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N
Abstract—This paper deals with the robust fuzzy observer . . .

design problem for a class of uncertain nonlinear system rep- Z“i (=1, with0 < pi () <1, Vi ely @)

resented by Takagi-Sugeno model. Stability conditions of such =1

observers are expressed in terms of linear matrix inequalities hereN is th b fl | del R™ is th
(LMI). An example of simulation is given to illustrate the where N is the number of local models(t) Is the state

proposed method. vector,u(t) € R™ is the input vector ang(t) € R? is the out-
put vector. The ith local model, is characterized by the matrices
. INTRODUCTION A; € R™*™ B, € R"™*™ (C; € RP*™ and the correponding

ac}ivation functionp(.). Finally, ¢ represents the vector of

The state reconstruction of an uncertain system is a tradltloraacision depending on the input and/or the measurable state

problem of the automatic. The observer of Lunberger is no? . L
. . variables. A A;(t) € R"*™ are modeling/approximation errors
always sufficient for the fault detection, because the stat i(t) € g'app

L0 . . . Which have to be taken into account in the fuzzy observer
estimation error given by this observer for an uncertain syst

. . o ?Tésign. Note that other matched and unmatched uncertainties
or with unknown inputs does not converge inevitably towards . .
2610 are lumped together with these errors. The erfA; is

. . ouded such as:
In the linear system framework, observers can be designed ?or

singular systems, unknown input systems, delay systems and [AA; )] <6 3)
also uncertain system with time-delay perturbations [4][7]. In

the case of a nonlinear system affected by unknown inputs aMaere .|| is spectral norm.

with a multiple model representation, a technique for multiple

model state estimation by using a fuzzy observer with sliding [1l. M AIN RESULT

mode has been proposed [1].

In this paper, we consider the state estimation of an uncertdin Fuzzy Observer Design

Takagi-Sugeno (T-S) model [5]. For that purpose a fuzzy assuming that all the pair$A;, C;) are observable, the
observer based on convex interpolation of classical Luenberg@ltowing structure of fuzzy observer is proposed:
observers [3] involving additive terms used to overcome the N
uncertainties is designed. Using quadratic Lyapunov functiofi, : . N

sufficient asymptotic stability conditions are given in LMI &0 = Z” © (Am(t) + Buu(t) + Hi (y(t) = 9(¢)) +O‘i(t)>
formulation [2].

The following notation is usedP > 0 denotes a symmetric ' 4)
positive definite matrix, andy = {1, ..., N}. where Z(t) € R” is the state estimationj(t) € R? is the
observer output. The gaifi; € R"*™ of the ith local observer
[l. PROBLEM FORMULATION and the termu; () € R™ might be determined to force state
An uncertain T-S model is represented as follows: estimation error converging to zero. Define the state estimation
error as
N A
B () = 3 i () (A + A& W) 2 (1) + Bou (1)) e(t) = a(t) = (1) ®)
i=1

and the output residual as

N
y(t) =) i€ Cix(t) al
; r(t) =y(t) —4(t) = Zﬂi(f)cie(t) (6)

@)



The state estimation error is governed by:

The following lemma is needed to prove theorem 1.

Lemmal : For any matricesX and Y with appropriate
dimensions, the following property holds:

XY +YTX < XTX+YTY

Theoreml : Suppose that there exists symmetric maktix- 0
and matricesH; such that

ALP+ PA;j + P? +2671 <0, V¥ (i,j) € Iy~ (9)

where A;; is defined by (8), then the state estimation erqf ;) <
of the robust state fuzzy observer (4) with condition(10) ;

converges asymptotically to zero:

02aT (1) (1) , 1 v ,
WP ;ui@)qTr(t), if r(t) #£0

0,

Oéi(t) =
if r(t) =0
(10)

Proof: Consider the following Lyapunov function candidate

V(t) =e(t)' Pe(t), P>0 (11)

