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1 | INTRODUCTION

Systems involving processes that evolve on both slow and fast time scales are prevalent in various practical applications in-
cluding electric power management', robotics?, and biology~. To mathematically describe the time scale separation, we can
introduce a small positive parameter that multiplies the derivative of the fast variables. Doing so one can either develop stan-
dard control techniques but they generally cannot be implemented in practice due to numerical issues. Tailored methodological
tools for two-time-scale systems (TTSSs) are therefore needed, see e.g.,*2''Z, Note that the works on TTSSs mainly focused on
stabilization problems, with relatively less attention given to output regulation problem, despite its fundamental significance in
control theory since 1970s%. In®11%, the output regulation has been respectively achieved for the nonlinear TTSSs and linear T-S
fuzzy TTSSs. In'Y, the reinforcement learning-based optimal speed regulation control scheme is proposed for the permanent
magnet synchronous motor modeled by linear TTSSs. Note that, the disturbance generated by the exosystem affects only the
slow subsystem, and the output regulation error is independent of the fast subsystems in®1¥. It is still worthwhile to further an-
alyze the impact of fast dynamics on the output regulation and explore robust control technique to achieve external disturbance
rejection, as well as the output tracking with fast subsystems. The control design in this specific case requires a special attention
because the numerical errors hamper the application the control design techniques developed in 210

It is also noteworthy that the control designs presented in®!¥ are not robust to structural uncertainty, which is crucial for
practical applications, such as the control of benchmark mechanical system'2, electrical circuit™ or wing system'®. Over the
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last decade, the internal model principle has been widely employed to achieve the robust output regulation for uncertain linear
systems21® nonlinear systems/ 7812120
dynamics, the off-the-shelf techniques cannot be directly applied to reject structural uncertainty for TTSSs.

Moreover, most works on the robust output regulation problem ignore the input saturation, which often appears in practice due
to the limitations of physical devices, such as electronic motor systems<*23 and ships?*. If the input saturation is not carefully
handled it may either damage the installation or lead to poor control performances. The small gain design technique is an
2312627 and has been employed to
achieve the output regulation for regular linear systems?® ands singular linear system® with input saturation. Furthermore, for
linear systems=" and singular linear systems3! with anti-stable eigenvalues and subject to input saturation, the output regulation
is achieved within the specific initial region, and the composite nonlinear feedback control technique is further used in"%23 to
improve the transient responses. However the proposed controllers are not robust against structured uncertainty which is an
important property in the output regulation setting as pointed out in13433, For constant perturbations and references, the use
of integral action in the presence of input saturation has been well studied in®°=738, However, the aforementioned results are

and time-variant systems?!. However, with the small positive parameter in the fast

effective method for input saturation problem of asymptotically null-controllable linear system

for single time scale systems and, to the best of our knowledge, no results are available for the more general problem of robust
output regulation of TTSSs with input saturation.

In this context, we consider the uncertain linear TTSSs subject to input saturation and studied the linear robust output regu-
lation problems, which has been widely studied since 197021954 and can be applied in various practical applications such as
speed regulation of DC motor"? and permanent magnet synchronous motor*®!., To eliminate the need for continuous exosys-
tem monitoring, a post-processing internal model is introduced as in®##2, We first investigate the semi-global stabilization of
the augmented system, which comprises the internal model system and the original uncertain TTSS, without the presence of
external disturbance. Note that, different from*24% the impact of internal model system should be further considered, which
would complicate the stabilization control design in the presence of input saturation nonlinearity. Due to the challenges posed
by the two time-scale evolution and the input saturation non-linearity, traditional control techniques for single-time-scale lin-
ear systems in*/19 cannot be directly applied here. Thus, the singular perturbation theory is combined with low gain feedback
technique to formulate the stabilizing controller. It is also noted that, unlike?1Y a more general case is considered, i.e., both the
slow and fast dynamics are exposed to external disturbance, and the tracking error relies on both the fast and slow states. In this
case, solving the corresponding Sylvester equation as constructed in*!1® would suffer from numerical issues. Hence, we propose
a readily solvable Sylvester equation, ensuring the existence and uniqueness of the solution under some standard assumptions.
Accordingly, the stabilizing controller is redesigned to guarantee the asymptotically stability of the origin of the augmented sys-
tem, regardless some small structural uncertainty. Then, an internal model-based tracking controller is devised to achieve the
robust semi-global output regulation. The main contribution of this paper is threefold.

1) The robust semi-global output regulation problem is handled for uncertain linear systems exhibiting two time scales and
input saturation, where both the slow and fast subsystems are exposed to external disturbances, and the tracking error relies
also on the fast states.

2) An internal model-based regulator is proposed by combining the singular perturbation theory and low gain technique.
Consequently, the need for continuous monitoring of the exosystem’s states is alleviated, and the output regulation error
asymptotically converges to the origin, regardless some small structural uncertainty.

3) To avoid the numerical issues, an easily solvable equation is proposed to provide the solution of the corresponding Sylvester
function with numerical issues needed for control design. Besides, the existence and uniqueness of its solution are ensured
under some standard assumptions.

