Identification of fuzzy modelsEaster TAN, Gilles MOUROT, Didier MAQUIN, Jos� RAGOTCentre de Recherche en Automatique de Nancy - CNRS URA 821B.P. 3 - 2, avenue de la For�t de HayeFrance - 54 516 Vandoeuvre-Les-Nancy CedexT�l.: (33) 83 59 59 59Fax: (33) 83 59 56 44Email: jragot@ensem.u-nancy.frABSTRACTThe objective of this work is to describe a numerical technique to identify parametersof a fuzzy model. When this model and the membership functions of the inputvariables are continuously differentiable, we show that the estimation of parameterscan be performed with a two-levels hierarchical algorithm, comprising the estimationof the model parameters and the estimation of the membership functions parameters.The proposed algorithm is then applied to an example describing a non-linear system.KEYWORDSFuzzy model, identification, parameter estimation.1. INTRODUCTIONBuilding of fuzzy models can be applied to fuzzy control and to modeling of complexsystems. Moreover, the implementation of a fuzzy logic controller involves the design oflinguistic rules to compute the command to be applied on a process according to themeasurement of the position error. Insimple situations, these rules can be derivedfrom those of a conventional PID controller ;on the other hand, for non-linear systemsor for time-varying systems, the design of these rules needs an appropriate modeling.For the systems where the mathematical structures are unknown, fuzzy modeling canconstitute an interesting approach since it uses multiple smoothly connected localinput-output relations. The problem of fuzzy modeling has received little attentionuntil now. Indeed, the principles of system modeling have been presented by [Tong,1979]; a method of parameter estimation can be found in [Takagi and Sugeno, 1985]and the problem of structure identification of fuzzy models is addressed in [Sugenoand Kang, 1988 ; Hihi and Richard, 1993].This paper doesn’t deal with the structure identification problem but focuses on theproblem of parameter identification of a class of fuzzy model. Section 2 describes thisclass of fuzzy model. Section 3 formulates the problems and shows the proposedsolution. Section 4 describes an example.

2. FUZZY MODEL2.1. SOME FUZZY CONCEPTSLet us define some useful notations. Xis a reference set which elements are noted x;mA(x) represents the membership function of a fuzzy subset A, x ˛ X. In the following,we use gaussian membership functions which are characterized by two parametersgiving the greatest grade 1 and the least grade 0. To deal with several fuzzy sets, forinstance A and B, we define operations on sets : the value of proposition "x is A and y isB" is characterized by its membership degre V:V (x is A and y is B) = T(mA(x) , mB(y))(1)where the operator T is a triangular norm. In particular, t-norm "min" is the logicalAND. It is possible to use others norms, such as algebrical product, but it is a prioridifficult to justify the choice of a particular norm.In this paper, we only deal with static multi-input/multi-output process ; commandvariables vector is x = { x1 , ... , xi , ... , xn } and output variables vector is y = { y1 , ... , yi ,... , ym }. Each variable xi is fuzzified ; this operation consists of three different steps.First, the choice of the universe of discourse which can be determined knowing thevalues ximin and ximax corresponding to the variation interval of xi. The number oflinguistic terms ni must then be fixed for each variable. This information may be givenby an expert of the system or by a pattern recognition technique. Each level is thenassociated with a linguistic qualifier. Finally, the third step consists in choosing thestructure of the membership function for each linguistic term. Several types ofmembership functions can be used and it is a common and convenient practice to usetriangular or trapezoidal functions. In our case, we chose a gaussian function which hasthe advantage of being continuous on all the variation interval (figure 1). In thefollowing, these functions are denoted mH(x,q) where q represents the parameters(nodal value and width) of this function.

0.20.40.60.810

24681012

Figure 1: The gaussian membership functions.

2.2. FUZZY MODELWe consider a fuzzy model consisting of a set of linguistic rules. For example, thefollowing model is defined with three input variables (x1, x2 and x3), single outputvariable y, and two rules that are of the format:R1 : if x1 is small1 and if x2 is big2then y = x1 + x2 + 2 x3R2 : if x1 is medium1and if x2 is small2then y = 3 x1 + 2 x2We shall notice that the qualifiers "small", "medium" and "big" are different for eachvariable ; for example small1 for x1 and small2 for x2 do not have necessarilly the samemeaning.A model is determined by a set of rules and in general only part of the variablesappears in each rule. An inference table can be defined for each variable. For example,table 1 presents the inference table for xi : it comprises five rules and shows that xi canreceive four qualifiers Ai and that a rule doesn’t use twice the same variable. It is alsopossible to define the list Li = { 1, 2, 1, 4, 3 } which indicated the qualifiers of variablexi in the different rules Rj.When a variable j is used let us say in rules 1, 3, and 4 with respective qualifiers 1, 3,and 2, but not in rules 2 and 5, the notation Lj = { 1, ˘, 3, 2, ˘ } is then utilized.More generally, the following set of rules can be defined:R = { R1, ..., Ri, ..., RM }Ri : if (x1 is AL1(i),1, x2 is AL2(i),2, ..., xv is ALv(i),v)then (y1 is BL1(i),1, y2 is BL2(i),2, ..., yw is BLw(i),w)v = 1, ..., nw = 1, ..., mi = 1, ..., MAij the qualifiers of the variable xBij the qualifiers of the variable yyjthe consequence variables, j = 1, ..., mAi1Ai2Ai3Ai4R1XR2XR3XR4XR5XTable 1: The inference table for xi.