Using the expression (5) and the property of lemma 1, the
derivative of the Lyapunov function becomes as follows:

V) <D i@ ps ©) (¢ @) (ALP+ PAG + P?) e(t) +

i=1 j=1

5 (& (1) + ()" (2 (1) +e(t) —2a] (1) Pe (t))
<Y ©ny @) (MO (AL + PA + P
zafz)e(t) + 26237 (1) (t) — 27 () Pe(t) )

(13)

Case 1:r(t) # 0 - with the expression (5), the inequality (13)
becomes:

AT P N
of (t) Pe(t) = 227 Eg : ((f)) () i (O Pe (1)
k=1
— 52 jT (t) x (t) TT r _ ij 4
- 67 T (t) r (t) (t) (t> - 61 (t) (t>

Then, the expression (13) can be rewritten as follows:

N N

SN i@ ns (©” (1) (ALP + PA; + P* 42671 e(t)
=1 j=1

’ (14)
Case 2:7(t) = 0 - we obtain directly (14).

Consequently the conditions (9) guarantee thak 0, and
then the estimation error converges to zero asymptotimally.

The conditions (9) are nonlinear iR and H;, but they can
be easily converted into a LMI problem as it will be shown
at the end of the next section.

B. Relaxed Stability Conditions
In order to reduce the conservatism of the inequalities (9),

The time derivatives o¥/(t) along the trajectories of systemwe propose to design the observer thanks to theorem (2). The

(7) satisfy,
V()= éITV(t)NPe (t) + e (t) Pé(t)
=D @y ) (7 (1) (ATP+ PAG) (1) +
T 90T (1) AAT Pe (1) — 207 (1) Pe (1) )

Using lemma (1), the time derivative &f(¢) can be written as:
. N N — —
V) <3N i@ n© (7 @) (AGP+ PA; + P?) e ()

i (€) iy (€) (eT (t) (Aij + PA;; + PQ) e(t)+

57" (t) x (t) — 2a] () Pe(t))
(12)

following lemma is used for proof by taking into account the
maximum number s of local model simultaneously activated
(s is depending on the support of the activation function).

Lemmaz2 : Taking into account the properties of the activation
functions (2), the following inequality holds [6]:

N 9 N N
Do) = 5> D i ©m (9, 2<s <N (15)
=1

i=1 j=1
1<J

Theorem?2 : Suppose that there exists symmetric matriees
0, @ > 0 and matricesH; such that

ALP + PAy + P2+ 2521+ (s—1)Q <0, icly (16a)
1 _ _ _ _
3 [(Aij-i-Aji)TP-i-P(Aij-i-Aji)] +P2+251-2]—Q<0
(16b)
Vi<j€[]\r

where 4;; is defined by (8), then the state estimation error
of the robust state fuzzy observer (4) with condition (10)



on the choice of. May simulations, not reported in this paper,
have provide the efficiency of the proposed observer design.

converges asymptotically to zero.

Proof : Starting from the expression (13), we can write

CE ot

IV. SIMULATION EXAMPLE

T(t) (AT,P + PA;j + P? 4+ 2571 )e(t9:0n5|der the fuzzy model, made up of two local models and
ot b involving two outputs and three states.

=S i (6)%e (AZ;P+PA”+P2+262 Je(t) 2

i(t) = > ui(€) ((Ai+ Ad)a(t) + Biu(t) )

N N
+2) Zj i ( e"(t) (P + 2021+ " i=1
<

~

(20)

2 = Cx(t)
3 [(Aij +Ajz‘)TP+P(A"j *Aji)] >e(t)

The numerical values of matrice$;, B;, C; and R; are as

Using the expression (16), we deduce: follows:
[ -2 1 1 -3 2 2
by Aj=] 1 =3 0 | A=| 5 -8 0
vt 1 () (s —1) +2 1 ()i (€) | Qer)y M - B 0
Z P JZZI ! 2 1 -6 05 05 —4
1<j
17) _
Lemma (2) ensures that < 0, then the estimation error 1 0.5 1 1 1
converges asymptotically to zem. By =105 By = 1 C=
0.5 0.25 Lot

The conditions (16) are nonlinear iR and H;.

