs.3) »(-) on the graphics
of figurel 2, one can see that , except in a vicinity of the sviglinstants, only one of the
three residuals is null at every moment, the indéex i), i € {1,2,..., s} of this residual
being the active path on the considered time window. When &king occurs, none of the
paths(1 - 1), (2 - 2) and(3 - 3) matches the active path, this situation highlighting the
occurrence of a switching.

The mode sequence (first graphic of figure 3) and its estimgtecond graphic of figure
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[3) while analyzing the residuals are depicted on figure 3. fihee shows that the mode
sequence is well reconstructed.

60 70 80 90 100
est i mat ed pk ‘ { ‘

60 70 80 90 100

— % T —
T

P N W R, N W
T

Fig. 3. Mode's recognition

7. Conclusion

This paper proposed a method for the determination of theeactode and the switching
instants of a switching system, using only the system’stiapd output data. Discernability
conditions have also been examined.

A point to be deepened is the situation where all the moddsesdystem are not previously
indexed. In this case, one does not have a complete knowtddgkthe operating regimes
of the system. Therefore, it is necessary to simultanequslgeed to the detection of not
indexed modes and to the estimation of their parameters.
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