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Abstract
The paper provides a computation-oriented necessary and sufficient condition for the global exponential stability of a class of hybrid systems called linear impulsive systems. Precisely, we focus
on continuous-time linear systems whose state undergoes finite jumps referred to as impulsions or
resets. We assume that impulsions occur quasi-periodically and the stability analysis is based on a
standard tool in set theory that is gauge functional. As a first step, the dynamics is reformulated as
a discrete-time parametric uncertain system with the state matrix belonging to a compact but nonpolytopic set. Secondly, the necessary and sufficient conditions for the global exponential stability of the
linear uncertain systems is provided. These conditions are expressed in term of existence of polyhedral
Lyapunov functions. Thirdly, an algorithm is developed for testing the stability of the system and for
computing the induced polyhedral Lyapunov function for asymptotically stable systems. Finally, the
computational effort of the proposed algorithm is proved to be similar to the standard algorithm related
to discrete-time parametric uncertain systems with the state matrix belonging to a convex polytopic set.
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I. I NTRODUCTION
Linear control techniques are the most studied and used in theory as well as in applications.
Nevertheless, they have many limitations when dealing with implementation on real systems. For
this reason, an increasing interest has been oriented toward the analysis and control design of
hybrid systems (i.e. systems that are driven both by continuous-time and discrete-time dynamics)
[1]. It is noteworthy that real systems are either hybrid by nature or continuous but controlled
in a discrete manner [2], [3].
In order to overcome performance limitations of classical controllers, Clegg introduced an
integrator with state reset (see [4]). This idea received an increasing attention and generated
the reset control systems domain of research. Recent works have been dedicated to stability
properties and performances of reset control systems [5], [6]. Among these systems a particular
class is defined by the continuous-time linear systems whose state undergoes finite jumps at some
discrete-time instants [7], [8]. They are called linear impulsive systems and their study is mainly
motivated by sampled-data systems [9], [10]. In this case, the rule defining the reset/impulsion
instants is time-dependent (see [11] and the reference therein). In the same framework can be
included the periodic triggered stabilization [12], [13].
In the present paper we extend our preliminary results [14] on the stability analysis of linear
impulsive systems by means of set theoretic methods. Precisely, we complete the work presented
in [14] by giving the proofs of the main results, by proposing an algorithm for testing the stability
of the system under consideration and by proving that our method requires similar computational
effort as the algorithm related to parametric uncertain systems with polytopic constraints. As in
[11], we consider here that two consecutive reset instants are separated by an uncertain time.
Instead of searching ellipsoidal Lyapunov functions we are searching polyhedral ones leading to
less conservative stability conditions. Our approach starts by rewriting the problem as a Linear
Difference Inclusion (LDI). This formalism allows describing complex phenomena as impacts
and dry friction [15]–[17] as well as the behavior of power converters and other electronic
circuits with switching components [18], [19]. It is noteworthy that our main contribution is
that we relax the convexity requirement that is generally imposed in the Difference Inclusion
settings. Moreover, we design an algorithm that is able to decide in finite time if the LDI, and
thus also the corresponding linear impulsive system, is globally exponentially stable (GES).
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Following [11], the period between to reset instants has been considered as the sum of a
nominal reset period and a time-varying bounded term. This second term may be interpreted
as a jitter due to uncertainties that affect the reset instants. This increases the accuracy of
the considered model with respect to practical implementation. It is noteworthy that, stability
criterion in [11] is given in the form of a parametric Linear Matrix Inequality (LMI) that presents
a certain conservatism as most of the LMI criteria. Moreover, in order to render the problem
numerically tractable the authors use a polytopic embedding of a matrix exponential, adding
supplementary conservatism. In our development we not only remove the conservatism but also
provide computational methods that are able to deal with bounded but arbitrarily large reset time
uncertainties. Moreover, the computational complexity is substantially the same as the analogous
methods for proving GES for LDI systems, that are based on set theory and invariance. With
this meaning we employ in this paper the term tractable.
The main tool used throughout the paper is the set theory. In the context of control and
dynamical systems analysis, set theory has been employed since the end of the sixties. The
seminal work [20] focuses on the characterization of invariance for discrete time systems. More
recently have appeared contributions on invariant set analysis and computation, see [21]–[23] and
the monograph [24] on set-theory in control and invariance. The characterization of invariant
subspaces, strongly related with the properties of controllability and observability, has been
treated in [25]–[27]. The set membership estimation approach for systems with unknown but
bounded uncertainty should also be mentioned, see the pioneering works [28]–[30] and the more
recent [31], [32]. In the context of robust control and constrained control, the basis of the worst
case approach have been posed in [33]–[35] and give raise to modern prediction based control
techniques [36]. One of the main benefits of set theoretic methods is the fact that they allow to
apply results proper of convex analysis, which often lead to computational affordable solutions of
the considered problems. The notable contributions on convex analysis and convex optimization
provided in [37]–[41] are usually a solid basis for the application of set theory in control.
Notation. The set of real numbers is denoted by R and N stands for the set of positive
integer numbers. We denote Nn , {i ∈ N : i ≤ n}. For any function x defined on R we denote
x(t − ) , lim x(τ) if the limit exists. A C-set is a convex and compact set containing the origin
τ7→t,τ<t

in its interior. For any real λ and any set S ⊆ Rn we define λ S , {λ x ∈ Rn : x ∈ S}. The unitary
ball in Rn with respect to the norm k · k p is Bnp , {x ∈ Rn : kxk p ≤ 1}, its analogous in the
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space of matrices is defined in the following.
II. S ET- THEORY FOR NEARLY- PERIODIC RESET SYSTEMS
Given the interval ∆ = [τm , τM ] with 0 < τm < τM ∈ R and t0 ≤ τM , we define the set of
admissible reset sequences as
n
o
Θ(∆) = {tk }k∈N : tk+1 = tk + δk , δk ∈ ∆, ∀k ∈ N .

(1)

For any time sequence T ∈ Θ(∆) consider the following linear reset system, see [11],



∀t ∈ R+ − T ,

 ẋ(t) = Ac x(t),
x(t) = Ar x(t − ),



 x(0) = x0 ∈ Rn ,

∀t ∈ T ,

(2)

where x ∈ Rn is the system state and Ac , Ar ∈ Rn×n are matrices defining the continuous and reset
dynamics, respectively. Thus, the assumption of strict positivity of τm in (1) avoids Zeno behavior
(i.e. accumulation of reset instants) and the time interval between two resets is upper-bounded
by τM , i.e.
tk+1 − tk ∈ [τm , τM ],

∀k ∈ N.