The rest of the paper is organized as follows. The problem formulation is stated in Section II. The robust semi-global output
regulation of uncertain linear TTSS with input saturation is investigated in Section III. Three illustrative examples are presented
in Section IV.

Notation: For a matrix A, V ec(A) denotes the vectorization of A. For a piecewise continuous bounded function v : [0, c0) —
R™, andT 2 0, |[o()|l .1 e sup,>7 [0l . The function f : [0, )% = R™" is said to be O(¢) if there exist positive constants
k and €* strictly positive such that || f(t,€)|| < ke, forallt € [0, ) and € € [0, £*].
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2 | PROBLEM STATEMENT

In this work, we address the problem of robust output regulation for the TTSSs described below. Notice that, for convenience,
we often neglect the time argument of the variables.
x =A(w)x+A,(w)z+ B, (w)o(w)+ F(w)v,
€z = A, (W)x+ Ay (w)z+ By, (w)o(u)+ F,(w)v,
y=Ci(w)x + G(w)z,
e=y+0w)v,

ey

where x € R™x, z € R":, u € R? and y € RY are the slow states, fast states, control input and output, respectively, 0 < € < 1,
e € RY is the output regulation error, w € R"» is a vector of unknown constant parameters, v € R" presents the exosystem’s
state, encompassing both references input and external disturbances. It is generated by an autonomous exosystem in the form

o= Sv, @)

where S is a constant matrix with appropriate dimensions. The matrices A, j(w), B;(w), C;(w), F;(w) and Q(w) are continuous
matrix functions with appropriate dimensions for w € W, where i,j = 1,2, and W is an open neighborhood of the origin.
For the sake of convenience, (4, j(O), B,(0), F;(0), C;(0), 0(0)) is denoted by (A, s B, F,,C;,0),i,j = 1,2, which are all known
constant matrices. o(+) is a vector-valued saturation function with

o) = (o(uy),0(y), ..., 0(u,)), (€)
where
u;, if ] <Y
o(u) =4-7, ifu, <-Y
Y, ifu,>7Y,
where Y is the saturation level. The goal of this paper is to design a controller
71 =®n+Te,
u=Kx+ Ky,z+ G(x, z,n), (@)

where € R", such that the robust semi-global output regulation problem can be handled, as formalized next. It is worth noting
that the controller (@) does not necessitate the information about the state of the exosystem and is independent of parameter .

Problem Statement. Given any arbitrary large compact sets X C R"x , Z C R”: containing the origin, and Y > 0, find dynamic
regulator feedback @), sets E C R™,V C R™, W € R"« and & > 0 such that for any £ € (0, £], the closed-loop system (T))-(@)
satisfies the followings:

1. (Stabilization) when v = 0 and w = 0, the equilibrium point (x, z, ) = (0, 0, 0) is asymptotically stable with a domain of
attraction contains the set X X Z.

2. (Robust Output Regulation) for any w € W, for any v(0) € V, for any initial condition (x(0), z(0), #(0)) € X X Z X E, the
trajectories of the closed-loop system are bounded for all # > 0, and satisfies tlim [le@®]|| = 0.

In this paper, our goal is to determine the correspondingly specific region rather than a uniform region, for € and w that ensures
the stabilization or output regulation of the system with priori given compact initial condition sets and saturation level I'. Note
that in view of the constraints of the problem and in particular of asking for a controller (@) independent of the parameter £ and
the presence of a saturation, we cannot directly apply the techniques proposed in283% To solve the above control objective, we
make now the following assumptions.

Assumption 1 (%), The eigenvalues of matrix .S are semi-simple with zero real parts.

Assumption [T] is common and standard for ensuring the neutral stability of system (2), and is widely used in the output
regulation literature, see, e.g.®*!. Such an assumption guarantees the external signals to be bounded and the well posedness of
the problem. In this respect, note that tracking of unbounded signals in the presence of input saturation can never be achieved.

Assumption 2 (%). The matrix A,, is invertible.
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Assumption 3 (?). The pairs (A, B,) and (A,,, B,) are asymptotically null controllable with bounded controls (ANCBC),
where Ay 1= Aj; — A|,A;] Ay and By := B, — A, A} B,.

Assumption []is essential to decouple the slow and fast dynamics, which is standard in the singularly perturbed literature,
see, e.g., 4. Assumptionis an additional but common assumption which is required for semi-global designing small stabilizing
control gains for the decoupled slow and fast subsystems. The similar assumption can also be seen in“®, Under Assumptions2}{3)|
the eigenvalues of A,, are located in the closed left half of the complex plane, excluding the origin. Note that above assumptions

on A,, are slightly less restrictive than the asymptotic stability condition (Hurwitz condition) of the fast subsystem in“49,
. 3 A, — il B, . . . - -1
Assumption 4 (). C 0 has independent rows for each A being an eigenvalues of S, where A, = E='A, B, = E™' B,
A, A B
A= ("1 12 ) B= 1),C=(C C,),E=diag{I, eI, }.
<A21 Ay ) B, ) ( ! 2)’ agtly, el }

The non-resonance condition in Assumption[d]is standard and instrumental for output regulation of TTSSs (I)-(2), which has
also been used in®*!, Note that Assumptions [1i4|can be satisfied by various practical systems, including the DC motor in** and
permanent magnet synchronous motor in“?H,

3 | MAIN RESULT

In this section, the semi-global stabilization problem and robust output regulation problem of TTSSs exhibiting input saturation
are investigated.

