Nonlinear observer-based fault detectionKondo ADJALLAH, Didier MAQUIN, Jos� RAGOTInstitut National Polytechnique de LorraineCentre de Recherche en Automatique de Nancy - CNRS UA 821BP 3 - 2, Avenue de la For�t-de-HayeFrance - 54 516 Vandoeuvre CedexAbstract - This communication deals with t h e problem of designing a nonlinear observer i n order to achieve fault detection and l o c a l i z a t i o n for a wide class of nonlinear systems subjectedto bounded nonlinearities. A dedicated nonlinearobserver scheme (DNOS) for fault detection andidentification in reconstructible systems i s proposed.INTRODUCTIONState observation of nonlinear dynamical systems isbecoming a growing topic of investigation in thespecialized literature. The reconstruction of the timebehaviour of state variables remains a major problem bothin control theory and process diagnosis. Researchersattention is being particularly focused on the design ofadaptive observers for on-line process state estimation.There is increasing awareness that to ensure robustness inperformance requires simpler and stable adaptive observerschemes. Linear systems have received considerableattention (Luenberger, 1966), (O’Reilly, 1983) leading toseveral stable adaptive observer systems (Kreisselmeier,1977, 1979), (Magni and Mouyon, 1991). Linear observersystems involving unknown inputs have also beendeveloped and analyzed (Viswanadham and Srichander,1987). Nevertheless, the design of asymptotically stableobservers remains a hard task in the nonlinear case, evenwhen the nonlinearities are fully known.Several observer design approaches have been proposed inrecent years for nonlinear systems. Walcott and Zak(1986) and (1987) for instance, proposed a new type ofobserver for systems subjected to bounded nonlinearitiesor uncertainties. This type of observer does not requireexact knowledge of the system nonlinearities. Bastin andGevers (1988) also described an adaptiveobserver/identifier, for SISO observable nonlinearsystems, capable of state estimation and parameteradaptation. Marino (1990) also developed the same ideaand proposed a simpler observer restricted however to aclass of systems with constant unknown parameters. As amain result, the construction of an observer may beperformed by finding suitable state space and outputchanges of coordinates to transform the nonlinear systeminto an observable form from which can be derived anobserver with linear dynamics. Xia and Gao (1988) andKrener and Isidori (1983) have given Lie algebraic andrank conditions for nonlinear process observability andobserver existence purpose.Simultaneously, the techniques of fault detection andisolation (FDI) are increasingly discussed in both researchand applications. It is based on the use of analyticalredundancy. The general procedure first generates the so-called residuals (i.e., faults accentuated functions) beforeproceeding to fault detection and isolation (i.e.,determination of its location, duration, type, magnitude,source). The use of observers is among the well-established concepts (Patton et al, 1989) for linearsystems. For the general case of nonlinear systems(Hengy and Frank, 1986), (Seliger and Frank, 1991) littlehas so far been achieved in the development of associatedFDI observers. Solutions so far proposed are difficult toapply in real situations.This note is organized into four sections. The firstpresents the observer design for nonlinear systems. Thesecond considers dedicated observers while the third dealswith the analysis of generated residuals. The last sectionis devoted to computational aspects and uses thenumerical results of a synchronous machine to highlightthe strategy employed to isolate faults.1. NONLINEAR OBSERVER DESIGNWe shall consider nonlinear systems of the form:

ẋ(t) = f x(t), u(t)

( ), x(0) = x0

y(t) = Cx(t)

(1) x ˛ Rn , u ˛ Rm and y ˛ RpIt is assumed that for any input u(t) and initial state x0 ,the correspondingstate trajectoryx(t) is defined for all tand that f is continuously differentiable. Proceeding byanalogy to the classical observer design approach in thelinear case, we seek an observer of the following form:

^̇x = f x̂(t), u(t)

( )+ g y(t)( )− g ŷ(t)( ), x̂(0) = x̂0 ŷ = Cx̂(t)