The state at time t ∈ [tk , tk+1 ), for a given initial state x0 and a reset sequence T ∈ Θ(∆) is
given by
x(t) = eAc (t−tk ) Ar x(tk− ),

∀t ∈ [tk , tk+1 )

(3)

then, the dynamics between two successive resets is given by the following discrete dynamics
−
x(tk+1
) = eAc (tk+1 −tk ) Ar x(tk− ) = eAc (δk ) Ar x(tk− ),

(4)

where δk = tk+1 −tk ∈ ∆. Thus, denoting A(∆) = {eAc δ Ar : δ ∈ ∆}, the problem of stability of the
linear impulsive system (2) rewrites in terms of stability of the LDI described by the following
discrete-time parametric uncertain system
xk+1 = A(δ )xk ,

(5)

where A(δ ) ∈ A(∆) and k ∈ N. Let us recall the definition of GES for the system (5).
Definition 1: The system (5) is GES if there exist positive scalars c, λ ∈ [0, 1) such that
kx(k)k ≤ cλ k kx0 k
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for every x0 ∈ Rn and k ∈ N.
It is noteworthy that system (2) is GES if and only if (5) is so. Notice moreover that the set
A(∆) is not convex in general but it is compact, while the set in which the parameter δ lies, i.e.
the interval ∆, is trivially convex and compact. Then, using the classical result from invariance
and set-induced Lyapunov functions for linear (uncertain) discrete-time systems, see for instance
[24], [42], [43], a necessary and sufficient condition for GES can be given, as follows.
Theorem 2 ( [42], [43]): There exists a Lyapunov function for a linear parametric uncertain
system if and only if there exists a polyhedral Lyapunov function for the system.
The theorem above is less conservative than Theorem 1 in [11], since it gives not only sufficient
but also necessary condition for GES. It claims that the search of the candidate Lyapunov function
can be limited to the family of functions which are induced by polytopes.
Remark 3: It is noteworthy that the functions considered in Theorem 2 are convex, positive
definite and homogeneous as in [11] (the fact that they are homogeneous of order one and not of
order two does not induce any loss of generality). Nevertheless, polyhedral Lyapunov functions
are determined by a finite number of generators (the facets of the polytope they are induced by),
then they form a set of functions strictly contained in the one considered in [11]. Therefore, the
condition in Theorem 2 is less conservative and leads to necessary and sufficient conditions for
stability which are computationally tractable, as shown in the sequel.
We also recall hereafter some definition and property concerning set theory and its application
to the problem of stability of linear parametric uncertain systems. In particular we focus on the
λ -contractive and invariant sets for systems (5), see [21], [24].
Definition 4: Given λ ∈ [0, 1] the C-set Ω ⊆ Rn is λ -contractive for the system (5) if A(δ )x ∈
λ Ω for all x ∈ Ω and δ ∈ ∆. If λ = 1 then Ω is robustly positively invariant.
Given a C-set Ω ⊆ Rn , consider the following sequence of sets

 Ω
= Ω,
0
 Ωk+1 = Q (Ωk , A(∆)) ∩ Ω,

(7)

λ

where
Qλ (S, A ) = {x ∈ Rn : Ax ∈ λ S, ∀A ∈ A } =

\

A−1 (λ S),

(8)

A∈A

with S ⊆ Rn and A ⊆ Rn×n . Some properties of the operator Qλ (·, ·), often referred to as one-step
operator, are provided in the appendix, see Lemma 35. The one-step operator and the recursion
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(7) are related to the maximal robust λ -contractive set, some results on which are recalled in
the theorem below.
Theorem 5 ( [21]): The maximal robust λ -contractive set contained in the C-set Ω ⊆ Rn is
given by
Ωλ =

\

Ωk .

(9)

k∈N

If Ωλ , with λ ∈ [0, 1), is a C-set then for every µ ∈ (λ , 1] there exists k(µ) ∈ N such that Ωk
is µ-contractive for all k ≥ k(µ). Moreover, the system (5) is GES with convergence index λ if
and only if 0 ∈ int (Ωλ ).
Then, the linear parametric uncertain system (5) is GES with convergence rate λ if and only
if Ωλ is a C-set, that means that it has non-empty interior. Moreover, a µ-contractive C-set is
determined by (7) after a finite number of steps provided that µ > λ and the factor λ is such
that λ ≥ λ ∗ , where λ ∗ denotes the maximal convergence index for which a λ ∗ -contractive C-set
exists.
Remark 6: From Theorem 5, it follows that a contractive set with contraction factor µ can be
obtained after a finite number of steps, by applying the recursion (7) with λ ∈ [0, µ) such that
Ωλ contains the origin in its interior (compactness and convexity of Ωλ are ensured by linearity
of the system and the assumption of Ω C-set). Thus, unless one is interested in a contractive
set with contraction factor µ ∈ [0, λ ∗ ] (in which case no smaller contraction factor λ leads to a
Ωλ with non-empty interior), it is always possible to obtain a µ-contractive set by iterating (7)
a finite number of steps with λ ∈ [λ ∗, µ).
Then, the iteration (7) together with an appropriate stop condition, represents one version of
the basic algorithm for obtaining a µ-contractive set for the uncertain system in a finite number
of steps. Moreover, it terminates after a finite number of steps provided λ is adequately chosen.
From this and the fact that every µ-contractive set for a linear parametric uncertain system (5)
induces a global exponential Lyapunov function the result below follows, see [24], [43]. Let
us first recall that, given a C-set S ⊆ Rn , its gauge (or Minkowski) functional ΨS : Rn → R is
defined as
ΨS (x) = min{α ∈ R : x ∈ αS}.

(10)

α≥0

Proposition 7: The linear parametric uncertain system (5) is GES if and only if there exists
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λ ∈ [0, 1) such that for all µ ∈ (λ , 1) and every C-set Ω there is k = k(µ, Ω) ∈ N such that
Ωk ⊆ Qµ (Ωk , A(∆)),

(11)

with Ωk as in (7). Moreover, ΨΩk (x) is a global exponential Lyapunov function for the LDI (5).
Proof: The result comes directly from Theorem 5 and the fact that condition (11) is equivalent
to µ-contractivity of the set Ωk . Indeed, (11) is equivalent to the fact that for all x ∈ Ωk , x belongs
also to Qµ (Ωk , A(∆)) which means, by definition (8), that A(δ )x ∈ µΩk for every δ ∈ ∆, definition
of µ-contractivity of Ωk .
Alternative, but analogous, formulations of the stop conditions are given in literature, see [24].
Thus, summarizing, classical literature results on invariance and set-induced Lyapunov functions
permit to assert that the class of positive definite polyhedral Lyapunov functions, that is, the gauge
functions of polytopic C-sets, forms an universal class of Lyapunov functions for assessing GES
for parametric uncertain linear systems. Moreover, algorithms exist such that contractive sets
(and then also the related set-induced Lyapunov function) can be obtained after a finite number
of iterations for exponentially stable parametric uncertain systems whose state matrix belongs
to a polytope.
The first question we would like to answer is the following:
Problem 8: Given an exponentially stable uncertain system described by the LDI (5), an initial
polytopic C-set Ω and a λ such that a C-set λ -contractive exists, does the recursion (7) with
stop condition (11) provide a µ-contractive polytope?
Notice that we are wondering whether the µ-contractive set, that exists from Theorem 5, is
a polytope or not. The answer depends on the assumptions on A(∆). It has been proven that if
A(∆) is a polytope, then the algorithm provides µ-contractive polytope, [21], [24]. Such results
follow directly from the fact that Qλ (·, A(∆)) maps polytopes into polytopes provided that A(∆)
is a polytope in Rn×n . Nevertheless, if A(∆) is not a polytopic set, such property is no more
ensured in general. The following example illustrates this consideration.
Example 9: Consider the discrete-time linear uncertain system (5) with A(δ ) = αR(δ ) where
R(δ ) is the rotation matrix, i.e.

R(δ ) = 
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with δ ∈ ∆ = [0, π/4] and α ∈ (0, 1), which ensures robust asymptotic stability. The set A(∆)
is not a polytope, neither a convex set, in R2×2 . Notice, the A(δ ) is related to a contraction
and turn dynamics. Given a set Ω, the set of successor and predecessor states of x ∈ Ω for the
system (5) are
[

A(∆)Ω =

A(δ )Ω =

δ ∈∆

A(∆)−1 Ω =

δ ∈∆

A(δ )−1 Ω =

\
δ ∈∆

=

\

αR(δ )Ω = {x ∈ R2 : x = αR(δ )z, z ∈ Ω, ∀δ ∈ ∆},

[

\
δ ∈∆

2

α −1 R(−δ )Ω =

\

{x ∈ R2 : x = α −1 R(−δ )z, z ∈ Ω}

δ ∈∆
2

{x ∈ R : αR(δ )x ∈ Ω} = {x ∈ R : αR(δ )x ∈ Ω, ∀δ ∈ ∆} = Q1 (Ω, A(∆)).