3.1 | Semi-global stabilization of TTSSs
The semi-global stabilization is studied in this subsection. The goal is to design the controller

u=K;x+ K,z +G(x, z,n), (®)]
to handle the semi-global stabilization problem as in Problem Statement above for the following augmented TTSSs

=& +I(C;x+ C,z2),

€z = Ay, x+ Ayz+ Byo(u),
where the internal model unit of n € R™ is designed as inB8l withT =T ®R1 » ®=0 ®R1 » and the minimal polynomial of @
equal to that of .S and the pair (®, ) being controllable.

The controller (3) can be designed following a two-step procedure. First, the control gains K, and K, are designed for the
stabilization of TTSSs of (x, z), where

K,(y) := (1 = Ky(r)A3) B)Ko(r) + Ky () A3 Ay,

K,(y) 1= B, Py(y), K(y) := By P,(y), 7

and P(y), P,(y) > O satisfy
Ay P (1)+Py(r)Ag—2P,(y)ByB] P,(y) =1, , (8)
A—ZFZPZ(}/)+P2()/)A22 _ZPZ(J/)BZB;—P2(7/) = _Ylnz, 9

where y > 0is the small gain determined in relation to the given saturation level and compact initial conditions. Since 0 < € < 1,
the eigenvalues of the system matrix would be hard to obtain. The traditional small gain design techniques for the single-time-
scale systems with input saturation in?-? are no longer directly applicable here to design (K, K,). Thus, the singular perturbed
theory is combined with low gain feedback technique to design the control gain K, and K,. Note that equations (), (9) admits
a solution in view of the controllability of the pairs (A, By) and (A,,, B,) as in Assumption 3}

The second step for the design of the function G(-) is inspired by the so-called forwarding approach“, In particular,

G(x,z,n) = =G ()¢ + yB" M Py(n — M E¢), (10)
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and & = (x,2), G,(y) = (B] P\(y) — B] (A, A7) Pi(y) + B] Py(Y)AS) gy B] Po(v)). E = diag{1, ,0}, P; > 0 satisfies
P+ P,® <0.

Note that Py always exists in view of Assmption 1. The matrix M satisfies

MA =®ME +TC, an
Ay A . . . .
where A = A” AIZ > with Aij = Aij + B; Kj, i, j = 1,2. Note that in standard forwarding approach (see e.g.47), the design
21 A\
of the feedback relies on the solution of the following sylvester equation

MA, = ®M +TC, (12)

in which A, = E7'A, E = diag{1, .1, }. The proposed modified Sylvester equation (TI) allows to find a solution which is
independent of the parameter &. In the next Lemma we establish the existence of the solution M to (T1) and we show that it
provides an & approximation to the matrix M solution to (12)).

Lemma 1. Suppose A,, and Ay := A} — Alegzl A, are both Hurwitz, and Assumptionholds. There exists a € > 0 such
that the equation (TT) has a unique solution M for any ¢ € (0, £]. Besides, the solution M of (I2) satisfies

ME™" =M + O(e).

Proof. From Corollary 3.1 in®, there exists €; > 0 such that for any £ € (0,¢,], A, is Hurwitz. Then, A = EA, and Al =
AZ'E~'.In this way, solving the equation (TT)) is equivalent with solving
M =®MEAN " +TCA™, (13)
which in turn, is equivalent with solving
(Inﬂx(wz)—¢®EA—1)Vec(M)=Vec(FCA—1). (14)

From (26) in Appendix, we have A;l = TCAI‘)' Tc‘l, where AI‘)' = diag{As_l, e/\;1 }. Thus,
—1 _ o A-l QAT 2 A — A-L
EA- = BT B AT = eNHL+ € HAT'L @ HAT = AT H
¢ 0 0
Obviously, there exists 0 < €5 < &, such that for any € € (0, &;], AS‘I(I,,X —eHL)+¢€? HA;‘ L is always Hurwitz. Thus, matrix
L xnn) = P ® EA~" has no zero eigenvalues, which means that equation (TT) has an unique solution M.

Next, note that from (I2)) and (TT), we have
(M — ME)A, =®M — ME) + ®M(E — E). (15)
Since A, is Hurwitz, it is obtained that,
(ME'-M)=®(ME"'-M)\" +edM(1, ,, —E)A™.

Thus, we have (Inﬂx(,,ﬁ,,v) —®® A )Vec(ME™! — ]\_/[) = eVec(dﬂ\_l(Inernz - E)A—l). Since the spectrum of A, does not
intersect with @, [ — ® ® A~! is invertible. Thus

> TnyX(n+ny)

[Vec(M E™' — M)|| =¢||(U, —® @ A Vec(@M (I, ,, —E)A)|| = OCe),

,;(nx-l-nz)
which also means that M E~! = M + O(e). O

Then, the following theorem is obtained, and its proof is provided in the appendix.

