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Problem statement > The TS approach of nonlinear estimation

» Given a discrete-time nonlinear system:
Xk1= F(Xk, Ug)

(NLS) { Vi = 9(Xe; U)

the goal is to estimate x, from the knowledge of ux and yx

» Using the Nonlinear Sector Appraoch:
Xi+1= F(Xk, Uk) Xkt1= AnXk + Brug

NLS = (TS
( ) { Yk = 9(Xk, Uk) (75) { Yk = CnXx + Dnug

where 0 < hi(&) < 1and 3°7_, hi(&) = 1and 30, hi(&)Xi = X
» Observer design performed on the T-S system

» Depending on the non-linearities of (NLS) — &(uk), £(¥«), £(Xk), - - -
— & may be measurable (MPV) or unmeasurable (UMPV)
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Problem statement > Background on TS observer design

If the premise variable ¢ are measurable (i.e. £(u, y)): MPV

» T-S observer:

Yk = Cn&x + Dnux
the observer gains L; are determined such that: X, — xx

(TSO) {;(k+1 = A& + Btk + La(yx — Jx)

» Observer design:

> state estimation error ex = xx — Xx obeys to:
k1 = (An — LnCh)ex
> easily put as an LMI problem and solved:
(An — LhCh)TP(An — LyCp) = P < 0

> classical relaxation schemes:
(Tuan et al, IEEE TFS, 2001), Polya (Sala & Arifio, FSS, 2007), descriptor

approach (Tanaka et al, IEEE TFS, 2007), Sum-Of-Squares (Tanaka et al.,
IEEE TFS, 2009), ...
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Problem statement > Background on TS observer design

If the premise variable ¢, are unmeasurable (i.e. £(x)): UMPV

» T-S observer depending on the estimated premise variable:

(T50) {X — Ak Byt + LY — 7))

r
7 % hi(ENX = X:
Yk = C,}Xk + Dy uk ; i(Ek) Xi i

» TS system and estimation error are rewritten:
» Lipschitz approach and majoration:
Xk1 = ApXk + Bpuk + k, with & Lipschitz in xi
(Bergsten & Palm, FUZZ'IEEE, 2000), (Ichalal et. al., IET CTA, 2010), ...
» Pseudo-perturbation approach and L,-attenuation or ISS:
Xk1 = ApXk + Byl + 5k
(Ichalal et. al., IEEE MSC 2012), (Ichalal et. al., IEEE MED, 2012), ...
» Pseudo-uncertainty approaches and matrix majorations:
X1 = (Ap + DA XK + (B, + ABk)uk
(Ichalal et. al., IEEE CDC 2009), (Ichalal et. al., IEEE MED, 2009), ...

FUZZ |IEEE 2016. Vancouver 5/ 15



Problem statement > Background on nonlinear observers

Some variable changes may ease the observer design

» Nonlinear transformation (Krener & Respondek, SIAM JCO, 1985):
(NLS) { X = F(Xie, Us) Zk1 = AZk + p(Uk, Yk)
Y= 9(Xi, Uk) yk= Cz

with zx = ®(xx) and dim(xx) = dim(zx)

» Immersion (Besangon & Ticlea, IEEE TAC, 2007):
(NLS) X1 = F( Xk, Uk) = (S) Ziy1 = AZk + Uk, Vi)
Y= g(Xk, Uk) yk= Czx
with zx = ®(xx) and dim(x) < dim(z)

» the nonlinear part of (IS) ¢(uk, y«x) depends on accessible signals
» the state of (NLS) can be deduced from the state of (IS)
» the state estimate X is deduced from the extended state estimate 2
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Problem statement > The proposed approach

=f
Nonlinear system: { “<*' (X, Ue)
Yie= Cx

Mlmmersion

Ziy1 = AV, Uk)Zk + B(Yi, Uk ) Uk
Q-LPV system: (k. Yk)
Y= Cz

MNonIinear Sector Transformation

{Zk+1 = Anzx + Brug

TS system:
Y= Czx

with hi(y, u)
ﬂObserver design for TS MPV system

TS Observer: {2“1 = AnZk + Bnuk + Ln(Yk — V&)

k= C2
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Problem statement > A preliminary example

» Given a nonlinear system

X1,k+1 _ X2,k
X2, k+1 —2(x1.4)° + 2x1 & + 0.3X1 kXo k + Uk

Yo = (0 1) Xk
» Initialize the augmented state by zx = xx and use yx = s «

Ziket | _ Zok n 0
2> k+1 221k + Uk + 0.324 k Yk —2(z14)?

