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Introduction

Main goals
To design an unknown input nonlinear observer
To take into account the model uncertainties
To be able to detect sensor or actuator fault
Means

To model the system behavior using a
Takagi-Sugeno model

To compensate unknown inputs and uncertainties
Difficulties
To identify the model (out of scope)

To be able to express convergence conditions in
terms of LMI
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Brief recall of the linear case (1)

Linear dynamic model

z(t) = Ax(t) + Bu(t) + Ru(t)
y(t) = Cult)

with [l (t)]| < p
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Brief recall of the linear case (1)
Linear dynamic model

{ t(t) = Az(l) + Bu(t) + Ra(t) . la(t)| < p

y(t) = Cx(1)

Walcott & Zak (1986)
GG such that (A — GC) has stable eigenvalues
(P, Q) symmetric, positive definite matrices
F' satisfying the following constraints:

(A-GO)Y'P+PA-GC) = —Q
C'FI' = PR
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Brief recall of the linear case (2)

Walcott & Zak observer

g)(t = (Cz t)
with
( ( PICTFTRC
— e(t) if FCel(t 0
| vi={ TG () (1) #
\ 0 otherwise
L e(t) = 2(t) — x(t)
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Brief recall of the linear case (2)

Walcott & Zak observer

(
§(t) = Ci 1) J
with
( Kpp CFFC o PCe(t) £ 0

() = 4 |FCe(t)]
0 otherwise
L e(t) = 2(t) — =(¢)

y(t) — y(t): output estimation error
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Calculus of its derivative V()

Checking of its negativity by using the expression
v(t) In the two cases

FCe(t) =0
FCe(t) #0
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Brief recall of the linear case (3)

Proof of the convergence
Choice of a Lyapunov function : V(t) = e’ (t) Pe(t)
Calculus of its derivative V()

Checking of its negativity by using the expression
v(t) In the two cases

FCe(t) =0
FCe(t) #0

One obtains: V(t) < —eT'(t)Qe(t) < 0
Difficulty : F'Ce(t) = 0 whereas Ce(t) # 0
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Basic Takagi-Sugeno model

Structure of the model (simpler form)

;

(1) = %j: Wi E(1)) (Ase(t) + Biu(t)

M
y(t) = ; 1 (1)) Ciz(t)

\
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Basic Takagi-Sugeno model

Structure of the model (simpler form)

;

(1) = %j: Wi E(1)) (Ase(t) + Biu(t)

M
y(t) = ; 1 (1)) Ciz(t)

\

(1) = {ult), (1), y(t)}

with { M




Uncertain model & unknown inputs

Structure of the model

/

(t) = im(é(t)) ((Ai + AA;(1))x(t) + Biu(t) + Riu(t))

M
y(t) = ; 1 (&(1)) Ciz(t)

\
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Uncertain model & unknown inputs

Structure of the model

/

(1) = %4:1 Wi (E(0)) (As + AAD))2(t) + Biu(t) + Ria(t))

M
y(t) = ; 1 (&(1)) Ciz(t)

\

AA;(t): unknown time-varying matrices
(unmatched uncertainties)
u(t):  unknown input vector
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Uncertain model & unknown inputs

Structure of the model

/

(1) = %4:1 Wi (E(0)) (As + AAD))2(t) + Biu(t) + Ria(t))

M
y(t) = ; 1 (&(1)) Ciz(t)

\

AA;(t): unknown time-varying matrices
(unmatched uncertainties)
u(t):  unknown input vector

Hypotheses

|1AA;(t)]| <9; (induced two-norm)
la(t)|| < p (Euclidian norm)
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Sliding mode observer

Structure of the model

y

M
T = Z oy ((Az -+ AAZ):E + Bu + RZ'I_L)
1=1

M
y =2 niCix

\ 1=1
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Sliding mode observer

Structure of the model

y

M
T = Z oy ((Az -+ AAZ)ZE + Bu + Riﬂ)
1=1

M
y =2 niCix

\ 1=1

Structure of the proposed observer

( . M
z =Y pi (At + Biu+ Gi(y — CZ) + v + o)
1=1
" oM
g =2 mCit
L i=1

Design of a sliding mode unknown input observer for uncertain Takagi-Sugeno model — p.8/33



Sliding mode observer

Structure of the model

y

M
T = Z oy ((Az -+ AAZ)ZE + Bu + Riﬂ)
1=1

M
y =2 niCix

\ 1=1

Structure of the proposed observer

( . M
z =Y pi (At + Biu+ Gi(y — CZ) + v + o)
1=1
" oM
g =2 mCit
L i=1

Goal: determine G;, v;(t) and «;(t)
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Asymptotic convergence

