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Lie
groups

A
Liegroup

G
isa

di�erentialm
an-

ifold
equipped

with
a

m
ultiplicative

group
structure

such
thatthe

group
m

ultiplication
and

the
inversion

are
both

sm
ooth

forthe
m

anifold
struc-

ture.
In

otherwords,a
Lie

a
group

isa
sm

ooth
group

ofsym
m

etries.

E
xam

ples

•TheEuclidean
vectorspace

R
n

endowed
with

theusualstructureof
additivegroup

isan
abelian

Lie
group.

•Them
ultiplicativegroup

G
L(

n
,R)of

invertible
n

◊
n

realm
atrices,

n
Ø

2,
isa

non
com

m
utativeLiegroup.

To
understand

the
structure

ofa
Lie

group
G

,we
letitacton

som
e

vector
space

V
.Thisaction

iscalled
represen-

tation
of

G
on

V
.

If
W

isa
G

-stable
subspace

of
V

,we
say

that
W

is
a

subrepresentation
of

G
.

A
representation

of
G

on
a

vector
space

V
issaid

to
beirreducibleifthe

onlysubrepresentations
W

of
V

arethe
trivialones.Q

uestions
Given

a
Liegroup

G

•Find
a

m
ethod

to
detect/param

etrizeallthe
irreduciblerepresentations.

•Given
a

non-irreducible
representation

of
G

,can
we

decom
poseitin

irreducible
subrepresentations?

•Find
realizationsforfam

iliesof
representations.

D
irac

O
perators

Let
G

be
a

Lie
group

and
H

a
closed

subgroup
of

G
.

Let
E

be
a

represen-
tation

of
H

.
If

T
e
H

G
/
H

splits
into

two
m

axim
aldualisotropic

subspaces
V

and
V

úwedefinethespaceofspinors
S

=
·

V
úendowed

with
aCli�ord

m
ul-

tiplication.
Let

E
be

a
finite

dim
en-

sional
representation

of
H

such
that

S
¢

E
is

a
representation

of
H

.
W

e
set
C

Œ(
G

/
H

,S¢
E)=

{
f

:
G

æ
S¢

E
sm

.
s.t.

f(
g
h

≠
1)=

h·
f(

g)
,
g

œ
G

,
h

œ
H

}

C
Œ(

G
/
H

,S
¢

E)
adm

its
a

canonical
action

of
G

by
lefttranslationsand

it
can

beseen
asa

representation
of

G
.

W
edefinetheDiracoperator

D
:
C

Œ(
G

/
H

,S¢
E)æ

C
Œ(

G
/
H

,S¢
E)

with
theproperty

D
2=laplacian.This

operatorcom
m

uteswith
the

action
of

G
andthusitskernelisarepresentation

of
G

.

Figure1:P.Diracwith
hisfamousequation

In
representation

theorywehavetwo
importantfamiliesofrepresentations:
p
r
in

c
ip

a
land

d
is

c
r
e
t
e

series
representations.

Im
portant

R
esults

•
H

arish-C
handra

Classif.of
discreteseriesrepresentations
(60’s)

•
P

arthasarathy
Realization

of
som

ediscreteseriesrepresentations
using

Diracop.(72’)
•

A
tiyah-Schm

id
Realization

of
alldiscreteseriesrepresentations
using

Diracop.(77’)
•

M
ehdi-Zierau

Som
eprincipal

seriesrepresentationslivein
kernels

ofDiracop.(06’,14’)

M
y

results

•W
efound

an
operatorwhosekernel,

undercertain
conditions,contains

thekernelof
D

.
•Exam

plesofm
any

di�erentcases
•Relation

between
thisoperatorand

Diracoperators