δ ∈∆

Geometrically it means that, for every Ω ⊆ Rn , the set Qλ (Ω, A(∆)) is given by the intersection
of α −1 Ω rotated by −δ , for every δ ∈ [0, π/4]. Therefore the set Qλ (Ω, A(∆)) is not, in general,
a polytope, neither for polytopic Ω. Then there is no insurance that the λ -invariant set potentially
provided by the recursion (7) is a polytope. In fact, we have that
Ωk+1 = {x ∈ Ω0 : αR(δ )x ∈ λ Ωk , ∀δ ∈ ∆} = {x ∈ Ω0 : R(δ )x ∈ α −1 λ Ωk , ∀δ ∈ ∆},
which is given by the intersection of an infinite number of sets, one for every δ ∈ ∆. Consider,
for instance the case of α = 0.9 and apply the recursion with Ω0 = B2∞ and λ = 0.9. We obtain,
at the first step, Ω1 depicted in Figure 1 (left), non-polytopic.

Fig. 1.

Ω0 and Qλ (Ω, A(∆)) for α = 0.9 (left) and α = 0.5 (right).
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Nevertheless, if we choose α small enough for the contraction to compensate the rotation
due to the uncertainty, then a λ -contractive polytope is obtained at the first step. Figure 1 at
right represents Ω0 and Qλ (Ω, A(∆)) for α = 0.5. It is obvious that Ω1 = Ω0 and that it is a
λ -contractive polytope.
Our main objective is to provide a variation of the classical recursive algorithm for contractive sets computation, such that a polytopic contractive set, and then a polyhedral set-induced
Lyapunov function, can be obtained in finite time. Moreover, such algorithm should have a
computational complexity similar to the classical one. The algorithm is afterward adapted to the
case of study of nearly-periodic reset systems.
III. G AUGE FUNCTIONAL FORMALISM
In this section we present more details on the gauge functional, which is widely used in the
sequel to obtain necessary and sufficient condition for GES of (5).
Definition 10: Given a C-set Ω ⊆ Rn , define:
•

gauge functional of a compact set S ⊆ Rn×n :
ΨΩ (S) = max ΨΩ (x),
x∈S

•

gauge functional of a matrix A ∈ Rn×n , as induced by the functional for a vector:
ΨΩ (A) = max ΨΩ (Ax).
x∈Ω

•

gauge functional of compact sets of matrices A ⊆ Rn×n , as induced by the functional for
a matrix:
ΨΩ (A ) = max ΨΩ (A).
A∈A

Notice: if Ω is a symmetric C-set, then ΨΩ (x) is a vector norm, see [24], [44].
Definition 11: The (Hausdorff) distance induced by the gauge functional of the C-set Γ ⊆ Rn
in the space of matrices Rn×n is defined
n×n
dΓ (A , B) , inf{α ≥ 0 : A ⊆ B + αBn×n
Γ , B ⊆ A + αBΓ }

where
n×n : Ψ (A) ≤ 1} = {A ∈ Rn×n : Ψ (Ax) ≤ Ψ (x)}.
Bn×n
Γ
Γ
Γ
Γ , {A ∈ R

Some properties of the gauge functional, necessary in the subsequent development, are presented in the following lemmas, whose proofs are provided in the Appendix.
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Lemma 12: If Ω is a symmetric C-set, then ΨΩ (x) is a vector norm and ΨΩ (A) is the induced
operator norm.
Lemma 13: Given the C-set Ω ⊆ Rn , one has
ΨΩ (A x) ≤ ΨΩ (A )ΨΩ (x)

(13)

The next lemma follows from convexity of Ω.
Lemma 14: Given the C-set Ω ⊆ Rn , ΨΩ (A ) is such that
ΨΩ (A ) = ΨΩ (co(A )).

(14)

Remark 15: Given the C-set Ω ⊆ Rn and A , B ⊆ Rn×n such that A ⊆ co(B) then ΨΩ (A ) ≤
ΨΩ (B). The inverse implication is not true in general: consider for instance A = {0} and
B 6= {0}. Then ΨΩ (A ) = 0 < ΨΩ (B) but A * co(B) in general.
IV. C OMPUTATION - ORIENTED NECESSARY AND SUFFICIENT CONDITION
First we provide a necessary condition, together with its implication, for a set to be λ contractive for the linear uncertain system (5).
Proposition 16: If the linear parametric uncertain system (5) is GES with convergence rate
λ ∈ [0, 1) then for every C-set Ω, every A ⊆ co(A(∆)) and for all µ ∈ (λ , 1) there exists
p = p(λ , µ) ∈ N such that condition
Ωk ⊆ Qµ (Ωk , A ),
holds, with Ωk given by

∀k ≥ p,


 Ω = Ω,
0
 Ωi+1 = Q (Ωi , A ) ∩ Ω,

(15)

(16)

λ

Moreover, if Ω is a polytope in Rn and co(A ) a polytope in Rn×n then Ωk are polytopes and
ΨΩk (x) is a polyhedral global exponential Lyapunov function for the system x+∈ A x.
Proof: The result follows directly from Theorem 5 and the fact that if x+ ∈ A(∆)x is GES,
also x+∈ A x is GES.
The Proposition 16 substantially implies that if one replaces the uncertainty set A(∆) with a
set which is either polytopic or finite and contained in co(A(∆)), then the recursion generates
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sequences of polytopes and terminates with a polytopic contractive set, if the system is exponentially stable. Notice that this entails a relaxation of the uncertainty bounds and then to an only
necessary condition. On the other hand, this leads to a first computationally affordable recursion
for obtaining approximation of the polytopic contractive set for the system (5).
Corollary 17: Given Ω ⊆ Rn polytope with 0 ∈ int (Ω) and A = {Ai }N
i=1 ⊆ co(A(∆)), then
there exist λ ∈ [0, 1) and µ ∈ (λ , 1) such that the recursion (16) with stop condition (15)
terminates in finite steps if the system (5) is GES.
Then, provided the system is GES, every finite selection of matrices in co(A(∆)) gives in finite
time a polytopic contractive set and a polyhedral Lyapunov functions, for adequate λ and µ.
This also means that, if one proves that no contractive set exists for an uncertain system whose
matrices forms a subset of co(A(∆)), then the system is not exponentially stable.
Corollary 18: Given Ω ⊆ Rn polytope with 0 ∈ int (Ω) and A = {Ai }N
i=1 ⊆ co(A(∆)), if there
are not λ ∈ [0, 1) and µ ∈ (λ , 1) such that the stop condition (11) holds for recursion (16),
then the system (5) is not GES.
The main practical drawback of the latter result is that, in general, it is not trivial to prove
that there are no such pair of λ and µ.
Let us consider an increasing sequence of inner approximations of the set co(A(∆)) (for
everyone of which a contractive set exists if (5) is GES, from Corollary 17) that converges to
co(A(∆)). Let us also consider the corresponding sequence of contractive sets obtained by means
of (16) and (15). The main idea is to prove that the latter sequence converges to a polytopic
contractive set for system (5), if and only (5) is GES.
Remark 19: The metric space of the compact sets of Rn×n equipped with the Hausdorff
distance (determined by the unitary ball with respect to a matricial induced norm) is complete,
see [40], [45].
Theorem 20: The linear parametric uncertain system (5) is GES if and only if for every C-set
Ω and every increasing sequence of compact convex sets {A ( j) } j∈N such that A ( j) ⊆ co(A(∆))
and
lim co(A ( j) ) = co(A(∆)),

j→∞

(17)

there exist λ ∈ [0, 1), ν ∈ (λ , 1), k = k(λ , ν) ∈ N and h = h(λ , ν) ∈ N such that condition
(h)