, (2)where the analytical function g: Rp

→

Rn is to bedetermined.The state andoutput errorsarerespectivelydefinedby:

e(t) = x(t)− x̂(t) ε(t) = y(t)− ŷ(t)

(3)For a sake of simplicity, the time variable will be nowomitted. The dynamic of estimation error e(t) is then:

˙ e = f(x, u)− f( ^ x, u)− g(y)+ g( ^ y)(4)Assuming that the observer state convergesasymptotically to the state of the system, one canconsider the state error (equation (3)) in the neighbourhoodof zero. This allows the use of a first order Taylorexpansion of the function f:

f(x, u) = f(x̂ + e, u)

=

f(x̂, u) + Dx̂( f)e

(5a)where

Dx̂

is a differential operator defined by:

Dx̂( f) = ∂f(x, u)∂xT x=x̂

Similarly, for g :

g(y) = g(ŷ)+ Dy(g)Ce

(5b)with:

Dy(g) = ∂g(y)∂yT y=ŷ

Consequently, the dynamic of the estimation error may berewritten:

ė = Dx̂( f)− Dy(g)C [ ]e

(6)For state reconstruction, the idea is to select a continuousmapping g(y) so that

x̂(t)

becomes a state estimator ofthe process under consideration. If the pair

Dx̂( f), C { }

is observable at any time t, then a matrix Dy(g) must bedeterminedso that (6) has arbitrarystable poles at eachoperating point parametrized by the control u. The naturalquestion that arises is when does the function g exist ?Only sufficient condition may be found (Misawa andHedrick, 1989). A particular structure of the observer isproposed in order to simplify the calculation of thismapping:

^̇x = f x̂, u( )+ R x̂, u( ) y− ŷ( ), x̂(0) = x̂0 ŷ = Cx̂

(7)The state error is then solution of the equation:

ė = f(x, u)− f(x̂, u)− R x̂, u( ) y− ŷ( )

(8)The matricial function

R(x̂, u)

is chosen so that thestate error e(t) asymptotically decreases and approacheszero as t tends to infinity. The error e(t) is then consideredto be in the neighbourhood of zero. By using (5a) and(5b), a first order Taylor expansion of the function f(x,˚u)in the neighbourhood of the estimated state trajectory

x̂(t)

is substituted in (8), that gives:

ė = Dx̂( f)− R(x̂, u)C [ ]e

(9)So, let us consider the quadratic Lyapunov function:

V(e) = 12eT Pe

(10)where P is a positive definite matrix. We require timederivative of V(e) to be negative:

V̇(e) = eT Pė

V̇(e) = eT P Dx̂( f)− R(x̂, u)C [ ]e

(11)This condition ensures that e decreases exponentially tozero (Ogata 1970, Corless 1988). For a particularstructure of the function f, Tsinias (1989) proposed analgorithm for determining the gain

R(x̂, u)

based on theassumption that

Ker C( ) { }

„ {0}. We propose here ageneralization of this algorithm which is based on asequential determination of P and

R(x̂, u)

avoiding thenonlinear coupling appearing in (8). The algorithmcomprises two steps, the first one being devoted to thedetermination of P and the second one to thedetermination of

R(x̂, u)

using the previous value of P .Step 1:If e ˛

Ker C( ) { }− 0{ }

, then the equation (11)is reduced to:

V̇(e) = eT PDx̂( f)e

(12)The problem is to find a matrix P which ensures thecondition:

< 0(13)Solving inequation (13) yields a value for P. For thatpurpose, assuming

Ker C( ) { } ≠ 0{ }

, one can use thetransformation:

e = Ke

(14)where K is right orthogonal to C. Substituting (14) into(13) gives:

V̇(e) = e T KTPDx̂( f)Ke

(15)where the dimension of

e

is less than those of e. Making

V̇(e)

negative, by majorization techniques, gives thematrix P (see the example of section 4).Step 2:If step 1 produces a suitable P, else P can bechosen as an identity matrix, we now allow e ˛ Rn andtry to determine

R(x̂, u)

which verifies the followinginequality:

V̇(e) = eT P Dx̂( f)− R(x̂, u)C [ ]e < 0

(16)A sufficient condition to fulfill this inequality is that thematrix

Dx̂( f)− R(x̂, u)C

be negative semidefinite.