xjthe premise variables, j = 1, ..., nAithe fuzzy subsetsgithe function that implies the value of yiEach rule Ri can be decomposed such as:Ri = { Ri1, ..., Rij, ..., Riv }(2)Rij : if (x1 is AL1(i),1, x2 is AL2(i),2, ..., xv is ALv(i),v)theny = yij is BL1(i)which corresponds to the general n-inputs m-outputs model made with m n-inputssingle output models. For this reason, this paper will solely described the study ofmono-output system and in the following m = 1 and yij will be reduced to yi (i = 1, ...,M).Semi-fuzzy modelSuch a semi-fuzzy model can be obtained when the output variables of the process arerepresented by a model with non-fuzzy output values. Inthis particular case, the rulescan be noted:Ri : if(x1 is AL1(i),1, x2 is AL2(i),2, ..., xv is ALv(i),v)(3)then yi = fi(x1, x2, ..., xv, pi)where pi represents the parameters vector of the model.For a given observation of variable x, one can calculate a particular value of yi fromeach rule Ri. The evaluation of the M rules yields M values of yi ;it is thereforenecessary to estimate a single value of yfrom these M values and their grades ofmembership. It is reasonnable to use the center of gravity of yi values asdefuzzification algorithm. The grade of membership of a rule is defined from themembership functions of variable xi such as:Vi(yi) = gi(mAi1(x1, qAi1), mAi2(x2, qAi2), ..., mAiv(xv, qAiv))(4)This formulation can be simplified by using membership functions which areindependant of the evaluated rule. It is then possible to write:Vi(yi) = gi(mA1(x1, qA1), mA2(x2, qA2), ..., mAv(xv, qAv))(5a)The case of a composition in the form of a product is particularly simple to use:Vi(yi) = mA1(x1, qA1) mA2(x2, qA2) ... mAv(xv, qAv)(5b)

Using a center of gravity relationship, the value of consequence variable (output orcommand) is defined by:y = �ni=1Vi(yi)˚fi(x1,˚x2,˚...,˚xv,˚pi)�ni=1Vi(yi)

(6)To illustrate these notations and the above definitions, let us consider a simple threerules model (M = 3), two premise variables (n = 2), three qualifiers for the firstvariable and two qualifiers for the other variable:R1 : if x1 is small1and if x2 is big2then y1 = x1 + x2(7a)R2 : if x1 is medium1 and if x2 is small2 then y2 = 3 x1 + 2 x1 x2 (7b)R3 : if x1 is big1and if x2 is small2 then y3 = 2 x1 + 2 log(x2 x1)(7c)The membership functions may be defined such as:x1 is small1: msmall1(x1)= exp [- (x2

)2](8a)x1 is medium1: mmedium1(x1)= exp [- (x˚-˚53

)2](8b)x1 is big1: mbig1(x1)= exp [- (x˚-˚102

)2](8c)x2 is small2: msmall2(x2)= exp [- (x+52

)2](8d)x2 is big2: mbig2(x2)= exp [- (x˚-˚152

)2](8e)From a couple of given measurement x1 and x2, the calculation of the output y iscarried out by evaluating:the consequence rules from definition (7).the membership functions of x1 and x2 from definition (8).the grade of membership of each rule from definition (5b).the output from the center of gravity equation given by definition (6).3. ESTIMATION OF FUZZY MODEL PARAMETERSThe fuzzy model described by equation (6) uses several parameters which have to benumerically determined. Some of these parameters are related to the structure of the

model (number of qualifiers, variation interval of variables, number of rules, number ofparameters describing membership functions), others define the values of parametersdescribing the models and the membership functions. Inthe following, we emphasizedon the latter parameters ;the selection of appropriate structures for the models andfor the membership functions is not investigated analytically, but we will mention afew results showing the sensitivity of the estimations to the complexity of thesestructures.The principle of identification is simple: it consists in determining the parametersfrom the N measurement of variables xand ysuch that the equation (6) is satisfied.The technique used ajust the parameters of the models and the membership functionsby minimizing the following least squares criterion:F = 12

�Nk=1 (y(k) - �ni=1Vi(yi)˚fi(x1(k),˚x2(k),˚...,˚xv(k),˚pi)�ni=1Vi(yi)

) 2(9)The presence of the parameters pi and qAi in the functions f and g implies that theproblem is strongly non-linear and therefore we suggest a resolution using a two-levelshierarchical algorithm.Estimation of consequence parameters (first level)We assume that the parameters qAi of the premises known. By defining thenormalized membership coefficients bi:bi = Vi(yi)�ni=1Vi(yi)