(h)

Ωk ⊆ Qν (Ωk , A(∆))
October 9, 2015

(18)
DRAFT

12

( j)

holds, with the sequence of sets Ωk given by

 Ω( j) = Ω,
0
 Ω( j) = Q (Ω( j), A ( j) ) ∩ Ω,
λ
i
i+1

(19)
( j)

Moreover, if Ω is a polytope in Rn and co(A ( j) ) are polytopes in Rn×n then Ωk are polytopes
and ΨΩ(h) (x) is a polyhedral global exponential Lyapunov function for (5).
k

Proof: Let us note first that, for Ω convex one has Qλ (Ω, A ( j) ) = Qλ (Ω, co(A ( j) )) (see
Lemma 35 in Appendix for details). So, throughout the proof we consider, without loss of
generality, that A ( j) is convex for all j ∈ N. In other words we suppose that A ( j) = co(A ( j) )
for all j ∈ N.
We need to prove that (18) is necessary and sufficient to guarantee that LDI (5) is GES. We
start by necessity, i.e. (5) is GES implies (18). From Theorem 5 and Proposition 16, there exist
λ ∈ [0, 1), µ ∈ (λ , 1) and k ∈ N such that Ωk is µ-contractive for dynamics x+ ∈ A(∆)x. Since
A ( j) is an increasing sequence, Lemma 35 (see Appendix) yields that for every C-set Ω and
every i ≤ j one has Qλ (Ω, A ( j) ) ⊆ Qλ (Ω, A (i) ). Thus, by induction, one has
( j+1)

Ωi ⊆ Ωi

( j)

⊆ Ωi ,

∀i ∈ N, ∀ j ∈ N.

(20)
( j+1)

In particular, for i = k we have that ∀ j ∈ N the following inclusions hold Ωk ⊆ Ωk

( j)

⊆ Ωk .

Let us recall that any decreasing sequence of compact convex sets is convergent and it
converges to the intersection of all its elements, see Lemma 1.8.1 in [40]. Then, from (17) and
n
o
( j)
(20), it follows that, for all i ∈ N, the limit of Ωi
∈ N exists and contains Ωi . Throughout
j

the rest of the proof, for all i ∈ N, we denote
Let us show that

(∞)
Ωi = Ωi

(∞)
Ωi

( j)

= lim Ωi .
j7→∞

for every i ∈ N. The proof will be done inductively and proceeding
(∞)

by contradiction. We already proved above that, for all i ∈ N one has Ωi ⊆ Ωi . We start
(∞)

the induction by noting that Ω0 = Ω0
(∞)

Ωi ⊆ Ωi

(∞)

x ∈ Ωi

(∞)

(∞)

= Ω. Suppose that ∃i ∈ N such that Ωi−1 = Ωi−1 and
(∞)

but Ωi 6= Ωi . Consequently there exists x ∈ Ωi

such that x ∈
/ Ωi . From (17),

(∞)

and Ωi−1 = Ωi−1 , it follows that




(∞)
x ∈ Qλ Ωi−1 , lim A ( j) = Qλ Ωi−1 , lim co(A ( j) )
j→+∞
j→+∞



= Qλ Ωi−1 , co(A(∆)) = Qλ Ωi−1 , A(∆) = Ωi ,

October 9, 2015

DRAFT

13

(∞)

that contradicts x ∈
/ Ωi . We conclude that Ωi = Ωi
(∞)
i = k one has Ωk = Ωk .
( j)
Since lim Ωk = Ωk , we deduce
j7→∞

for all i ∈ N. Thus, for the particular choice

that: for every ε > 0 there exists h ∈ N such that

(h)

Ωk ⊆ Ωk + εBn ⊆ Ωk + ερΩk = (1 + ερ)Ωk ,

(21)

with ρ = ΨΩk (Bn ). Therefore, from the µ-contractivity of Ωk and (20), one has
(h)

(h)

A(∆)Ωk ⊆ (1 + ερ)A(∆)Ωk ⊆ (1 + ερ)µΩk ⊆ (1 + ερ)µΩk ,

(22)

for every ε > 0. By choosing ε such that 1 + ερ < µ −1 , that exists since µ < 1 and ρ is bounded,
(h)

and defining ν = (1+ερ)µ then condition (18) holds and Ωk is ν-contractive for (5) with ν < 1.
j

If Ω and co(A ( j) ) are polytopes, then Qλ (Ω, co(A ( j) )) are polytopes too, see Lemma 35 in
(h)

appendix, and then also Ωk

is so. Thus, ΨΩ(h) (x) is a polyhedral global exponential Lyapunov
k

function for (5).
To prove sufficiency, consider {A ( j) } j∈N such that A j ⊆ co(A(∆)) and (17) holds. Suppose
that there exist appropriate λ ∈ [0, 1), ν ∈ ν(λ , 1) and k = k(λ , ν) such that (18) is satisfied. Thus
( j)

Ωk is a ν-contractive, by definition, which is a sufficent condition for the parametric uncertain
system (5) to be globally exponentially stable with ΨΩ( j) (x) Lyapunov function, polyhedral if Ω
k

and A ( j) are polytopes.

Remark 21: Notice that λ and k in the proof of Theorem 20 do not necessarily depend on
{A ( j) } j∈N , whereas ν and h do. Moreover, from the practical point of view, it is worth noting
that the value of µ, ρ and h don’t have to be computed. Theorem 20 claims that, by choosing
( j)

appropriate λ ∈ [0, 1) and ν ∈ (λ , 1), the sets Ωk are ν-contractive for all j big enough. Thus,
the computational complexity is analogous to that of classical algorithm for contractive sets
computation. The main difference is that the sequence of sets could be more complex, but this
is related to the higher complexity of the problem itself.
Thus, any sequence of compact sets {A ( j) } j∈N whose convex hull converges from the interior
( j)

to the convex hull of A(∆) generates a sequence of C-sets Ωk that converges to a contractive
set for (5). Remarkably, if the sets A ( j) are polytopes or finite sets (and Ω is a polytope), the
( j)

sets Ωk are also polytopes.
Corollary 22: Let the linear parametric uncertain system (5) be GES and consider λ ∈ [0, 1),
µ ∈ (λ , 1), k = k(λ , µ) ∈ N such that Ωk is µ-contractive. Then, for every ν ∈ (µ, 1) and every
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increasing sequence of compact convex sets {A ( j) } j∈N such that A ( j) ⊆ co(A(∆) with (17)
( j)

there exists h = h(λ , ν) such that Ωk given by (19) is ν-contractive for (5) for all j ≥ h.
(h)

Proof: As in the proof of Theorem 20, for every ε > 0 there is h ∈ N such that A(∆)Ωk ⊆
(h)

(1 + ερ)µΩk , see (21) and (22). Then, for every ν ∈ (µ, 1), with ν = (1 + ερ)µ for appropriate
(h)

ε, there exists h such that Ωk

( j)

is ν-contractive for (5). Moreover since Ωk is decreasing with

respect to j, then
( j)

(h)

Ωk ⊆ Ωk ⊆ Ωk + εBn ⊆ (1 + ερ)Ωk ,

∀ j ≥ h,

and then, from µ-contractivity of Ωk ,
( j)

( j)

A(∆)Ωk ⊆ (1 + ερ)µΩk ⊆ (1 + ερ)µΩk ,

∀ j ≥ h.

( j)

This means that all the sets Ωk are ν-contractive for (5) for all j ≥ h.