This is achieved by using first the following structureproposed for

R(x̂, u)

:

R(x̂, u) = P^{− 1}F(x̂, u)C^TQ

(17)where

F(x̂, u)

and Q are respectively n and pdimensional square matrices to be determined.Substituting equation (17) in equation (16) gives:

V̇(e) = eT PD_{x̂}( f)e − eT F(x̂, u)CTQCe < 0

(18)A map

F(x̂, u)

which satisfies the inequality (18) is apositive definite one defined for all t such that:

eT PDx( f)e < eT F(x̂, u)e

(19)Secondly, assuming that such a map exists, then usingequation (18), one can write:

V̇(e) ≤ eT PDx̂( f)e − eT F(x̂, u)Dx̂(h)T QDx̂(h)e

(20)According to inequality (19) we say that a sufficientcondition for satisfying the Lyapunov stability condition(13) can be summarized as follows: find a (p,˚p) matrix Qsuch that the map

CTQC − I [ ]

be positive semidefinite.All positive defined matrix F(x, u) that verifies theinequality

PDx( f) < F(x, u)

fulfill the inequality (19). The matricial norm is thoseinduced by the Euclidean vector norm

.

. We thenpropose for F(x, u) the following map:

F(x, u) = diag ϕ i (x, u) ( )

where diag defines a diagonal matrix in which the diagonalelements are defined by:

ϕ i (x, u) = 12 α ij (x, u) + α ji (x, u) j=1n∑

where

α ij

are the elements of

PDx( f)

.To summarize, the existence of P, verifying inequation(13), and those of Q verifying (20) are the two conditionsneeded to design the state observer (2) which is describedby:

^̇x = f(x̂, u)+ P − 1F(x̂, u)CTQ(y− Cx̂)

The block diagram of the resulting nonlinear observer isshown in figure 1 where the time invariant matrix

R(x̂, u)

has to be determined using the precedingalgorithm (equation 16). This will be illustrated by anexample in the last section of the paper. f u(t)y(t)x(t)

x(t)OBSERVER^PLANTe(t)�hfh�R

Figure 1: nonlinear observer structureThis nonlinear observer method can be extended tosystems with nonlinear output (Adjallah, 1993).2. DEDICATED NON LINEAR OBSERVER SCHEME (DNOS)The basic idea of this approach is to reconstruct the stateand output of the process under consideration and thenanalyze the output estimation error. It is worthwhilerecalling here the differential equation governing thedynamics of the state estimation error:

ė = Dx̂( f)− R(x̂, u)C [ ]e

In the presence of process or sensor faults, equation (1)may be modified as follows:

ẋ = f(x, u)+δ, x0 = x(0) δ ∈ Rn y = Cx+ζ ζ ∈ Rp

(21)where d(t) and z(t) represent process and sensor faultsrespectively. In this case the dynamic of the stateestimation error is given by:

ė = Dx̂( f)− R(x̂, u)C [ ]e − R(x, u)δ +ζ

(22)Since the output estimation error e(t) = Ce(t) is afunction of d(t) and z(t), it can be used as a residual forindicating that a fault has occurred. It is clear fromequation (22) that the output estimation error is affectedby the faults. The system represented by this equation isasymptotically stable, since the stability conditions of theobservers are fulfilled. In the ensuing development, weshall limit our attention only to sensor and actuatorfaults. Generally, fault detection is achieved by comparingthe residuals (normalized by their variance) to a specifiedthreshold. To be more precise, the observer has to bedesigned to facilitate faults isolation. A well-knownapproach for sensor fault isolation based on dedicatedobservers scheme (Clark, 1978) or generalized observerscheme introduced by Frank (1987) to increase robustnessof such observer-based FDI scheme, may be extended hereto the nonlinear case. Each observer is driven by the inputvector u and the output of a set of dedicated sensors. Thecomplete output (or a part of it, for systems that are notcompletely observable) is estimated and the correspondingresiduals are generated and analyzed (figure 2). In this way,Fang (1993) proposed a new method for robust residualsfor failure detection and localization.