State and ouput estimation errors

;

=>

€ =T —

X M
r=y—y= ) mCie
1=1

\
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Asymptotic convergence

State and ouput estimation errors

;

=>

€ =T —

X M
r=y—y= ) mCie
1=1

\

Dynamic of the state estimation error
M M
e = Z Z/“Li (flz-je + AA;x + Riju — v; — ai)
i=1 j=1

with:

Aij = Aj — GiC;
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t

Main result (1)

"heorem 1

'he state of the observer converges asymptotically to
ne state of the Takagi-Sugeno model, if there exists a

symmetric positive definite matrix P € R™*", matrices
W; € R"*P and positive scalars 3y, 5» and 33 checking

t

he following conditions for all 7,5 € {1,2, ..., M }:

| ATP 4 PA; — CTWT —WiCj + (Bo02 + Bs)I P
<0

P B

Design of a sliding mode unknown input observer for uncertain Takagi-Sugeno model — p.10/33



t

Main result (1)

"heorem 1

'he state of the observer converges asymptotically to
ne state of the Takagi-Sugeno model, if there exists a

symmetric positive definite matrix P € R™*", matrices
W; € R"*P and positive scalars 3y, 5» and 33 checking

t

he following conditions for all 7,5 € {1,2, ..., M }:

| ATP 4+ PA; — CTWT —W,Cj + (Bo02 + Bs)I P
<0

P BT

Design of a sliding mode unknown input observer for uncertain Takagi-Sugeno model — p.11/33



Main result (1)

"heorem 1

'he state of the observer converges asymptotically to
the state of the Takagi-Sugeno model, if there exists a
symmetric positive definite matrix P € R™*", matrices

W; € R"*P and positive scalars 3y, 5» and 33 checking

the following conditions for all 7,5 € {1,2,..., M}:

| ATP 4+ PA; — CTWT —W,Cj + (Bo02 + Bs)I P
<0

P BT

Linear Matrix Inequalities in P, WW;, (1, £ and 3
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Main result (2)

The gains G; and the terms v;(t) and «;(t) of the
observer are given by the following equations:

)
- PRZ2
Vi:/OQﬁS 1” H 1ZM]CT
If r £ 0 < o
o X
ai =01 (1+ 1) 9 1ZMJCT
\
If r =04 v =0
\Oéi:

G; = P‘1WZ-

Design of a sliding mode unknown input observer for unce

rtain Takagi-Sugeno

model — p.12/33



Proof of the theorem (1)

Lemma
For any matrices X and Y with appropriate

dimensions, the following property holds for any
positive scalar 5.

XY+ v'X <gx'x +5 vy
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Proof of the theorem (1)

Lemma
For any matrices X and Y with appropriate
dimensions, the following property holds for any
positive scalar 5.

XY+ v'X <gx'x +5 vy

Some elements of the proof
Lyapunov quadratic function: V = el Pe

V= ZZN@M( (ALP + PAjj)e + 2" AAT Pe+
1=1 j7=1

el PAA;x — QQ?PEZ +2¢!' PR;ju — QGTPVZ')
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Proof of the theorem (1)

Lemma
For any matrices X and Y with appropriate
dimensions, the following property holds for any
positive scalar 5.

XY+ v'X <gx'x +5 vy

Some elements of the proof
Lyapunov quadratic function: V = el Pe

V= ZZN@W( (ALP+ PAjj)e + 2" AAT Pet
1=1 j7=1

el PAA;x — QQ?PEZ +2¢!" PR — QGTPVZ')
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Proof of the theorem (2)

2T AAT Pe + e PAAx < B el Ple + 1ol AATA A
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Proof of the theorem (2)

2T AAT Pe + e PAAx < B el Ple + 1ol AATA A

—

Gt AAT ANz < 167 (& + €)' (2 + e)
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Proof of the theorem (2)

2T AAT Pe + e PAAx < B el Ple + 1ol AATA A

—

Gt AAT ANz < 167 (& + €)' (2 + e)

Grat AAT Az < 3167 (212 + ele) + 5167 (2 e + ¢! 1)
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Proof of the theorem (2)

2T AAT Pe + e PAAx < B el Ple + 1ol AATA A

Gt AAT ANz < 167 (& + €)' (2 + e)

Grat AAT Az < 3167 (212 + ele) + 5167 (2 ¢ + ' 1)

iTet+els <ptele+ gl
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Proof of the theorem (2)