A. Computation of contractive polytopes and polyhedral Lyapunov functions
Resuming the previous sections, the basic idea for certifying if a nearly periodic reset system
is GES is to generate appropriate inner approximations of the set A(∆) and use it to compute
a contractive C-set. As far as the LDI (5) is GES, every sequence {A ( j) } j∈N whose convex
hull converges to the one of A(∆) leads to a contractive C-set for (5) . Thus, we can restrict
our attention to finite sets A ( j) . This, together with polytopic Ω would lead to sequences of
( j)

polytopic Ωk , thus numerically analogous to similar methods for linear systems.
Remark 23: An important computational implication of considering inner approximations of
co(A(∆)) rather than outer ones, as for instance in [11], is that they are obtained much easier.
In fact, every finite set A contained in co(A(∆)) is an inner approximation. Moreover, adding a
matrix A ∈
/ A such that A ∈ co(A(∆)) to A leads to a tighter approximation of co(A(∆)). Then,
the sequences of A ( j) can be easily generated by adequately selecting sequences of points in
∂ (co(A(∆))). Therefore, no relevant computational effort is required to generate the sequence
A ( j) .

In other words, generating an appropriate sequence A ( j)

j∈N

such that (17) is satisfied is a

tractable problem in general, even for non-polytopic and nonconvex sets A(∆). Thus, the main
computational issue for the practical application of the result in Theorem 20 is checking whether
the condition (18) is satisfied, i.e. if
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( j)

( j)

Ax ∈ νΩk ,

∀A ∈ A(∆), ∀x ∈ Ωk ,

( j)

⇔

( j)

AΩk ⊆ νΩk ,

∀A ∈ A(∆).

If A(∆) is polytopic, it is sufficient to check the previous inclusion only for a finite number of
matrices A ∈ A(∆), i.e. the vertices of A(∆). When A(∆) is not polytopic, convex or not, condition
(18) concerns an uncountable number of matrices in A(∆). A possible approach could consist
in evaluating the condition for an outer polytopic set A , i.e. for A ∈ A with A polytopic
and co(A(∆)) ⊆ A . Nevertheless, this would introduce a certain conservatism. Moreover, the
computation of outer approximations of co(A(∆)) could be numerically inefficient.
The following considerations are aimed at providing tractable conditions to check whether
(18) is satisfied.
Given the two generic sets Λ ⊆ R p×n and A ⊆ Rn×m define
ΛA =

[

ΓA =

Γ∈Λ
⊆ Rn×n

Proposition 24: Suppose that A

[ [

ΓΣ.

Γ∈Λ Σ∈A

compact is such that for every C-set Ω there exists

λ ∈ [0, 1) such that for all µ ∈ (λ , 1) there is k = k(λ , µ) ∈ N such that condition (15) holds,
with Ωk given by the sequence of sets given by (16). If Λ ⊆ Rn×n is such that
A(∆) ⊆ Λ co(A ),

(23)

ΨΩk (Λ) < µ −1 ,

(24)

with

then the linear parametric uncertain system (5) is GES and ΨΩk (x) is a global exponential
Lyapunov function for (5).
Proof: From the stop condition (15), it follows that
Ωk ⊆ Qµ (Ωk , A ) =

\

A−1 µΩk = {x ∈ Rn : Ax ∈ µΩk , ∀A ∈ A }

A∈A

⇔ Ax ∈ µΩk , ∀A ∈ A, ∀x ∈ Ωk ,

⇔

ΨΩk (A x) ≤ µΨΩk (x).

Let us notice that (13), (14) and (23) imply
ΨΩk (A(∆)x) ≤ ΨΩk (Λco(A )x) = max ΨΩk (ΛAx) ≤ max ΨΩk (Λ)ΨΩk (Ax)
A∈co(A )

< µ −1 max ΨΩk (Ax) = µ
A∈co(A )
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where the equality is due to (14). Then there exists ε ∈ [0, 1) such that Ωk is ε-contractive for
the system (5) and ΨΩk (x) is a global exponential Lyapunov function.
The results above leads to the following theorem, that implicitly provides the method for
checking whether system (5) is GES.
Theorem 25: The system (5) is GES if and only if for every two sequences of compact sets
{A ( j) } j∈N increasing, and {Λ( j) } j∈N such that
A ( j) ⊆ co(A(∆)) ⊆ Λ( j) co(A ( j) ),

(25)

lim Λ( j) = I,

(26)

and
j→+∞

(h)

there exist λ ∈ [0, 1), ν ∈ (λ , 1), k ∈ N and h ∈ N such that Ωk , given by (19) is ν-contractive
for x+ ∈ A (h) x and
ΨΩ(h) (Λ( j) ) < ν −1 .

(27)

k

Proof: The sufficiency part, that is (27) implies the system (5) is GES, follows directly from
Proposition 24.
In the following we treat the necessity part. Thus, we suppose that (5) is GES and we prove the
(h)

existence of λ ∈ [0, 1), k, h ∈ N and ν ∈ (λ , 1) such that Ωk is ν-contractive for x+ ∈ A (h) x and
(27) holds, for all A ( j) , Λ( j) such that (25) and (26) are satisfied. First notice that ΨΓ (Λ( j) ) ≥ 1
for every symmetric C-set Γ, otherwise, i.e. if ΨΓ (Λ( j) ) < 1, one has
ΨΓ (A ( j) ) = ΨΓ (co(A ( j) )) ≤ ΨΓ (Λ( j) co(A ( j) )) ≤ ΨΓ (Λ( j) )ΨΓ (co(A ( j) )) < ΨΓ (co(A ( j) )),
(28)
that is absurd. Moreover Λ( j) → I with respect to the Hausdorff distance stated in Definition 11,
for a given symmetric C-set Γ. This means that, for every ε > 0 there exists jε ∈ N such that

 Λ( j) ⊆ I + εBn×n ,
Γ
(
j)
 I ⊆ Λ + εBn×n ,
Γ

for all j ≥ jε , which yields
n×n
ΨΓ (Λ( j) ) ≤ ΨΓ (I + εBn×n
Γ ) ≤ ΨΓ (I) + ΨΓ (εBΓ ) = 1 + ε.
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Thus, for every ν ∈ (λ , 1) and every symmetric C-set Γ, there exists jν ∈ N such that
ΨΓ (Λ( j) ) < ν −1 ,

∀ j ≥ jν .

From Proposition 16, for every A ( j) and every ν ∈ (λ , 1), there exists p = p(λ , ν) such that
( j)

Ωk is ν-contractive x+ ∈ A (h) x, for all k ≥ p. Therefore, for h ∈ N and k ∈ N big enough, (27)
(h)

holds for Γ = Ωk

(h)

and Ωk

is ν-contractive for x+ ∈ A (h) x.