Theorem 1. Assuming Assumptions [[}4] hold. For the saturation level Y > 0, and any priori given compact subsets X C R"x,
and Z C R, all containing the origin, there exist a compact set E C R™ containing the origin, £ > 0,y* € (0, 1], and W C R"»,
so that for any w € W, € € (0,€] and y € (0, y*], the controller (3)), (7) and (IO} solves the semi-global stabilization problem as
defined in Problem Statement.

Remark 1. Note that, the controller designed in Lemma 2] would be hard to apply, since the solutions M of (I2) would be hard
to obtain when ¢ is unknown or when faced with numerical issues arising from a very small €. This is also one of the challenges
in this context. Besides, due to the robustness of the controller and the continuity of its solution to the controller parameters,
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with small enough &, the controller designed in Theorem 1 can be used to replace the controller design in Lemma [2] for the
stabilization of systems (6).

Following the proof of Theorem [I] for the given compact subsets X € R™ , Z c R"™ and E C R™, the control design
procedure can be proposed as follows to choose specific y and corresponding & for the stabilization of TTSS (6)).

Step 1: The bisection method is utilized to choose the y. First, choose y* € (0, 1]. Then, K,(y), K,(y) and G(x, z, ) can be
obtained. Following the proof of Lemmal[2] the region B(r) := {{(x, z,7) € R X R" x R™ : ||(x, z,n)|| < r} could be found
with (x(¥), z(¢), n(t)) € B(r),Vt > 0 with the given compact subsets X C R"x , Z C R": and any given compact subset E C R"
containing the origin. If ||u||, < Y,V(x, z,n € B(r), then the parameter y* is feasible. Otherwise, use 77 to repeat the above
process until ||u]|, < Y,V(x, z,n € B(r) is satisfied.

Step 2: With the specific y determined in Step 1, one of the upper bound of € is obtained by determining the upper bound of
¢ for which J defined in (33) is Hurwitz. This involves solving the optimization problem in® as follows,

max £,
z,=2].2,,=Z] . Zy=Z] . Z;)=Z] J=1....N~1

k-1 70 k=1 7 T
=i 1 =l 2,1 “3 —
51.Q,>0,Z,>0,Q, +Z{sg,+1 >0and<0 o) +;g (Z;l Z4,1) >0,k=2,....N,

- - Zy Z]
where Q, = ~(E,1)'Z, -~ ZJE,J.1=1.....N. E, = diag{I, ,, .€l, }.and Z, = < Z 0 ) Z, = < 201 Z3 >

231 Zay
-
I=2,...,N-1,Zy = <ZZ,(J)V—1 Z3,(1)v—1 >

3.2 | Robust Semi-global Output Regulation of TTSSs

The robust semi-global output regulation problem of TTSSs is studied in this subsection.
Based on the stabilizing controller in Theorem |1} the output regulation controller is designed as

7 =on+Te,
u=K(y)E—G.()é+yB M Py(n — ME¢), (16)

where K(y) = (K, (y), K,(y)), and the matrices G,(y), K, (y), K,(y), M and P; have same definition as in Theorem Then, the
following theorem is obtained, and its proof is provided in the appendix.

Theorem 2. Assuming Assumptions [I}4] hold. For the saturation level Y > 0, and any priori given compact subsets X C R",
and Z C R":, all containing the origin, there exist compact sets E C R"™, V C R™ containing the origin, £ > 0, y* € (0, 1] and
W C R, so that for any w € W, € € (0, €] and y € (0, y*], the controller @ solves the robust semi-global output regulation
problem as defined in Problem Statement.

Remark 2. Using the internal model design, the output regulation problem can be reformulated as a stabilization problem through
the appropriate coordinate transformation. As a result, the regulator takes on a similar structure to the stabilizing controller
outlined in Theorem [I] Benefiting from such control design, the proposed controller exhibits structural robustness and achieve
the external disturbance rejection in the fast subsystems, which wider applicability contrast with the one in®1Y, It is important to
highlight that, due to the influence of the exosystems, the feasible range of y in Theorem[2]would deviate from that in Theorem/[I]

Following the proof of Theorem[2] for the given compact subsets X C R, Z C R™, E C R"r, and compact set V determined
in @2)), the control design procedure can be proposed as follows to choose specific y and corresponding € and W for the output
regulation of TTSS composed of (T)), () and (T6).

