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Linear Feedback Control Input under Actuator S : a Takagi-Sugeno Approach

Takagi-Sugeno approach for modeling

m The Takagi-Sugeno structure

x(t) (€ () (Aix(t) +Biu(t))

IM>IM>

y(t) 1 (E()(Cix(t) +Diu(t))

x(t) € R™ is the system state variable, u(t) € R™ is the control input and y(t) € R™ is
the system output. £(t) € RY is the decision variable vector assumed to be

measurable (as the system output) or known (as the system input).
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Takagi-Sugeno approach for modeling

m The Takagi-Sugeno structure

x(t) Hi(&(1)(Ax(t) +Biu(t))

y(t) Hi(€(1)(Cix(t) +Diu(t))

HM:EM:

x(t) € R™ is the system state variable, u(t) € R™ is the control input and y(t) € R™ is
the system output. £(t) € RY is the decision variable vector assumed to be

measurable (as the system output) or known (as the system input).

m Based on a nonlinear interpolation between certain linear submodels with adequate

weighting functions p; (& (t)) satisfying the convex sum property

S HEM)=1 et
i=1

O<m(&(t) <1, i=1,...,n, Wt
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m Sector nonlinearity approach : a systematic procedure which guarantees an exact

model construction for nonlinear systems with bounded nonlinearities.
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Takagi-Sugeno approach for modeling

How to systematically obtain a T-S model fom a given NL system ?

m Sector nonlinearity approach : a systematic procedure which guarantees an exact
model construction for nonlinear systems with bounded nonlinearities.

m Starting with a general form of nonlinear systems, a quasi-LPV state representation is
realized. The T-S form is obtained by using the convex polytopic transformation.
Each vertex defines a linear submodel and nonlinear parts are rejected into the

weighting functions.

X(t) = f(x(1), u(t))
y(t) =fy (x(t),u(t))

duasiipy | KO = AKDLOXO +BEO.UONE)
YO = CMUOXO+DX(A,UOU)
O = 3 HED)AXO+BU)
T-S model =i
YO = 3 BEOXCKD)+Duw)
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ugeno Approach

Takagi-Sugeno saturation control

Model the nonlinear actuator saturation using the T-S representation
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Sugeno Approach
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Usat =

u(t)
Umax

Umin

if
if

A

Umaxr

Umin < U(t) < Umax

U(t) > Umax

\ Usat (f)

u(t) < Umin

Umin
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Bounded control (actuator saturation)
L Scalar case
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Usat =

Usat (t)
pa(t)

H2(t)

A Usat(t)

Umar [~-=====
u(t) if Umin < U(t) < Umax
Umax If U(t) > Umax
Unin  If U(t) < Unmin > u(t)
~=--1 Umin
= UI(t)umin+“2(t)u(t)+u3(t)umax
. 3
_ 1—sign(u(t) — Umin) Usae(t) = 3 Hi(t)(Aiu(t) +¥)
2 i=1
=
_Sign(u(t) — Unin) — SIGN(U(Y) — ) M=0 do=1 lg=0
2 Y1 =Umin ¥2=0 ¥3=Umnax
_ 14sign(u(t) — umax)
B 2



m lllustrative example : ny =2 :

pt(ua (1) (Atur + )

Usat(t) =
W (U2 (1) (A uz + %)

MM
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Bounded control (actuator saturation)
LVeclorial case

m lllustrative example : ny =2 :

3
> b (ua(t)(Nur+ )
Usat(t) = i=1

3
> W (ua(t))(APuz + 1Y)
=1

u. H(un (1) A us(t) + ) | HE (u2(t)) + B3 (Ua(t)) + HE (u2(t))

=1

HMw

Usat(t) =
1E (u2(1)) (APuz(t) +7) | 1t (ur () + 15 (ua (1)) + p3 (ug (1))

=1

HMw

Q29
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Bounded control (actuator saturation)
LVeclorial case

m lllustrative example : ny =2 :

3
> K (un(®))(Aur + 1)
Usat(t) = i=1

3
> W (ua(t))(APuz + 1Y)
=1

KU (t) Atun () + ) | pE(u2(t)) + 13 (u2(1)) + 15 (u2 (1))

=1

HMw

Usat(t) =

w

Zu. (U2()(APu2(t) + V) | K (ua(t)) + 3 (ua () + K3 (ua (1))

=1
Usat (t) = ZM Y(Au(t)+T5)
For each submodel i (1:9) corresponds a couple (a o 2)(j=1:3) st
A; = diag(A, A?)

n=[y ¢1"

Q29
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Bounded control (actuator saturation)
LVeclorial case

T-S representation for the saturation

m General case : u(t) € R, u;(t) (resp. ujSat (1)) the j component of u(t) (resp. Usat (t))

u(t) = Usar(t) = SZ (O (AU () + 1)
i=1

HEO) = e ()