V. F INITELY DETERMINED
POLYTOPIC

LYAPUNOV FUNCTIONS

In the previous sections we proved that, in general, the classical iterative procedure for
obtaining a λ -contractive polytopic C-set entails notable computational concerns when parametric uncertain systems are considered. In what follows the two main computational issues
are addressed to provide an affordable algorithm for obtaining polyhedral exponential Lyapunov
functions, and thus for checking if the nearly-periodic reset system is GES. Both issues are
solved by applying the theoretical results presented above.
The first issue is the fact that the one-step backward operator, basis of such algorithms,
does not necessarily generates polytopic sets unless the set of matrices and the initial set are
both polytopic. Unfortunately, in the case of nearly-periodic reset systems, the set of possible
matrices A(∆) that relate the states between two resets is not polytopic in general. The second
main issue, related to the computation of polytopic contractive sets (and hence of polyhedral
robust exponential Lyapunov functions) concerns the stop condition of the procedure. In fact,
the iteration illustrated in Theorem 20 reaches an end in finite time if the condition (18) holds.
But such condition involves a potentially uncountable number of constraints to be checked, one
for every element of A(∆). This leads to computational problems in particular if A(∆) is not
polytopic.
A. First issue: sequence of polytopes
The proposed solution to the first issue is to generate a sequence of polytopic sets {A ( j) } j∈N ,
in the space of matrices, that converges to the set A(∆). It has been proved, in fact, that if the
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original system is GES, then the contractive set for the sets of the sequence is contractive also
for the original system, for j big enough, see Theorem 20.
Thus, the first step concerns a possible method to generate the sequence of sets in the space


of matrices Λ( j) j∈N and A ( j) j∈N such that conditions (25) and (26) hold. Although this
particular class of converging sequence of approximations of A(∆) might seem rather arbitrary, it
fits very well within the framework considered in this paper. In fact, consider the set of matrices
A(∆) defined in Section II that is:

A(∆) = {eAc δ Ar : δ ∈ [τm , τM ]} = {eAc δ eAc τm Ar : δ ∈ [0, τm − τM ]} =

[

eAc δ Am = Λm Am ,

δ ∈∆m

with
Am = eAc τm Ar ,

∆m = [0, τM − τm ],

[

Λm =

eAc δ .

(29)

δ ∈∆m


The sequences Λ( j)

j∈N


and A ( j)

j∈N

satisfying (25) and (26) can be constructed as stated

below.
Fact 26: Given the nearly-periodic reset system (2), the sequences of sets Λ( j) ⊆ Rn×n and
A ( j) ⊆ Rn×n , with j ∈ N defined as
τ ( j)

= (τM − τm

) j−1 ,

A

( j)

=

j
[

eAc τ

( j) i

Am ,
(30)

i=0

∆( j) = [0, τ ( j) ],

Λ( j) =

[

eAc δ ,

δ ∈∆( j)

satisfy (25) and (26) and {A ( j) } is increasing.
B. Second issue: evaluating the stop condition
The second computational issue to address concerns the stop condition. To solve this problem,
we employed Proposition 24, that provides an alternative method to check the stop condition,
method that involves a measure of the uncertainty effect. Using such a result, it has been proved
in Theorem 25 that if the sequence of sets converging to A(∆) is appropriately generated then
the stop condition is satisfied in finite time, provided the system is GES. Moreover if the set
(h)

Ωk satisfies condition (27), with Λ( j) defined in (30), then the stop condition holds. This means
that, if one is able to check efficiently condition (27), then the stop condition is computationally
affordable as shown in Theorem 25.
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Such a problem consists in practice in finding an affordable method to evaluate function
ΨΩ (eAc δ ) with δ ∈ ∆, or at least its maximum, for appropriate polytope Ω and ∆ = [0, τ]. For
this aim, we provide hereafter a computationally affordable upper bound of the gauge functional
of a set Λ( j) that converges to 1 as (26) holds.
We recall hereafter some results that are the basis of the set-theory and invariance for control,
see [23], [24].
Definition 27: The C-set Ω is β -contractive for the system ẋ = f (x) if and only if for each
point on the boundary x ∈ ∂ Ω the following condition holds
D+ ΨΩ (x, f (x)) ≤ −β ,

(31)

with β > 0.
The link between β -contractivity and exponential stability follows.
Theorem 28: If the C-set Ω is β -contractive for the system ẋ = Ac x with β > 0 then ΨΩ (x)
is a global Lyapunov function and
ΨΩ (x(t)) ≤ e−βt ΨΩ (x(0)),

(32)

for all t ≥ 0 and x(0) ∈ Rn .
In case of polyhedral sets Ω, a necessary and sufficient algebraic condition for contractivity
can be given.
Theorem 29: The polyhedral C-set Ω = {x ∈ Rn : Hx ≤ 1}, where H ∈ Rh×n , is β -contractive
for the system ẋ = Ac x with β > 0 if and only if there exists T ∈ Rh×h such that




 HAc = T H,

(33)
T 1 ≤ −β 1,



 Ti, j ≥ 0,
∀i 6= j.
Summarizing, the existence of a β -contractive C-set Ω is necessary and sufficient for a linear

(and also a linear parametric uncertain) system to be GES. Moreover, the gauge function induced
by Ω is a global Lyapunov function. Finally, a polytope Ω is a β -contractive set, and then
condition (32) holds, if and only if the matrix T exists such that (33) are satisfied.
Notice that, although the requirement of β > 0 is always imposed for achieving exponential
stability, the fact that (33) implies the bound (32) does not depend on the sign of β . Indeed,
such a relation relies essentially on the comparison lemma, that holds for every β . Thus, the
following Lemma holds.
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Lemma 30: Given the polyhedral C-set Ω = {x ∈ Rn : Hx ≤ 1}, where H ∈ Rh×n , the system
ẋ = Ac x and β ∈ R, if there exists T ∈ Rh×h such that (33) holds then (32) is satisfied for all
t ≥ 0.
Proof: The proof, based on the comparison lemma, is substantially the same as Theorem 29,
see [23], [24], without positivity constraint on β .
Thus, an upper bound on ΨΩ (Λ) converging to 1 as τ ( j) goes to 0 can be obtained.
Proposition 31: Given the polytope Ω = {x ∈ Rn : kHxk∞ ≤ 1}, with H ∈ Rh×n , and the set
∆ = [0, τ], then
n
o
−β ∗ τ
ΨΩ (Λ) ≤ max 1, e
,
with Λ =

Ac δ
δ ∈∆ e

S

(34)

and β ∗ = sup{β ∈ R : s.t. (33)}.
T,β

Proof: From Lemma 30 and the fact that x(t) = eAct x with x(0) = x, then
∗

∗

ΨΩ (Λ) = max ΨΩ (eAc δ ) = max max ΨΩ (eAc δ x) ≤ max max e−β δ ΨΩ (x) = max e−β δ ,
δ ∈∆

−β ∗ δ

since e

δ ∈∆

δ ∈∆

x∈Ω

−β ∗ δ

> 0 for all β ∗ and δ . Since e

x∈Ω

δ ∈∆

is a monotonic function of δ , its maximum is

attain at the boundary of the interval ∆ and then (34) follows.

The Proposition 31 provides an easily computable (i.e. through an LMI problem in T and β )
upper bound of the function ΨΩ (Λ) for Λ that is a nonconvex set in Rn×n . Most importantly,
such an upper bound converges to one as τ tends to zero. This means that ΨΩ (Λ( j) ) converges
to 1 as j → ∞. This implies that, the condition (27) holds if and only there exists a r ∈ N for
which also the upper bound is smaller than ν −1 , and then such a bound can be employed to
formulate a computationally affordable stop condition. It is noteworthy that, given the matrix
H, the upper bound in Proposition 31 requires to solve a convex optimization problem and the
explicit dependence on the nonconvex set Λ( j) is removed.
C. Algorithm
A sketch of the algorithm for checking whether the system (5), and then also system (2), is
GES follows.
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Algorithm 1 Checking GES of system (5) with A(δ ) ∈ A(∆)
Input: Values τm , τM ∈ R, λ ∈ [0, 1) and ν ∈ [λ , 1); C-set Ω.
1:

for j ∈ NN do

2:

Get τ ( j) , A ( j) , ∆( j) and Λ( j) from (30).

3:

From (19), get Ωk s.t. Ωk ⊆ Qν (Ωk , A ( j) ).

4:

if Ωk 6= {0} then

( j)

( j)

( j)

( j)

5:

From Proposition 31 get b( j) s.t. ΨΩ( j) (Λ( j) ) ≤ b( j) .