Step 1: The bisection method is utilized to choose the y. First, choose y* € (0, 1]. Then, K,(y), K,(y) and G(x, z, ) can be
obtained. Similarly, the region B(r) := {{(£,7) € R™xR™XR™ : ||(& )| < r} can be obtained with (£(r), 7(r)) € B(r),Vt > 0
with the given compact subsets X C R"~ , Z C R":, any given compact subset E C R" containing the origin and V determined
in @2). If [Jull, <7, V(e:‘(t), n()) € 1_3(r) and v € V, then the parameter y* is feasible. Otherwise, use % to repeat the above
process until |[u]l, < Y,V(x, z,n) € B(r) is satisfied.
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Step 2: With the specific y determined in Step 1, one of the upper bound of € and set W are derived by handling the optimization
problem as follows,

max gand W,
z,=2].2,=2],2y,=2] ., Z4,=Z; J1=1,...N~1

k—1 7.0 k—1 7z ZT
- - 2.1
5.0.Q,>0,Z,>0,Q,(w) + 1; £'Q,, ,(w) > 0,Yw € W, and <01 0> + I;e’ <Zst Zij) >0,k=2,...,N,
where Q;(w) = —(Ejf(w))TZ, - Z]TEJf(w), I=1,...,N, J(w) is defined in (@7, and E;, Z, have the same definition as in
Subsection 311

Remark 3. Unlike the approaches in®1”! the proposed control design procedure allows for the further specification of the
applicable upper bound & for the two-time-scale factor €.

3.3 | The application to single time scale linear systems
The above result is also suitable for single time scale linear systems. Consider system

x = Ap(w)x + By(w)o(u) + Fy(w)v, (17
e =C(w)x + Q(w)v,

in which (Ay(w), By(w), Fy(w), Cy(w), Qy(w)) are all continuous matrix functions of w € W with appropriate dimensions and

v is generated by exosystem (2)). For convenience, (4,(0), By(0), Fy(0), Cy(0), Q,(0)) is denoted by (A, By, Fy, Cy, Q). Suppose

Ay — Al By

0

Then, the next corollary is proposed. The proof is similar with the one of Theorem 2} thus it is omitted here.

the matrix has independent rows for each 4 being an eigenvalues of .S.

Corollary 1. Assuming Assumptions [T} 3|hold. For the saturation level Y > 0, and any priori given compact subsets X C R,
and Z C R":, all containing the origin, there exist compact sets E C R™, V C R™ containing the origin, y* € (0, 1] and
W c R", such that for any y € (0, y*], and w € W, the regulator

7 =®n+Te,
u = Ko(y)x—Bj P,(y)x+yBy My Py(n—Mx), (18)
with K (y), P;(y), P, have the same definition in Theorem and M, being the solution of
My(Ay + ByKy) =DPM, +TC, (19)
solves the robust semi-global output regulation problem.

Note that we here recover a solution mixing the forwarding approach in*” and the small-gain feedback in’?®. The control design
procedure for choosing the specific y and corresponding W is similar to the one in Subsection

4 | SIMULATION EXAMPLE

To illustrate the effectiveness of the obtained results, we present three examples including a illustrative case, a comparative case,
and a permanent magnet synchronous motor.

4.1 | Example 1: Illustrative example

. . 01
We consider TTSS (I) and exosystem (2) with x € R, z € R2, S = < > and

-10
-2 B3+10w, -1+2w, 14+w; 0 -2
-02 0.
s 64w, 3 S w, +7 w3w 02 0 30+1 w,
Aw)=]l 2 4—-w2 -2 w,  2[,Bw)=|w;-2 |, Fw)= Oé _61 ’
1+w3 1+w, 14+2w, w; 1 w, — 1 ‘ .
L oiew, L e w 24w, d(w,-1) 0—w,; 0.1

Cw)=(l+w; w, =1 114w, ),0w)=(-05-w, 0).
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Thus, Assumptions are satisfied. The simulation is presented with ¢ € (0,€], w € W, x(0) € X = {x|x|,x,, x5 €
(-3,3)}, z(0) € Z := {z]zy,z, € (-3,3)}, v(0) =V := {v|v;,v, € (=1,1)} and Y = 1. By applying the control design
procedure under Theorem , we can choose y = 0.004, ® = S, T = ( 10 )T, P; = 31,, and then choose € = 0.01, W =
{w|w,, w,,w; € (-0.01,0.01)}. Let n = (0,0). Then, controller (T6) is designed. Simulation results are shown in Fig. |I|,
demonstrating that the error e asymptotically converges to origin without input being saturated for any € € (0,0.01]and w € W,
which confirms the effectiveness of Theorem[2] We note that the proposed control design procedure is applicable for any arbitrary
large initial compact sets X C R"~, Z C R": containing the origin, i.e, the specific region for € and w can always be determined
to ensures the output regulation of the system with priori given compact initial condition sets.

10
—
5
g5 ]
>
° WVW
oL T h h f | h
0 10 20 30 40 50 60 70 80 90 100
Time t (sec)
10
T T R
g sf 1
® k/\/\/w
0 B L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
Time t (sec)
T T
uf
+ 05} =
>
Q.
£

0 10 20 30 40 50 60 70 80 90 100
Time t (sec)

Figure 1 Evolution of y, e and ||u|| .

