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ARTICLE INFO ABSTRACT
Keywords: Classically, global consensus is achieved in linear multi-agent systems that interact over a
Multi-agent systems connected, unsigned graph. However, when the interactions are non-linear, agents may get

Nonlinear interactions

polarized, i.e., they synchronize locally within communities while the communities do not reach
Equitable partitions

a consensus with each other. In this context, we demonstrate that local synchronizations strongly
rely on the existence of equitable partitions in the graph. Specifically, if some agents synchronize
independently of the initial conditions, we prove that these agents must belong to the same cell
of an equitable partition. On top of that, based on forward invariance properties, we are able to
characterize the stability of local synchronization equilibria in terms of the stability of equilibria
of a quotient graph defined by an equitable partition.

1. Introduction

The research on consensus in multi-agent systems is very extensive. Researchers have established conditions for achieving
consensus in various scenarios, including systems with continuous or discrete-time dynamics, directed or undirected interactions, and
fixed or time-varying interaction weights [1-3]. Most of the existing studies consider that agents update their state using feedback
from the neighbors’ state in the interaction graph. In this setup, these works highlight that network connectivity is crucial to reach
consensus. Indeed, polarization or local synchronization is traditionally obtained by either removing network connectivity by cutting
links in the interaction graph [4,5], or allowing antagonistic interactions [6,7].

It should be noted that global synchronization in large networks is a rather rare phenomenon. Thus, there is an increasing need
for the development of models and tools allowing us to understand the behavior of complex networks in social sciences, economics,
biology, and engineering. Clustering and community detection have received a lot of attention during the past decades [8]. The
most common formulations of this problem in the literature involve the optimization of the modularity function [9] or partition
stability [10].

This paper follows the path opened by [11-13] by assuming that agents update their states based on some nonlinear perception,
or signal, of the neighbors’ states. In this case, although we assume a continuous-time multi-agent dynamics with fixed, undirected
interactions defining a connected graph, one may reach local agreements in clusters. Specifically, the dynamics of each agent is driven
by the difference between its current state and a normalized sum of signals received from its neighbors, where these signals are
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generated by applying a common nonlinear function, denoted by s, to the neighbors’ states. We note that similar models have
been considered by [14], where the sum of the signals is replaced by the signal of the sum, by [15], where the stability of the
origin is analyzed when the interaction is based on individual signals from neighbors, and correspond exactly to [16] for sigmoidal
interaction function.

The study of clustered behavior in networked systems has traditionally focused on how network symmetries, specifically equitable
partitions, drive synchronization patterns in systems with linear diffusive coupling [17-19]. Moreover, the equitable partitions are
explicitly linked to the controllability of robot swarms and how leaders influence clusters [20,21]. It is also noteworthy that empirical
studies have already emphasized the ability of quotient graphs (induced by equitable partitions) to reproduce the asymptotic
behavior of a large graph [22].

However, many real-world challenges involve agents subject to nonlinear input constraints or perception filters, a gap partially
explored in the context of antagonistic interactions [14]. Addressing scenarios with cooperative but nonlinear interactions is essential
for practical implementation in two key domains. First, in engineering and robotics, the nonlinear function s serves as a proxy for
sensor saturation, quantization, or limited communication bandwidth [23]. Our results demonstrate how the interaction topology
can maintain stable sub-formations (clusters) explicitly through the network topology, even when individual actuation is saturated.
Second, in social opinion dynamics, s models confirmation bias and amplification phenomena [11,12]. Unlike standard models that
require cutting links or introducing antagonism to explain polarization, our framework reveals how “echo chambers” (local exact
agreements) can persist as stable equilibria on connected, purely cooperative graphs due to structural symmetries in the social
network.