6:

if b( j) < ν −1 then
The system (5) is GES. return

7:

end if

8:

end if

9:
10:

k

end for

Notice that, if condition in point 4 does not hold, one cannot asses that the system is not GES.
In this case, it may be necessary to re-initialize the algorithm with a different (higher) value of
λ.
Remark 32: The procedure above should be more appropriately defined a semi-algorithm,
since it provides an answer in finite time only if the systems is GES. Indeed, in the other case
it may run indefinitely (for this reason we impose a finite maximal number of iteration N).
Nevertheless, notice that the non-finite termination is related to the problem of assuring that
there does not exist an exponential Lyapunov function, which is an undecidable problem in
general.
VI. N UMERICAL EXAMPLES
In this section we present two illustrative examples that provide a comparison with results
from the literature.
Example 33: Consider the system (2) with

−3
1
 0

Ac =  1.4 −2.6 0.6

8.4 −18.6 4.6
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 1 0 0 


Ar =  0 1 0  ,


0 0 ε

(35)
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where ε = 10−10 . Such a system has been taken from [11] in order to compare our results with
those reported there. Unlike [11] in the matrix Ar we use ε ≈ 0 instead of 0. This is done to avoid
some numerical complications in our approach. Nevertheless, we note that a non-zero value of
ε has a negative effect (the eigenvalues of Ar are 1, 1 and ε instead of 1, 1 and 0). Choosing
ε ≈ 0 we can reasonably assert that the results obtained hold also for the system in [11].
In the cited paper, the authors fix τm = 0.1 and search for an estimation of the maximal
value of τM for which the reset system is globally asymptotically stable. The method consists in
practice in computing a polytopic outer bound of the set A(∆). This is done by embedding eAc ∆
into a polytope whose vertices are defined using Taylor expansion. Then an LMI constraint for
every vertex of the polytope is imposed and the resulting stability condition is checked.
In the particular case, the time interval [τm , τM ] is partitioned in 5 subintervals and an 8th
order Taylor expansion is used to obtain the polytopic outer bound of A(∆). This choice seems
to be imposed by the complexity related to outer bound computation and to the LMI condition
for testing asymptotic stability. The result obtained is that the reset system given by matrices
(35) is guaranteed to by globally asymptotically stable for τM ≤ 0.3.
We applied the method presented in this paper, see Algorithm 1, to obtain an estimation of
the maximal value of τM for which global asymptotic stability is assured. After several choices
(52)

of λ , we found out that, using λ = 0.945 and with j = 52 in (30) and k = 17, the set Ω17 is
λ -contractive for the system with A (52) and Λ(52) such that
ΨΩ(52) (Λ(52) ) ≤ 1.0575 < 1.0582 =
17

1
,
λ

for τM = 0.475, where the first inequality results from the application of Proposition 31. The
geometric meaning is that the effect of the implicit approximation process, i.e. considering
(52)

x+ ∈ A (52) x in spite of x+ ∈ A(∆)x, is an expansion of the set Ω17
1.0575. Then, the contraction of

(52)
Ω17

bounded by the value of

compensates the expansion due to the approximation error

and the set results to be contractive (with contraction rate smaller than λ ) also for the system
(5). This means that the necessary and sufficient condition for the system to be GES is satisfied.
(52)

In particular, the contraction ensured for the set Ω17 is given by
λ · ΨΩ(52) (Λ(52) ) ≤ 0.945 · 1.0575 = 0, 9993375 < 1.
17

The fact that the guaranteed contraction is so close to 1 means that the value of τM might be
close to the maximal one, i.e. the critical one over which the exponential stability is lost. On the
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other hand, is has been necessary to use a really complex approximation of A(∆), by partitioning
the set ∆ in 52 subintervals.
(52)

The obtained result is illustrated in Figure 2 where the sets Ω17
(52)

depicted. For every state x ∈ Ω17
the set, and then eAc τ

(52)

and eAc τ

(52)

(52)

λ Ω17

are

(52)

we have that A (52) x ⊆ λ Ω17 , from the λ -contractivity of
(52)

(52)

A (52) x ⊆ int (Ω17 ) for all x ∈ Ω17 . Figure 2 shows also that the

guaranteed contraction is very close to one, since the boundaries of the the two sets are very
close. Remarkably, the estimation of maximal time interval [τm , τM ] for which GES is preserved is
almost twice the value obtained in [11], i.e. 0.375 in spite of 0.2. We think that the improvement
is due to the higher complexity of the approximation of A(δ ). Notice that in our approach the
time interval [τm , τM ] has been implicitly partitioned in 52 subintervals instead of 5 as done in
[11].

Fig. 2.

(52)

Ω17

in light gray and the set eAc τ

(52)

(52)

λ Ω17

in dark gray.

Example 34: This example has been chosen to provide a comparison in terms of conservatism,
with the recent interesting results presented in [10]. The method proposed in the cited work for
checking whether an impulsive system, substantially equal to (5), is GES, consists in finding a
matrix P > 0 such that the parameterized LMI condition
T

ATr eAc δ PeAc δ Ar < P,

(36)

holds for all δ ∈ ∆. This is equivalent to look for a quadratic Lyapunov function for the uncertain
October 9, 2015

DRAFT

24

system (5) which might be very conservative when dealing with uncertain linear systems.
Recall that, as noticed in Section II, the conservatism is completely removed by considering
homogeneous polyhedral functions in spite of quadratic ones. Consider the system (2) with

Ac = 


−0.01

0

0

−0.1

0.9589

Ar = 





 R(0.4π) = 

0.2230

−0.0687 1.0561

−0.031

0.0095

−0.0951 −0.0309


,
(37)


,

with τm = 2 and τM = 5. A necessary condition for (36) to hold for all δ ∈ ∆ is clearly that is
must be satisfied in particular for δ = τm and δ = τM . It can be analytically proved that a P > 0
such that (36) is satisfied does not exists. To have geometrical hints on this fact, consider the
discrete-time system (5) supposing that the reset occurs always at τm and τM . Their the dynamics
are given by

A(τm ) = eAc τm Ar = 

0.9500

0.2406

−0.2406 0.9500


,


A(τM ) = eAc τM Ar = 

0.9589

0.2230

−0.0687 1.0561


,
(38)

whose eigenvalues are complex and the spectral radius are 0.98 and 0.9313, respectively. In
Figure 3, the trajectories of the systems x+ = A(τm )x and x+ = A(τM )x, related to resets occurring
always at τm and τM respectively, are drawn together with the level sets of the related Lyapunov
functions. One can notice that the first system admits Lyapunov function whose level sets must
not be dissimilar from circle whereas for the second one they must be ellipsoids with different
axis. Then, there could not be an ellipsoid inducing a common Lyapunov function and the method
[10] cannot provide a Lyapunov function for the system (5).
On the other hand, a polytopic set that is λ -contractive for both systems x+ = A(τm )x and
x+ = A(τM )x exists. Moreover, a polytope that is contractive with λ = 0.995 for the system
x+ ∈ A (16) x is obtained with k = 12 and it is such that
ΨΩ(16) (Λ(16) ) ≤ 1.0047 < 1.0050 =
12

which implies that

(16)
Ω12

1
,
λ

is contractive also for x+ ∈ A(∆)x, with contraction 0.995 · 1.0047 =

0, 9996765. Thus, the system (5) is GES, although the guaranteed contraction of the robust
(16)

contractive set Ω12 is very close to one, see Figure 4.
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Fig. 3.

Trajectories of the systems x+ = A(τm )x (left) and x+ = A(τM )x (right), with Lyapunov functions level sets.

Fig. 4.