4.2 | Example 2: Comparative example

For the purpose of comparison, we also consider a case similar to the one described in?!V. In this case, we simulate systems
(I-@) with
w;—02 w,; 02 0

F(w)= (

.
0.3 +w, 0.1 0.1 03 € = (1+w; w, =100),

while keeping the other parameters and initial conditions as defined above. Then, Assumptions[I}ff]are satisfied. Let y = 0.004
b =5T= ( 10 )T, P; = 31, and n = (0,0). Then, controller (]ED is designed. Simulation results are shown in Fig.
demonstrating that the regulation error e asymptotically converges to origin without input being saturated.

The simulation is also run for the controller designed in the following form by directed solving the output regulator equation

as in210

u=Kx+ K,z+ Gu, (20)
where K, K, have same definition as in above, G = I', — K II,, and I, I1, are the solution of the following output regulator
equation,

AHHC + Blrc + Fl = HL‘S’
C,1, +0 =0. @1
The obtained evolution of the regulation error and input are given in Fig. [3] Obviously, under the proposed controller (T6),
the system (T)) has better performance. It is noted that the input is not saturated since K, and K, are designed by applying the

design technique proposed in this paper. However, as shown in Fig.[3] the error e can not converges to origin, since the controller
(20) is not robust to the structure uncertainty.
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Figure 2 Evolution of y, e and [|ul|, under controller (T6).
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Figure 3 Evolution of y, e and [|ul|, under controller (20).

4.3 | Example 3: Permanent Magnet Synchronous Motor

Consider the permanent magnet synchronous motor (PMSM) as in*Y subject to input saturation,

Ju®=n,pi, — Bo—Tj,
Li, = =Rji, = n,¢ o+ o(u), (22)

where w and i, are the mechanical rotor speed and stator currents respectively, u is the stator voltages, T} is the load torque, and
T s L, n, @, B, R; are respectively the rotor inertia, stator inductance, number of pole pairs and stator resistance. The goal
is to achieve the speed servo of PMSM, i.e., dive the rotating speed tracking the given reference signal ,, . In this case, the
regulation error is defined as e = w,,; — ®.

Consider J,, = 0.021kg - m2, n, = 4, Qr=w + 0.081Wb, B = 0.057IN - m - s/rad, R, = w, + 1.06£2, and T}, W, are
described by the exosystem of the form (2) with T, = F,(w)v @, = Q(w)v, F; = (w3 —0.1,0.1), O(w) = (0.5 + w,, 0) and
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0 1) . . . . .
S = 10) in which w = (w;, w,, w5, w,) is the unknown constant parameter vector presenting the structure uncertainty.
Obviously, Assumptions are satisfied.

The simulation is presented with L € (0,0.06], W = {wlw,, wy, wy,wy € (-0.01,0.01)}, £(0) € {¢|w,i, € (=3,3)},
v(0) = {v|v;,v, €(=1,)}and Y = 1. Lety = 0.001,d =S, I' = ( 10 )T, P; = 101, and n = (0, 0). Then, controller
is designed. Simulation results are shown in Fig. 4] demonstrating that the error e asymptotically converges to origin without
input being saturated for any L € (0,0.06] and w € W, which confirms the effectiveness of Theorem

~ . . . . . y
>
2 f\/—\/‘\/\/\/\
>
(o]
A . . . . .
0 5 10 15 20 25 30
Time t (sec)
1 T
[—e|
§ 0 f\,
(0]
1 | | | | |
0 5 10 15 20 25 30
Time t (sec)
0.4 T
- T
302f 1
£
0 | . . h .
0 5 10 15 20 25 30
Time t (sec)

Figure 4 Evolution of y, e and ||u|| ., of PMSM.

S | CONCLUSION

The semi-global robust output regulation was studied for linear TTSSs with input saturation and structural uncertainty. An
internal model based state feedback control scheme has been presented with combining the singular perturbed theory and low
gain feedback technique. As a result, the regulation error can converge to the origin asymptotically regardless small structural
uncertain parameters. In future work, it would be interesting to explore the robust output regulation problem for nonlinear TTSSs
with input saturation, and its application to the power systems.

6 | APPENDIX

6.1 | Proof of Theorem 1
The following Lemma is presented firstly for system (6) disregarding the input saturation, for proving Theorem 1.
Lemma 2. Assuming Assumptions [I}4] hold. Consider

1 =0n +I'(Cix + C,z),
X =A; x+A,z+ Bju,

(23)
£z =Ay X+ Ayz+ Byu,
u=K,(y)x+ Ky(y)z + G.(x, z,n),
where K, (y), K,(y) are defined in and G,(x,z,n) = —BI(T )TP.(\T'& + yBIMTPy(n — M&) with P(y) :=

diag{ P, (y).£Py(y)}, M and T as defined (I2) and (24), respectively. Then, for any priori given compact subsets X C R"x,
Z C R":, and E C R™ all containing the origin, and for any y € (0, 1], for all (x(0), z(0), #(0)) € X X Z X E, there exist € > 0
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such that, for any € € (0, £], hm [lx(@®)] = 0, hm [z = 0, hm [l#(H)|l = 0. Moreover, there exists r > 0, such that for any
120, (x(r), z(), n(1)) € B(r) = = {{(rzm) € R xR X R Sl zmll <.