In order to

convert them into a LMI problem, the following change oiModel of uncertainties are such thahA; (j,k)(t) =
variablesW; = PH;, gives: 0.14; (,k)n (t) (4, k) € {1,3}, the functions(t) is a Gaus-
ATP 4 PA; — CTWT — Wi + P+ 2621 + (s — 1)Q < 0 sian random funct|on with zero mean and a unity variance.

In this case, the multiple observer that estimates the state

. . T . . 1 i i
(A; +2A]) P P(Al ; Aj) CTWT —WiC, — CTWT - vector of the multiple model is described by,
W;C; + P? +2871 - Q <0 : . _ O ,
; ey | Z i ( ( )+ Bau(t) + G (y(t) — Ci(t) + oel(t)>
Applying the Schur complement [1], we obtain from (18) the o) = Cm( ) 1)
following LMI formulation: with

r ATP+ PA; — CTWT

P

()" | placias)

2

crwl —

P+P —ciwl —
W;Ci — Q + 2671

P

—WiCi + (s — 1) Q + 2621

P

<0

-1

P
<0

—I
(19)

(A; — HC)' P+ P(A; — H;C) + P? + 2621 <0, Vi€ I,

(22)

It is important to note that a potential problem arises in the
implementation of this multiple observer: when the output
estimation errorr(t) tends towards zero, the magnitude of
a;(t) may increase without bound. This problem is overcome
as follows.

The termsa;(t) are fixed to zero when the output estimation

Summarising, the state observer is fully described by (4), (670" us such thatr(t)|| < ¢ a small positive number chosen
(10), the Lyapunov matri¥® and the gaindl; = P—1W;. by the user. In this case, the estimation error cannot converge

to zero asymptotically but to a small neighborhood of zero

It is important to note that there is potentiel problem in Imdependlng on the choice ef

plementation of this observer : when the state estimation error

e(t) goes to zero, the magnitude (¢) may increase without

bound. This problem is overcome as follows. WHer(t)| < A. Simulation Results

e, wheree is a small positif number ane(t) = (e1,e2,...,e,), The resolution of equations (21) using LMI tools leads to the
we setel = ¢ and the denominator of (10) become%r following matricesH, and P:

)T

€) vize” with v;;, positive scalar, is depending

== 0.6365 —0.5836  0.0332
on ;. In this case, the estimation error cannot converge to zero P = —0.5836 0.9584 —0.1814
asymptotically but to a small neighborhood of zero depending 0.0332 —0.1814 0.2343



-0.26 7.34 7.00 4.55 2
H, = 28.97 —29.28 Hy=| 3882 —-33.34
0.64 7.30 1.11 8.50

The simulation results are represented on the following figures.
The convergence of the state vector of the fuzzy observer
towards those of the fuzzy model is quite good. At the vicinity ot
of t=0, the disparity between estimated and actual state is due
to the choice of initial conditions.

-
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T Fig. 4. The states3(¢) and its estimate
q\ on the existence of a quadratic Lyapunov function ensuring
o asymptotic convergence of the fuzzy observer. The stability

of the fuzzy observer requires however the consideration of

coupling constraints between these local observers; these con-

traints lead to the resolution of a LMI problem under structural

constraints. Assuming the existence of suited matrices, we

showed that the reconstruction of the state vector of the

Fig. 1. The known inputs(t) fuzzy model is possible. The simulation results show that the
estimation state is very satisfactory.
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Fig. 3. The staters(t) and its estimate

V. CONCLUSION

A robust fuzzy observer design for a T-S model has been
proposed in this paper. The design of such observer relies