T AAT Pe + e PAAx < B el Ple + ot AAT A A

Srat AAT ANz < 167 (2 + €)' (2 + e)

it AAT AAx < 3167 (212 + ele) + 167 (i1 e + e 7)

iTed+els < B tele+ il

ZIZTAAZTPB -+ GTPAAZ'ZI} < el (51_1P2—|—6252-21)6—|—61(1—|—64)5,L-2§3T£%
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Proof of the theorem (3)

Derivative of the Lyapunov function

= ZZW%( (ALP + PA;)e + 2T AAT Pet
1=1 7=1

el PAA;x — 204,L-TP6 + 2¢' PR;u — 26TPV7;)
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Proof of the theorem (3)

Derivative of the Lyapunov function

= ZZMZMJ( (ATP + PA;j)e + 27 AAT Pe+
1=1 7=1

el PAA;x — 204,L-TP6 + 2¢' PR;u — 2€TPV7;)

V< Z Z uzu;,( (ALP + PA;j + B P? + 3621 ) e+
1=1 5=1

B1(1 + 34)622T% — 20T Pe + 2¢T PRy — QGTPVZ)
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Proof of the theorem (3)

Derivative of the Lyapunov function

= ZZMZMJ( (ATP + PA;j)e + 27 AAT Pe+
1=1 7=1

el PAA;x — 204,L-TP6 + 2¢' PR;u — 2€TPV7;)

V< Z Z uzu;,( (ALP + PA;j + B P? + 3621 ) e+
1=1 5=1

B1(1 + 84)622T% — 20T Pe + 2¢T PRy — QGTPVZ)
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Proof of the theorem (4)

2¢! PR;u = el PRy + u! R} Pe
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Proof of the theorem (4)

2¢! PR;u = el PRy + u! R} Pe

= use of lemma

2eT" PR < B3ee + B3 || PRyu||?
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Proof of the theorem (4)

2¢! PR;u = el PRy + u! R} Pe

= use of lemma

2eT" PR < B3ee + B3 || PRyu||?

= % 1S bounded

2eT" PR < B3eTe + p? 55 | PR
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Proof of the theorem (5)

Derivative of the Lyapunov function

3 (AP PA 57 BT 4 BT
1=1 5=1

Bi(1 + B4)6227 % — 20T Pe + p23; || PR;||? — zeprz)
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Proof of the theorem (5)

Derivative of the Lyapunov function

3 (AP PA 57 BT 4 BT
1=1 5=1

Bi(1 + B4)6227 % — 207 Pe + p23; || PR;||? — zeprz)
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Proof of the theorem (5)

Derivative of the Lyapunov function

3 (AP PA 57 BT 4 BT
1=1 5=1

2-T ~ T 2 n0—1 2 T _
7éI(} | 7é4)éz$ 8 265@ } € | 76 763 HJ }%ZH 26 }bz

Appropriate choice of the functions «;(¢) and v;(t)

V< ZZW‘J( (AP + PAjj + By "P° + o0 1 + ﬁgl)e)
1=1 j7=1
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Stability conditions (1)

Derivative of the Lyapunov function

V< ZZMM]( (A;P + PAy + By ' P? +525§I+63])e)
1=1 7=1
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Stability conditions (1)

Derivative of the Lyapunov function

V< ZZMM9< (A;P + PAy + By ' P? +ﬂ2531+63])e)
1=1 7=1

Convergence conditions of the state estimation error

(A; — G:C) P4 P(A; — GiCj) + By P24 Bo671 4 B3] < 0, Vi, j
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Stability conditions (1)

Derivative of the Lyapunov function

V< Z ZW@( (ALP + PAy + 87 P? + 32021 + 531)6)
1=1 7=1

Convergence conditions of the state estimation error

(A; — G:C) P4 P(A; — GiCj) + By P24 Bo671 4 B3] < 0, Vi, j

Nonlinear matrix inequalities in G;, P, 3; %, 32 and s
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Stability conditions (2)

Convergence conditions of the state estimation error

(Az — GZC])TP—FP(AZ — GZC]) —|—ﬂ1_1P2 —|—625,L-2]—|—ﬂ3] <0, Vi,j
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Stability conditions (2)

Convergence conditions of the state estimation error
(A; — GiC))' P+ P(A; — GiC)) + B ' P* + 32071 + B3] < 0, Vi, j
Change of variables W; = PG; and Schur complement

_ AP+ PA; — CIW! = WG + (8207 + p3)I P
<0

P — 01
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Stability conditions (2)