Proof. Firstly, the Chang transformation is introduced as in* to conduct the stability analysis, which is presented as follows

<xf> :=Tc"<x>, 24)
Zf 4

—eHL —¢H
€ € >, and the matrices L and H are the solution of the following equations

L 1

n,

1
where T,™! := < "

Ny =Ny L+eLAj —eLA, L =0,
ANp—HAy+eAN | H-—eA,LH—eHLA, =0. 25)

As a result, the system can be rewritten as

X A, O
<x> =", (") +T7'B.G(x, z,n), (26)
& 0 =)\

where A; = (1 4+ O(e))(A + ByKy), Ay = (1 + O(e))(Ay, + B,K,). From (8) and (), both A, + ByK, and Ay, + B, K, are
Hurwitz. Thus, there is €, > 0 so that for any € € (0,&,], A, A rare both Hurwitz.
Recall that P_(y) := diag{ P;(y),eP,(y)} and & := (x, z). Consider the Lyapunov function candidate

V=W T DT P.(OT,  e+y(n—ME)" Py(n — M&)
=xSTP1xS+6z}Pzzf+y(n—M§)TP3(n—M§). (27)
Thus,
V =x[(A] PN+ Pi(NADX+2 (AL P () + P (DA )z + 28T (T )T P.(NT, ' B.G(x, 2, 1)
+2y(n—=M&)" Py(®n+TCE—M(A &+ B,G(x,2,1)))
<= (1= 0E@Nrx]x;+yz;2,) + 26T (T ) P.(T] ' B.G(x, 2,m) + 2y (n = MET Py(®( — ME) — M B, G (x, z,1)).
Thus, there exists 0 < &, < g, so that for all € € (0, &,], O(¢) < % Thus, for € € (0, &,],

1%4 S—; YTx _Ezfzf 2G (x, z, n)TG (x,z,n). (28)

By applying La Salle’s arguments, it is proven that the state of the closed-loop system (23)) would converge to the set {(x, z, %) €
R™ X R" XR" : G(x,2z,7) =0,x=0,z=0} = {B] M P;n =0} x {0} x {0}. Then, tlim x|l =0, }im [|z(*)|| = 0. Once
& converges to origin, the dynamics of # simplifies to

7= on.
According to Proposition 2 in*%, the pair (B M T P;, ®) is observable under Assumption Thus, it has tlim ln@®] =0

Denote
S @ rc
" \yBB'M'P, A, )’

where A, = A, — B.BT(T")TP.T' —yB,BTM™ P;M.

Then, it has
7 n
c)=J . (29)
(£)-2()
Thus, for € € (0, &,], J is Hurwitz.
Meanwhile, from (28, there is a class KL function f,, so that V¢ > 0,

I1(x(®), \/sz(t), n(®) = MEM)|| < B,([1(x,(0), z(0), n(0)]|, 7).
Since (x(0), z(0),7(0)) € X X Z X E, and X, Z, E are compact subsets, there exists r; > 0 such that

lGxg(0), n(0) = MED)|| < ry, V2 2 0. (30)



1z | Yan Lei ET AL

One notices that an ultimate upper bound of ||z (#)|| independent of & cannot be obtained from (28). Thus, the next Lyapunov
function candidate is further introduced,

V= ez}Pzzf. 31
With a similar proof in above, it has, for € € (0, &,],

V,<- %z}z ;=26 (x,2,mG (x,z,n) + 2y(n—M &) P,M B,G,(x, z,n) — 2x] P|(B; — HB, — e HLB)G,(x,z,1)

Y
<= 32327+l BIMTPy(n — MOIP + (B, — HB, — e HLB) P ||*

From Lemma we have BgTM T = B"MT + O(¢). Then, from (30), it can be obtained that,

Vf <- gz}zf +r,. (32)

where r, > (|lyBTM T P52 + ||(B, — HB,)"P,||* + O(e))r?. Let p and j denote the minimum and maximum eigenvalue of P,

4epr,
- b

respectively. From (32), it has, for V> »

. Y. T
Vf <- szzf.

. . 2pr. 4er. . .
Obviously, once the state z, reaches the boundary of sz = {z/lllz, @I < p—yz} 2 {z/V, < 72}, V, < 0. Thus, if

z,(7) € Bzf, it follows that for any 1 > 7, z,(1) € Bz,~ Moreover, if ||z,(0)] > 25%, and [|z,(7)|| = %, then for
any t € [0, 7), it has Vf(t) < —%z}z ’ This implies that there exists a class KL functi_on ﬂf, such that for an}: t € [0,7),
Iz DIl < B,(ll(z 0N, 7). In conclusion, for any 7 > 0, it follows ||z ()] < B,([|(x(0), z(O),7) + %. There are €, > 0
and r > 0 such that for any # > 0 and € € (0, €], (x(?), z(t),n(t)) € B(r) := {{(x,z,5) € R XR": xR™ : ||(x,z,p)| <r}. O
From the definition of 7-! in ([24), it has
BT O P.(T,!
=(B] - B] HT+0()P,(y) (B] + O()Py(r) T
=(B] P,(y)-B] (H" P,(y)+Py(y)L) B] P,(y)+OC(e).
Meanwhile, from @ it can be obtained that
L =AM Ay +0(e), H=ApA; +0().
Thus
B/(T/HTP.()T ' =G, + O(e). (33)
From Lemmasand there exists £, > 0, such that for any € € (0, ,], the matrix J is Hurwitz, and

M =ME + O(¢) = ME + O(¢). (34)

7. @ r (35)
" \YB.BTMTP, A’

where A, = A,—B,(G, +yB"MT P;ME). From (33) and (34),

Define

J =J+O(e).