ProcessObserver 1Observer p

u(t)y(t)Logic unitfor faultdetectionandisolation

alarms

Figure 2: observer scheme for residual generation and faultisolationA specific number of faults can thus be detected andisolated when a set of observers designed with differentoutputs combination of the process is used (Ge and Fang(1989)).4. EXAMPLEWe consider here the nonlinear model of a synchronousmachine (Mukhopadhyay, 1972) governed by thefollowing differential equations, in which z is a vector ofsensors faults:

ẋ1ẋ_2ẋ_3 = x2 − A1x2 − A2x3 sin(x1) − 0.5B2 sin(2x1) + B1u1

u2 − D1x3 + D2 cos(x1) y1y_2 = 1 0 0 0 1 0 x1x2x_3 + ζ1ζ_2

The f derivative with respect to x is:

Dx( f) = 0 1 0

− A2x3 cos(x1) − B2 cos(2x1) − A1 − A2 cos(x1) − D2 sin(x1) 0 − D1

A 1 = 0.2703,A 2 = 12.01,B1 = 39.19,B2 = - 48.04,D1 = 0.3222,D2 = 1.9Figure 3 shows the input signal u(t) and the two outputsignals y1 ( t ) andy2 ( t ) . In this example, a bias of 0 . 4 magnitude of output signals is simulated between 0.4 sec.and 0.8 sec. on the first sensor andbetween 1.2 sec. and1.6 sec. on the second.210

0,81,01,21,41,61,8

u2u1Figure 3a: input signal u(t) (t: sec.)u1 is the percent of variation of the mecanical input powerwhile u2 is the percent of variation of control field voltage.210

-3-2-10123

y1y2Figure 3b: outputs y1(t) and y2(t) (t: sec.)Keeping to the proposed method, the first step is to findapositive definite matrix such that for

e ∈ Ker(C) { }

, theinequality (13) holds. Solving this inequality leads todetermine the matrix P. As suggested in step one, we finda matrix K which column describes the null space of C:

K = 0 0 1 ( )T

We then propose a diagonal structure and positive definitematrix for P and choose:P = diag(p1, p2, p3)

eTKTPDx̂( f)Ke = − D1p3e 2 < 0

for any real and positvevalue of p3.We can then calculate F(x, u) = diag(fi), (i = 1, 2, 3):

ϕ 1 (x, u) = 12 p1 − p2 A2x3 cos(x1 )+ B2 cos(2x1 ) ( ) + p3D2 sin(x1 ) ϕ 2 (x, u) = 12 p1 − p2 A2x3 cos(x1 )+ B2 cos(2x1 )

+ 2p2 A1 + p2 A2 cos(x1 ) ϕ 3 (x, u) = 12 p3D2 sin(x1 ) + p2 A2 cos(x1 ) + 2p2 A1 [ ]

The next step is to find a matrix Q rending

CTQC − I [ ]

positive semidefinite. We find:

Q = 2 00 2

The observer is then described by the equations:

^̇x = f(x̂, u)+ P − 1F(x̂, u)CTQ(y− Cx̂)

Here, our aim is to detect sensor faults. We then calculatethe output residuals r(t) defined as

r(t) = y(t)− ŷ(t)

.Figures 4a and 4b show respectively the first and thesecond residuals: after a transient due to arbitrary initialconditions applied to the observer, the residuals are centredat the origin in the absence of fault. The faults aresimultaneously accentuated in both residuals makingimpossible to know which of the sensors is faulty.