To formalize these phenomena, this paper establishes a fundamental link between the topological structure of the interaction
graph and the emergence of these local agreement equilibria. While previous works have utilized graph partitions for linear
interactions or specific bifurcations [14,24], we prove that for a general class of nonlinear perception functions, the existence of exact
local agreements is structurally determined by the presence of a weight-regular partition. We further focus on the stricter condition
of equitable partitions, which ensures not only the existence of equilibria but also the forward invariance of the cell-synchronized
manifold. By exploiting this invariance, we perform an exact model reduction, collapsing the high-dimensional network dynamics
into a tractable quotient system. This reduction allows us to derive a sufficient condition for exponential stability by decoupling the
analysis into quotient dynamics (cluster trajectories) and transversal dynamics (internal cohesion).

The rest of the manuscript is organized as follows. Section 2 introduces the instrumental concepts and tools required for our
analysis. Section 3 establishes the structural requirement for clustered equilibria, demonstrating that they are supported by equitable
partitions of the network graph. In Section 4, we show that the dynamics respect this structure by proving the forward invariance of
the cell-synchronized manifold and deriving the lower-dimensional quotient dynamics of the cell states. Section 5 is dedicated to the
analysis of this quotient system. Finally, Section 6 provides conditions for the local exponential stability of a clustered equilibrium.
Some conclusions and perspectives end the presentation.

Notation R denotes the set of real numbers. If x € RV, then x; is the ith component of x and define x_; = (x|, ..., X;_|, Xj41s s Xx)
€ RN-! the vector of all components of x except the ith one. For a matrix A € RN, we denote by q; ; the element of A in the ith
row and jth column. We denote by 15 € RV the vector with all components equal to 1 and for a set M C {1,..., N}, we denote by

1,, € RN the column vector such that [1,,], = | if k € M and 0 otherwise. For x € R, we denote by ||x|| = (xTx)2 the Euclidean
norm of x. Moreover, we denote by diag(x) € RV*V the diagonal matrix with the vector x € RV on the diagonal.

2. Preliminaries
2.1. Graph structure and network interaction

We consider a set ¥ = {1,..., N} of N agents whose interactions are described by the graph ¢ = (V, &) where £ C ¥V x V. We
denote by A = (;;); jey € RN*N the adjacency matrix of G. Thus a;; = 1 if there is an edge between i € V and j € V (i.e,, (i,)) € &),
and a;; = 0 otherwise. The degree matrix D € RMXN s a diagonal matrix with diagonal elements d; = Z/I\i | ;j, representing the
degree of each vertex i. S

The neighborhood of agent i is N; := {j € V | (j,i) € £}. The cardinality of W; is the degree d,. A path in G is a sequence of
edges (i, ip), (ip, i3), ... S ip1) where (i, iy, ) € € for all k € {1, ..., p}. Two vertices i, j € V are connected if there exists a path in

G connecting them. The graph G is connected if every pair of vertices is connected through a path.
Assumption 1. The graph ¢ = (V, €) is fixed, undirected, and connected.
2.2. Signal function and communication model

To each agent i we assign a scalar normalized state value x; € [—1, 1]. Agents interact and update their states based on signals
received from their neighbors. The interaction process is modeled through a common signal function s : [-1,1] — [-1,1],
assumed to be non-decreasing and Lipschitz-continuous. The formulation is quite general; it encompasses the standard linear
consensus model when s(x) = x, but also accommodates a wide range of nonlinearities including saturation effects (e.g., sigmoidal
functions like tanh) [14,25], potential biases (affine functions), and continuous approximations of discontinuous phenomena like
quantization [11,12].
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2.3. Agent and collective dynamics

The state of each agent i evolves according to the following dynamics:
N

X; = dlij;aijs(xj)—xi. [€D)
The collective dynamics of all agents can be expressed in vector form as:

x=D1As(x) - x := f(x), 2
where x = (x|,...,xy)" € X :=[-1,1]V is the vector of agent states and s(x) = (s(x;), ..., s(xy))".

The state space described by the hypercube X is forward invariant [13, Proposition 1], ensuring that solutions remain bounded.