(10)The model (6) can be written:y(k) = �ni=1 bi fi(x1(k), x2(k), ..., xv(k), pi)k = 1, ..., N(11)In the case of models linear in respect to parameters, equation (11) can be simplifiedsuch as:y(k) = �ni=1 bi (pi0 + pi1 x1(k) + pi2 x2(k) + ... + piv xv(k))(12)With:pi = (pi0 pi1 ... piv )T(13a)p = (p1 p2 ... pn )T(13b)j(k) = (1 x1(k) ... xn(k))T(13c)

and using definition (13), the model (12) is rewritten:y(k) = jT(x(k)) p(14)The estimation of p can be carried out by a classical least squares procedure. We nowhave a set of statistical tools enabling us to appreciate the validity of the modelstructure (accuracy of parameters, descriptive variable power, ...) and the coherence ofthe pseudo-measurement j.Estimation of premise parameters (second level)The consequence parameters are assumed to be determined by the first level. Equation(6) can be rewritten: �ni=1 Vi(yi) (y(k) - fi(x1(k), x2(k), ..., xv(k), pi)) = 0(15)In this expression, we remind that Vi depends on the membership function of x for thedifferent models (equation 5a). If the algebrical product is used to evaluate themembership function (equation 5b), the left member of equation (15) is continuouslyderivable to the parameters which described the membership functions. It is thenpossible to satisfy equation (15) with a least squares criterion for all the measurement(k = 1, ..., N) ; the gradient of the objective function can be simply explicited and thedetermination of the parameters can be performed using a Newton type technique.In summary, the method is composed of an initialisation and three different steps:Initialisation:choose the number of rules and the initial values of theparameters of the membership functionStep 1:estimation of model parametersStep 2:estimation of parameters of membership functionStep 3:if convergence, end of the procedureotherwise go to the step 14. EXAMPLESFigure 2a presents the case of a two variables relationship. The 31 experimentalvalues are represented by open circles ; the curve correspond to the results obtainedwith a model identified according to the above procedure by choosing three rules andthree qualifiers for the variable x. As the variation interval of x is known, themembership functions of the qualifiers "small" and "big" are centred to the extremitiesof this interval. Therefore ten parameters are to be identified, four for the membershipfunction and six for the consequence variables. Practically, for this example studied,the convergence of the estimation is achieved with twenty iterations.

-10-50510150

246810121416

Figure 2a: The experimental and model values.

0.510

Figure 2b: The identified membership functions.Once identified, the membership functions (figure 2b) can be written:x is small:m(x) = exp [- (x1.974

)2]x is medium:m(x) = exp [- (x˚-˚8.2442.516

)2]x is big:m(x) = exp [- (x˚-˚151.635 )2]

Finally, the model is defined by the three following fuzzy rules:R1if x is small,then y = 1.449 + 1.489 xR2if x is medium,then y = 8.891 + 0. 126 xR3if x is big,then y = 44.44 - 3.144 xLet us now consider the case of a three variables system. Figure 3 indicates thedistribution of the measurements (left side) and the estimations (right side) given bythe model after identification of its parameters (the membership functions aregaussian and the model uses three rules). The top graph is a three dimensional viewand the bottom graph shows level curves relatived to the premise variable y.MeasurementsModel

51015510155101551015Figure 3: The three variables system.5. CONCLUSIONThe description of a system by a set of fuzzy relationships uses the same principles asclassical algebraic systems and includes : a phase of modelisation consists of definingthe structure of the model (number of rules, type of rules, number of variables, numberof qualifiers, type of membership functions) and a phase of identification (estimationof the parameters of the rules and of the membership functions). The model is alsovalidated by the same kind of tests (residual criteria and parameters consistency).However, in most cases, the identification of the fuzzy rules is a problem of non-linear optimization due to the structure of rules, the structure of membership functions, andalso to the coupling between the rule parameters and the membership functions.REFERENCESDubois, G. and E.Levrat. R�solution d’un syst�me d’�quations de relation floues,composition T-conorme, T norme g�n�rale.Gorzalczany, M.B., J.B. Kiszka and M.S. Stachowicz (1982). Some problem of studyingadequacy of fuzzy models. In:Fuzzy Set and Possibility Theory, R.R. Yager Ed.,Pergamon, New York.Hihi, J. and A. Richard (1993). Identification of fuzzy rules based models. Proceedingsof 2nd International Symposium IMACS/IFAC on Mathematical and Intelligent Modelsin System Simulation, April 12-16, Brussels, Belgium, 232-236.Sugeno, M. and G.T. Kang (1988). Structure identification of fuzzy model. Fuzzy Setsand Systems, 28, 15-33.Sugeno, M. and K. Tanaka (1991). Successive identification of a fuzzy model and itsapplication to prediction of a complex system. Fuzzy Sets and Systems, 42, 315-334.Sugeno, M. and T. Takagi (1983). Multi-dimensional reasoning. Fuzzy Sets andSystems, 9 ,2.Takagi, T. and M. Sugeno (1985). Fuzzy identification of systems and its application tomodelling and control. IEEE Transactions on Systems, Man and Cybernetics, 15, 116-132.Tong, R.M. (1979). The construction and evaluation of fuzzy models. In:Advances toFuzzy Set Theory and Applications, M.M. Gupta Ed., Plenum, New York.