210-101Figure 4a (Nonlinear observer scheme results): residualr01 .210

-101Figure 4b (Nonlinear observer scheme results): residualr02 .Now wewill designtwo observers, eachone fedby theinput u and an output yj ( j = 1, 2). As the system isobservable in both cases, the outputs may bereconstructed and the residuals generated. For the designpurpose, we consider the output y1 and the observer fed by 1 = C 1 x ,

C1 = 1 0 0 ( )

in the case of DNOS1 and for DNOS2 the output y2:y 2 = C 2 x ,

C2 = 0 1 0 ( )

A fine reconstruction of the states would result in the factthat the jth residual of the ith observer rij ( i „ j) will besensitive to faults of all sensors while rii will be sensitiveto faults on the ith sensor only.Nonlinear observer dedicated to y1For

e ∈ Ker(C1) { }

, a matrix K 1 such that (K 1 C = 0 ) is:

K = 0 1 0

0 0 1 T

and a matrix P which verifies the inequality (13) can be:P = P1 =

P = 74.9 − 0.1 17.6

− 0.1 1.5 − 0.1 17.6 − 0.1 6.3

One can then calculate

F(x, u)

and find Q. The DNOS1has the following form:

^̇x = f(x̂, u)+ P − 1F(x̂, u)CTQ(y1 − C1x̂)

with Q = 0.5. Comparing figures 5a and 5b, on the timeinterval from 1.2 to 1.6 seconds reveals that the observerinput is fault free. That means the system’s state iscorrectly estimated. It also means

ŷ1

and

ŷ2

are correctlyreconstructed, with only residual r12 remaining faultsensitive on the secondsensor. Comparison on the timeinterval from 0.4 to 0.8 seconds shows that r11 and r12 aresimultaneously accentuatedby faults on the observerinput y1 . r11 canbe usedto isolate faults on the firstsensor.210

-0,50,00,5

Figure 5a (Dedicated nonlinear observer scheme 1):residual r11.210

-10123

Figure 5b (Dedicated nonlinear observer scheme 1):residual r12.Nonlinear observer dedicated to y2In this case, when

e ∈ Ker(C2) { }

, we have

K = 1 0 0

0 0 1 T

and we propose the matrices P = P1 and Q =0 . 0 2 5 . TheDNOS2 has the following form:

^̇x = f(x̂, u)+ P − 1F(x̂, u)CTQ(y2 − C2x̂)

The second output helps to reconstruct the system statewith dedicated nonlinear observer scheme. Results areinterpreted in analogous fashion as in the preceding case:the first residual is sensitive to faults due to both sensorswhile the second is sensitive only to fault due to thesecond sensor. Figures 6a and 6b show respectively theresidual r21, and the residual r 2 2 , with faults simulated onthe first and the second sensors.Weconcludethat the observercontrolledby the input uand the output of all the sensors able the detection ofsensor faults but not their localization. Localization offaults necessitates the use of dedicated observers whichyield faults decoupled residuals with particular geometric