A = diag(Aky, - AZR)
L\

hi = (v}, U_m)

where the indexes oij(i =1,...,3%andj=1,...,n,), equal to 1,2 or 3, indicate which
partition of the j 1 input (ujl,ué or uj3) is involved in the i ™ submodel.
The relations between the i " submodel and the aij indices are given by the following
equation

i :3nu—1o.il_,’_3nu—20i2_,’__“_i_sooinu _ (31+32+_44+3nu—1)
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Saturated state feedback control input
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ugeno Approach

Problem statement

u(t) sar | Ysat(t) REIQ)
%(t) = AX(t) + Busa () e v
3
Usar(t) = 5 # () (Au(t) +T)
s K L
u(t) = —Kx(t)

FIGURE: Closed loop system
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Bounded control (actuator s:

aturated state feedback conl

Proposed solut

m T-S representation :

X(t) = 3§ B (1) (A= BAK)x(t) +BI)
i=1

m Optimisation problem under LMI constraints : mKin [1x(t)]|
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Bounded control (actuator saturation)

L Saturated state feedback control input

Proposed solution

m T-S representation :

x(t) :3§ufa‘(t)((AfBAiK)x(t)+Bri)
i=1

m Optimisation problem under LMI constraints : mKin [1x(t)]|

Lyapunov approach

V(x(t) =xT(t)Px(t), P=PT >0

V(x(t)) < 3% ()T (1)((A—BAK)TP +P(A—BAK)+PZ 1P)x(t)+ITBTZBI;)
i=1

Let us define :

2, = (A-BAK)TP+P(A-BAK)+PXZ P
= MiNizz30 Amin(=£2i)
& = maxi_ygan I BTZBI;
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ugeno Approach

Bounded control (actuator s:

aturated state feedback conl

V(t)<—e|x|?+8

x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g if :

2,<0 and |x|?>¢
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at

L Saturated state feedback control input

V(t)<—e|x|?+8

x(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g if :

2,<0 and |x|?>¢

LMI to solve

2, =(A—BAK)TP+P(A-BAK)+Px 1P
P;AT +AP; —RTATBT —BAR |
I -3

2, <0= <0, (P; =P

Control gain :
K=RP;!
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Bounded control (actuator saturatio

ted state feedback control input

m X(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g

m How to minimize the radius ?

o<

= radius < 8 = min(radius) = min
e>1/B
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Feedback Control Input under Actuator S: ugeno Approach

Objective : minimize the ball radius

m X(t) is uniformly bounded and converges to a small origin-centred ball of radius \/g

m How to minimize the radius ?

o<

= radius < 8 = min(radius) = min
e>1/B

d and ¢ optimisation

d=maxj_y3n, [[BTEBI with 5<p=TBTEBl <}

€ =mini—1.3ny )\min(*gi)
with €>1/B
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Bounded control (actuator saturatio
L Saturated state feedback control input

Theorem

There exists a static state feedback controller for a saturated input system such that the
system state converges toward an origin-centred ball of radius bounded by S if there exists

matrices P, = PlT >0,R,~ =" > 0 solutions of the following optimization problem (

i=1:3MW)
min
Pl.R,ZB
; I P;AT +AP; —RTATBT —BAR |
rBTEBI < B, @ <0, Q=| * ! i '
[—] I -y

The controller gain is given by
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Bounded control (actuator saturation)
L Numerical example

Linear system under actuator saturation

X(t) = AX(t) + Buga (t)

3

Usat (t) = Y H2 () (Au(t) + 1)
i=1

u(t) = —Kx(t)

X(t) = 32 1 (t)(A—BAK)xX(t) +BI)

2 01 o0 01 1
A= o —05 o [.B=|os 1 |u=("™
02 01 -3 08 06 1
Umax = 1
Uimin = -1
Upmax = 1.5
Upmin = —15
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0 ; - T
\ —
—_ 6|
st —
-05) X3 sl
—* 4 Uyrs
X
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0 05 1 15 2 25 3 35 4 45 5
0
4 T T T T T T T T
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2\ X 0 05 1 15 2 25 3 35 4 45 5
2
0 B Yors

FIGURE: System states (left) - input (right) for nominal, nominal saturated and T-S saturated controllers
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ugeno Approach

Bounded control (actuator s:

umerical example

The conventional anti-windup controller uses the difference v — vs5; as an input for a large

gain matrix W = ol where a >> 1 is a scalar

<l

sat Vsat 1

‘f)
ki

FIGURE: Conventional AW controller (left) - system states for AW and T-S saturated controllers (right)
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Conclusions

m New systematic approach for the saturation representation.

m Procedure based on convex polytopic transformation.

m Convergences conditions expressed in an optimisation problem with LMI constraints.

m Extension to nonlinear systems (incertain) with a T-S representation.
m Extension to the output feedback controller .

m Diagnostic application and FTC control.
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Thanks for your attention
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