Ω12

(16)

in light gray and the set eAc τ

(16)

(16)

λ Ω12

1

in dark gray. Zoom images on the right.

VII. C ONCLUSIONS
In this paper we employed set theory to provide a computation-oriented method for testing
whether an impulsive linear system is globally exponentially stable. The rule defining the
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occurrence of impulses considered in this paper is assumed to be nearly-periodic. Firstly, we
rewrote the system as an LDI associated with linear parametric uncertain non-polytopic system.
Next, we provided a method for obtaining a polyhedral Lyapunov function, whose existence is
necessary and sufficient for the system to be GES. The approach is particularly suitable since
the computational burden is analogous to that required for linear uncertain polytopic systems.
The computational aspects related to the implementation of the method have been considered.
Finally, the results have been applied to illustrative examples that provide comparisons with
analogous existing methods from the literature.
A PPENDIX
A. Instrumental lemma
Lemma 35: Given λ ∈ Rn , Ω, Γ ⊆ Rn and A , B ⊆ Rn×n then
a) A ⊆ B
b) Ω ⊆ Γ

⇒
⇒

Qλ (Ω, A ) ⊇ Qλ (Ω, B).
Qλ (Ω, A ) ⊆ Qλ (Γ, A ).

c) If Ω is convex, then Qλ (Ω, A ) = Qλ (Ω, co(A )).
d) If the Ω and A are polytopes, i.e.
Ω = {x ∈ Rn : Hx ≤ b},
A = {A ∈ Rn×n : A =

∑ αiAi, αi ≥ 0, ∑ αi = 1},
i∈Na

(39)

i∈Na

then Qλ (Ω, A ) is a polytope too.
Proof: a) If A ⊆ B it is straightforward that

\

A−1 (λ Ω) ⊇

A∈A

\

A−1 (λ Ω) since the second

A∈B

set is obtained by intersecting the first one with some supplementary pre-images of λ Ω.
b) If Ω ⊆ Γ let x ∈ Qλ (Ω, A ) then
Ax ∈ λ Ω, ∀A ∈ A
yielding
Ax ∈ λ Γ, ∀A ∈ A ⇒ x ∈ Qλ (Γ, A ).
Therefore
Ω ⊆ Γ ⇒ Qλ (Ω, A ) ⊆ Qλ (Γ, A ).
c) Since A ⊆ co(A ) from a) one has Qλ (Ω, co(A )) ⊆ Qλ (Ω, A ). Let us show now that
Qλ (Ω, A ) ⊆ Qλ (Ω, co(A )). Let x ∈ Qλ (Ω, A ) and A ∈ co(A ) i.e. there exist n ∈ Na and
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Ai ∈ A , αi ≥ 0, for all i ∈ Nn such that ∑i∈Na αi = 1 and ∑i∈Na αi Ai = A. Thus, Ai x = λ ωi
with ωi ∈ Ω and
Ax =

∑ αi A i x = λ ∑ αi ω i ∈ λ Ω
i∈Na

i∈Na

since Ω is convex. Therefore, ∀A ∈ co(A ) one has x ∈ A−1 (λ Ω), meaning that x ∈ Qλ (Ω, co(A )).
d) It is sufficient to prove that Qλ (Ω, A ) = Qλ (Ω, {Ai }i∈Na ). Indeed, the latter is the intersection of a finite number of polytopes, hence a polytope itself. From a) one has Qλ (Ω, A ) ⊆
Qλ (Ω, {Ai }i∈Na ). It remains to prove that one also has Qλ (Ω, A ) ⊇ Qλ (Ω, {Ai }i∈Na ). Suppose
that x ∈ Qλ (Ω, {Ai }i∈Na ), i.e. HAi x ≤ b for all i ∈ Na . Then for every A ∈ A it follows that
HAx = H

∑ αiAix = ∑ αiHAix ≤ ∑ αib = b,
i∈Na

i∈Na

i∈Na

since αi ≥ 0 and ∑i∈Na αi = 1. Then x ∈ Qλ (Ω, A ), which implies that Qλ (Ω, {Ai }i∈Na ) ⊆
Qλ (Ω, A ).

B. Proof of Lemma 12:
By definition ΨΩ (x) ≥ 0, for all x ∈ Rn . Moreover, it can be easily proved that ΨΩ (·) defines
a norm on Rn as follows.
1) For all x ∈ Rn one has
ΨΩ (x) = 0

⇔

min{α ≥ 0 : x ∈ αΩ} = 0

⇔

x ∈ {0}

⇔

x=0

2) Since Ω is symmetric, for all λ ∈ R, α ≥ 0 and x ∈ Rn the following is true λ x ∈ αΩ ⇔
−λ x ∈ αΩ yielding ΨΩ (λ x) = ΨΩ (|λ |x). For λ 6= 0, one straightforwardly gets:


α
α
ΨΩ (|λ |x) = min{α ≥ 0 : |λ |x ∈ αΩ} = |λ | min
≥0:x∈
Ω = |λ |ΨΩ (x)
|λ |
|λ |
α
where the last equality is obtained by rescaling α as
. For λ = 0:
|λ |
ΨΩ (|λ |x) = ΨΩ (0) = 0 = |λ |ΨΩ (x).
3) For x, y ∈ Rn let us consider ΨΩ (x) = αx ∈ R+ and ΨΩ (y) = αy ∈ R+ . Therefore one has
αx = min{α ≥ 0 : x ∈ αΩ},
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Thus αy x ∈ αx αy Ω and αx y ∈ αx αy Ω. Since Ω is convex one has
αy
αx
αy x +
αx y ∈ αx αy Ω ⇔
αx + αy
αx + αy
αx αy
(x + y) ∈ αx αy Ω ⇔ x + y ∈ (αx + αy )Ω ⇔
αx + αy
ΨΩ (x + y) ≤ αx + αy = ΨΩ (x) + ΨΩ (y)
Let us now consider the operator norm induced by ΨΩ :
ΨΩ (Ax)
= sup ΨΩ (Ax) = sup ΨΩ (Ax)
x∈Ω
x6=0 ΨΩ (x)
ΨΩ (x)≤1

ΨΩ (A) = sup

Since Ω is compact supx∈Ω ΨΩ (Ax) = maxx∈Ω ΨΩ (Ax) and we recover the definition of
ΨΩ (A). From the definition of the operator norm induced by ΨΩ one gets
ΨΩ (Ax) ≤ ΨΩ (A)ΨΩ (x).

C. Proof of Lemma 13:
Using (3) one has
ΨΩ (A x) = max ΨΩ (Ax) ≤ max ΨΩ (A)ΨΩ (x) = ΨΩ (A )ΨΩ (x).
A∈A

A∈A

D. Proof of Lemma 14:
Since A ⊆ co(A ) one has ΨΩ (A ) ≤ ΨΩ (co(A )).
Reversely, let us consider
ΨΩ (Amax ) = max ΨΩ (A) = ΨΩ (co(A )).
A∈co(A )

From the definition of the convex hull Amax ∈ co(A ) implies there exist Ai ∈ A , αi ≥ 0, for all
i ∈ Nn such that ∑i∈Na αi = 1 and ∑i∈Na αi Ai = Amax . Therefore,
!
ΨΩ (co(A )) = ΨΩ (Amax ) = ΨΩ

∑ αi A i
i∈Na

and using Lemma 12 one has
ΨΩ (co(A )) ≤

∑ αiΨΩ(Ai).
i∈Na
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We recall that Ai ∈ A , for all i ∈ NNa . Consequently, ΨΩ (Ai ) ≤ ΨΩ (A ) and using ∑i∈Na αi = 1
one concludes that
ΨΩ (co(A )) ≤ ΨΩ (A )
which finishes the proof.
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