Yk =1(01)z
» Augment the state with zs x = zJ , = Z3 k11 = (224)° = (Vk)?Z2k
21 k1 0 1.0 Z1 k 0
22 k1 | = 2+ Osyk 0 -2 Zok | + 1] uk
Z3 k41 0 (%)? 0 Z3.k 0

Yk :(010)Zk

» Use the nonlinear sector transformation, with MPV & = [y« (y«)?]”
Zk1= AnzZx + Bnug
Yk = Cz
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Problem statement > A preliminary example

» The TS system and TS Observer:
Zkt1= Anzx + Bnuk and Zii1= AnZk + Bruk + Lo(Yk — Vi)
Ye = Cz }A/k = C%k

» Quadratic Lyapunov function: V(ex) = e/ Pex

» Solving the LMl in P and K; fori =1,...,4, gives the TSO gains:

< -P  AP-CTKT

PA — KC _p ><O:>L,_P Ki

» State estimates: X1« = 21 and Xox = 2o«
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Main result > Immersion-based observer design algorithm

(Immersion)
[Step 1] - Initialize the new variables: z; x = i, fori =1, ..., dim(x).

[Step 2] - For each new defined variable z; x, compute z; k1.
- What depends on measured signals is included in the Q-LPV
matrices: A(yx, ux) and B(yx, Uk).
- Remaining non-linearities are defined as new variables z;; ... .

[Step 3] - If new variables are defined, go to Step 2. Else, go to Step 4
(Observer design)

[Step 4] - Apply the nonlinear sector transformation on the Q-LPV system:
Ziy1 = A(Yk, Uk)Zk + B(Yi, Uk ) Uk.

[Step 5] - Apply any observer design for TS system with MPV
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Main result > Some extensions

Pl Observer design

» |If the NLS is affected by slow dynamics unknown inputs (Ul) dk

» Include the Ul (or the non-linearities depending on it) in the extended
state z:
Zir1 = Anzk + Bruk + B di
(dk+1~ dk assumed)
Yk = Cz
» Design a Proportional-Integral T-S Observer:
21 = An2k + Btk + Bk + Ln(yk — Ji)
hes1= e + Kn(yk — Ji)
W =Cx

Continuous time case

» Roughly speaking, the computation of z; x1 in [Step 2] becomes %

» For further details, see (Ichalal et. al., IFAC ICONS, 2016)
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Main result > lllustrative Example

» Given a nonlinear system with Ul d:

Xkt | _ X2,k
X2, k41 —2(x1 k)® + 2x1 + 0.3X1 KXok + X1 kT

Yo« =1(01
» Initialize the augmented state by zx = xx. With yx = 2 x, it follows:
Zikt | _ Zp k " 0
Zo kit 221k + 0.321 4 Yok —2(z1 x)° + z1,k 0k
Yoo =(01)2

» Augment the state with z3 4 = 2} kand z4 k = Xy xdk.
Then: zs 1 = (Zo.k)® = (Yk)?Zok @nd Za ki1 = Vi

21 k41 10 0\ [z« 0
Z2 k41 (2 + 0. Syk -2 1 22 k I 0 di
Z3 ki1 (}/k > 0 0| |z« 0
Z4, k+1 ( 00 Z4 k Yk

Yk
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Main result > lllustrative Example

» The nonlinear sector transformation, with &, = [y« (vx)?]”, leads to:

Zii1= Anzi + Bfdk
Yo =Cz

» The PI TS Observer is designed by stabilizing:

(Zk+1 - %k+1) _ (Ah — LyC B

ki1 — Okt KnC

/

Zkfék
di —

» State and Ul estimation : X1 x = 21k, Xox = 2ok, and &k = Zux/21 &
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Concluding remarks

+ This work is an attempt to bridge observer design in the MPV / UMPV
cases

+ Any observer design for TS systems with MPV can be used.

+ The immersion in a Q-LPV system is less restrictive than the usual
immersion in state affine or linear systems.

+ The original system state is included in the augmented system state
— no reverse nonlinear transformation is needed to have X from 2.

+ The extension to joint state and Ul estimation is easy.
+ The continuous time case can be dealt with similarly.

- The nonlinear systems that can be immersed into Q-LPV systems are
not characterized.
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