Thus, with a similar proof of theorem there is a small enough 0 < &, < £, so that for any € € (0,€], J and J are both Hurwitz.

Then, from @]) and the continuity of the solution to the controller parameters, for any y € (0, 1], similarly, there exist
0 <& <ey,andr > OsuchthatVr > 0and e € (0, €], (x(¥), z(?), n(1)) € B(r) := {{(x, z,n) € R"XR"=xXR™ : ||(x, z,n)|| < r}.
with a similar proof inZ, it can be obtained that there exists y* € (0, 1], so that for any y € (0, y*] and for any (x(0), z(0), 7(0)) €
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XX ZXE, |u(®)|loo < Y. Choose y € (0,y*]. Then, o(u(t)) = u(?), Vt > 0 and TTSS (@) with controller (5) can always be

rewritten as follows
n < (1
)=J . 36
<:> Q) G0

Since J is Hurwitz, the origin of the closed-loop system (B)-(6) would be asymptotically stable. The semi-global stabilization
of system (©)-(6) is achieved.

6.2 | Proof of Theorem 2
Let

@ I'C(w) > -

HM:Z(ﬂwaWmMUE A

&€

where C(w) = ( C;(w) Cy(w) ) and A, = A, (w) + B,(w)K — B, (w)(G, + yBT(0)MT P,M E). Based on Theorem there
exists small enough ; > 0, such that for all € € (0, €], the matrix J = J(0) is Hurwitz. Thus, there exists W;, so that for any
w € W,, the matrix J(w) is always Hurwitz. In this case, there are uniquely defined matrices IT and X satisfying

=\ o - by ro(w)
(5) -0 (5)+ (%),

.
where F, = (F T F—Z)T. Since S and @ have the same eigenvalues, the above first equation would lead to C(w)II + Q(w) =
08, Theorem 1.7, pages 241526.

Let

E:=¢&—Tn,7 :=n— . (39)

When ||u(?)||,, o < Y, the closed-loop system is rewritten as

<g>=fmo@>,e=cé (40)

As Assumption | holds, there exists W, C W, so that for any w € W,, the solution of the closed-loop system exists and can be
defined as

where I1, := (I1,I1,) and I, satisfy

IS = A, (wWII, + A, (W)L, + B, (w)I', + Fi(w),
ell, S = A, (W)L, + Ay (W)L, + B,(w)I, + F,(w),
0 = C,(w)II, + C,(w)II, + O(w). 41)
It can be easily obtained that the robust output regulation of system (I)) can be ensured under controller @[), when there is no
input saturation. Thus, we also have & = Ilv and u = K,Il,v + K,J1,v — G Ilv + y B EM " Py(Xv — EMTlv). Thus, IT = II,
and m K\ + K,)I1, - G 1+ yB] EM T P;(£ — EMTI) = }13% yBIEM™P,E=T,.
Then, with a similar proof of Lemma@ for any given compact sets X, Z, V, E all containing the origin, there always exist

compact sets X, € R*™, Z, c R™, E, C R"™ containing the origin such that for all (x(0), z(0), v(0),7(0)) € X X Z X V X E,
(£(0),7(0)) € X, X Z, X E,. Let

T -INT 1%, 0 PN z
Vi=¢ T7) P.(NT, $+y(n—M&) P(n—ME).

According to Theore_m 1, there exist 0 < €5 < &, and r > 0 so that_Ve € (0, &;], alg\?’t >0, (E(L), ;:1(t)) (S I_B’(r) 1= {_{(é, n €
R™ xR xR™ : ||(€,7)l| < r}. From (T6), we have u = (K — G,)(& +T1v)+y BT EM " Py(ii— EM(E+11v))+y BT EM T P;Zu,
where K = ( K, K, ). Then, 1ir%u =yBIEMTP;Zv =T (w)v =T, (0)v + O(e)v + O(||wl|)v. Denote

y—)

V={veR™: |v| <0}, 42)
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with 0 > 0 and sup|,; <z, 5, IT(0)e*¢v|, < Y. Then,

lim [l <Y.
y—0,e—-0,||w]—0

In this way, there are 0 < € < g5 and W C W,, so that there is a small enough y* € (0, 1], so that for any € € (0,€], w € W
and y € (0,7*], [|u(?)|| 0 < Y. Choose y € (0,7*], then TTSS (T)), (I6) can always be rewritten as (40). Since the matrix J(w)
is Hurwitz, the origin of the system is asymptotically stable, which means that tlim lle(®)| = tlim [|C(w)é|| = 0.
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