fault direction.210

-0,50,00,5

Figure 6a (Dedicated nonlinear observer scheme 2):residual r21.210

Figure 6b (Dedicated nonlinear observer scheme 2):residual r22.CONCLUSIONIn this paper, we have discussed the analytical redundancyapproach to FDI in nonlinear dynamic systems. Anobserver design method with good fault detectionproperties was presented. Simulation and experimentalresults were used to illustrate the application of thededicated nonlinear observer scheme to the isolation ofsensor faults. Contrary to linearized systems, the resultingnonlinear observer is a solution to one of the aspect ofrobustness problems with respect to the nonlinearsystems operating point. It embraces a very large class ofnonlinear systems including bilinear systems.REFERENCESBastin, G. and M.R. Gevers (1988). Stable adaptiveobservers for nonlinear time-varying systems. IEEETrans. Automatic Control, 33, 7, 650-658.Clark, R.N. (1978). Instrument fault detection. IEEETrans. Aerospace and Electronic Systems, 14, 3, p. 456-465.Corless, M., F. Garofalo and G. Leitmann (1988).Garanteeing ultimate boundedness and exponential rate ofconvergence for a class of uncertain systems. Robustnessin identification and control, Plenum Press.Deza, F. and J.P. Gauthier (1991). A simple and robustnonlinear estimator. Proc. of the 30th IEEE Conferenceon Decision and Control, Brighton, 453-454.Hengy, D. and P.M. Frank (1986). Component failuredetection via nonlinear state observers. Proc. of the IFACworkshop on fault detection and safety in chemical plants,Kyoto, 153-157.Fang, X. (1993). Failure detection and isolation fordynamic systems using robust residuals. TOOLDIAG’93,Int. Conference on Fault Diagnosis, Toulouse, 1, 10-20.Frank, P.M. (1987). Fault diagnosis in dynamic systemsvia state estimation. A survey in System Faultdiagnostics. Reliability and Related Knowledge-basedApproaches, Tzafestas S. e.a. (Eds), Dr. Reidel Publ.Comp., Dordrecht, 1, 35 - 98.Ge, W. and C.Z Fang (1989). Extended robustobservation approach for failure isolation. Int. J. Control,49, 5, 1537-1553.Krener, A.J. and A. Isidori (1983). Linearization byoutput injection and nonlinear observers. Systems andControl Letters, 3, 47-52.Kreisselmeier, G. (1977). Adaptive observers withexponential rate of convergence. IEEE Trans. AutomaticControl, 22, 2-8.Kreisselmeier, G. (1979). The generation of adaptive lawstructures for globally convergent adaptive systems. IEEETrans. Automatic Control, 24, 510-512.Luenberger, D. (1966). Observers for multivariablesystems. IEEE Trans. Automatic Control, 11, 190-197.Magni, J.F. and P. Mouyon (1991). A generalizedapproach to observers for fault diagnosis. Proc. of the30th IEEE Conference on Decision and Control,Brighton, 3, 2236-2241.Marino, R. (1980). Adaptive observers for single outputnonlinear systems. IEEE Trans. Automatic Control, 35,9, 1054-1058.Misawa, E.A. and J.K. Hedrick (1989). Nonlinearobserver - A state of the art survey. Transactions of theASME, 111, 344-352.Ogata, K. (1970). Modern control engineering.Englewood Cliffs, NJ, Prentice Hall.Patton, R., P.M. Frank and R.N. Clark (1989). Faultdiagnosis in dynamic systems: Theory and Application.Prentice Hall, Englewood Cliffs, N.J.O’REILLY, J., (1983). Observers for linear systems.Academic Press, London.Seliger, R. and P.M. Frank (1991). Robust componentfault detection and isolation in nonlinear dynamic systemsusing nonlinear unknown input observers. Proc. of theIFAC/IMACS Symposium on Fault Detection,Supervision and safety for Technical Processes,Safeprocess, Baden-Baden, 1, 313-317.Tsinias, J. (1989). Observer design for nonlinear systems.Systems and Control Letters, 13, 135-142.Viswanadham, N. and R. Srichander (1987). Faultdetection using unknown input observer. Control Theoryand Advanced Technology, 3, 91-101.Walcott, B.L. and S.H. Zak (1986). Observation ofdynamical systems in the presence of boundednonlinearities/uncertainties. Proc. of 25th IEEEConference on Decision and Control, Athens, 961-966.Walcott, B.L. and S.H. Zak (1987). State observation ofnonlinear uncertain dynamical systems. IEEE Trans.Automatic Control, 32, 166-170.Xia, X.H. and W.B. Gao (1988). On exponential observerfor nonlinear systems. Systems and Control Letters, 11,319-325.