Convergence conditions of the state estimation error
(A; — GiC))' P+ P(A; — GiC)) + B ' P* + 32071 + B3] < 0, Vi, j
Change of variables W; = PG; and Schur complement

_ AP+ PA; — CIW! = WG + (8207 + p3)I P
<0

P — 011

Linear Matrix Inequalities in P, W;, 51, 52 and 33
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Relaxed stability conditions

L. Xiaodong & Z. Qingling, Automatica, 2003
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Relaxed stability conditions

L. Xiaodong & Z. Qingling, Automatica, 2003
Theorem 2
The state estimation error converges asymptotically towards
zero, if the following inequalities hold for all ¢, 7 € {1,2, ..., M }:

( A?P + PA; — CZTW,&T — W,C; + Qq; + (52(5,&2 -+ 53)] P 0
<
P — 011
T+ (207 +33)I P
< 0
< P 8,1

/Qn Q2 - QlM\
Qly Q2 :

> 0 P, ();; symmetric, positive definite

\ \ Q 1 [\/Z Q MM ) Design of a sliding mode unknown input observer for uncertain Takagi-Sugeno model — p.25/33



Simulation example (1)

Nonlinear model made up of two local models

y

2
B =3 pi(u) ((AZ- + AA))x + Bu + Ria) r € RS
1=1

2
y = pi(u)Cix y € R
\ 1=1
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Nonlinear model made up of two local models

y

2
B =3 pi(u) ((AZ- + AA))x + Bu + Ria) r € RS
1=1

2
y = pi(u)Cix y € R
\ 1=1

Model uncertainties
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Simulation example (1)

Nonlinear model made up of two local models

y

2
B =3 pi(u) ((AZ- + AA))x + Bu + Ria) r € RS
1=1

2
y = pi(u)Cix y € R
\ i=1

Model uncertainties

n(t): plece-wise constant function which magnitude is
uniformly distributed on the interval [0 1]
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Simulation example (2)

Uncertainties

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

o)

o

5 10 15 20

The piece-wise constant function 7(t)

Design of a sliding mode unknown input observer for uncertain Takagi-Sugeno model — p.27/33



Simulation example (3)

Sliding mode observer

r 2
T = ZMZ(AZ:%+BZ-u+GZ(y—y)+Vz+ozz)
< igl
y= ) wCix
\ 1=1
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Sliding mode observer

( 2
T =
1=1
\ 5
?j — E IU’ZCZ:%
\ 1=1

If ||r]| > =107

If [|7]| <e=10"34

Simulation example (3)

i (Az'i +Biu+Gi(y—9) +vi+ 047;)
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Simulation example (4)

Model matrices

2 1 1 3 2 2
Ar=1 1 -3 0 Ao=1 5 -8 0
2 1 -6 0.5 0.5 —4
1 0.5 1 1
Bi=1] 05| By = 1 Ri=|1] Ra=1] 05
0.5 0.25 1 2
1 1 1 1 2 1
1 0 1 1 1 0
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Simulation example (5)

Results from theorem 2

0.00 2.18 2.62 1.04

Gi=| 1.58 —0.67 Go=| —-1.34 1.29
0.18 —0.93 292 —2.19
1 00 1.66 —0.13 —0.44
P=]1010]| Quu=1| —0.13 1.44 —0.12
0 0 1 —0.44 —0.12 2.16
1.87 —0.27 0.18 1.16 0.14 0.22
Qa=| —027 166 0.12 Q2= | 034 0.17 0.66

0.18 0.12 1.39 —-0.33 0.87 —0.69
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Simulation example (6)

1+
0.5 f
o - -

)
o 5 10 15 20

Known input w(t)

1.8
1.6
1.4

1.2+

0.8
0.6 -
0.4

0.2

(o] 5 10 15 20

Unknown input u(t)
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Simulation example (7)

State estimation

4.5
alb
3.5
3
2.5
oL
1.5
1k

0.5

0) é 1IO 1I5 2IO
Real and estimated z(¢) state
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Conclusion

The proposed sliding mode observer seems to
give good results in ideal conditions
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Conclusion

The proposed sliding mode observer seems to
give good results in ideal conditions
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The proposed sliding mode observer seems to
give good results in ideal conditions

It is perfectly robust to model uncertainties

This kind of state estimator can be used in a bank
of observer (in particular in a GOS) in order to
detect and isolate faults

Whether the activation functions y; of the T-S
model depend on u(t) or y(t), the method Is able to

diagnose sensor or actuator faults
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