Remark 1 (Normalization and Physical Constraints). The choice of the compact state space X = [—1,1]V is motivated by
both phenomenological and theoretical considerations. From a modeling perspective, this constraint captures inherent physical
limitations, such as actuator saturation in engineering systems or the bounded nature of opinions (e.g., spanning from extreme
disagreement to agreement) in social dynamics [11,16]. Theoretically, [-1, 1]V serves as a canonical form for systems driven by
bounded signal functions. Consider a general signal function s : R — R with extremal fixed points ¢ = min{c € R | s(c) = ¢} and
¢ =max{c € R | s(c) = c}. As a direct consequence of the proof of [26, Proposition 1], the hypercube [¢,c]V is forward invariant
and attractive for the dynamics (2). Since the analysis on any hypercube [c,c]" is equivalent to that on [—1,1]" via an affine
transformation, our formulation introduces no loss of generality. This assumption ensures the vector field is uniformly bounded,
allowing our analysis to focus on the structural relationship between network topology and emergent cluster equilibria.

2.4. Clustered equilibria

As shown in [13], the nonlinear interactions defined by s lead to complex and structured equilibria that may be different from the
global agreement. We are particularly interested in states of local agreement, where the agents self-organize into distinct, internally
synchronized clusters.

Definition 1 (Partition). A partition of the set V is a collection of non-empty subsets = = {Cl, ,CM}, called cells, such that
U ,’{‘i Gy =V and C, nC, =0 for all k # 1. We denote the number of agents in cell C; as its cardinality, N} = |C;|.

The structured states that we study are described below.
Definition 2 (Cell Synchronized State). A state vector x € X is said to be Cell Synchronized (CS) with respect to a partition = if for
every cell C; € z, all agents within the cell have the same state value: x; = x;,Vi, j € .

This allows us to define the following notion of equilibrium.
Definition 3 (Cell Synchronized Equilibrium). An equilibrium x* € X of (2) is said to be a Cell Synchronized Equilibrium (CSE) if it is
a CS vector for a partition .

The central questions of our work are: Which structural properties must a graph G and a partition = possess to guarantee that a
Cell Synchronized Equilibrium (CSE) can exist for a general class of signals s? How can we characterize the stability of the CSEs?

3. The structural implications of CSE

Let us consider a partition = = {C e C M} of the vertex set V. Our objective is to find conditions under which the system (2)
can have a CSE x* with respect to . Such an equilibrium is characterized by the existence of y* = Os sV Yey =[-1,1M
such that for any agent i € C; one has x} = y}.

At the equilibrium one has x; =0, Vi € V, which yields:

| ‘
X = T z s(xl*.). 3)
i jeN;
Let us apply the cell-synchronized assumption to this equation for an arbitrary agent i € C;. The left-hand side becomes x; = y}.

The sum on the right-hand side can be reorganized by grouping the neighbors of i according to the cells to which they belong. Let
b 1= |N;n (| be the number of neighbors of agent i in cell ;. The equilibrium condition for agent i € C; can thus be written as:

M
£ 1 £
n=zgmwﬂ @
Since (3) holds for every agent within the cell C;, taking i’ € C;, (where i’ # i), its equilibrium state must also be y;, leading to:

M
1
Vi = 7 2 busO: ©)
i’ =1
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Egs. (4) and (5) are simultaneously satisfied for any arbitrary vector of cell values y* (and thus for any signal s), if the following
identity hold:

& by b
il i'l % *
— —— s =0, Vy"e).
,;(di dﬂ)(y,) Yy ey
This linear combination of the functions s(y;) is identically zero for any non-trivial choice of s, if all the coefficients are zero. This
gives us the necessary condition:

b; b;

oI e {l,...,M}and Vi,i’ €C,. ©)

d, ~ dy
This condition defines a weight regular partition. However, our goal is to link the dynamics to the purely combinatorial and structural
properties of the graph. A stronger condition is to require the degree of neighbors in the cell to be constant. This condition, known as
equitable partition, is standard in algebraic graph theory, as it ensures that the column space of the characteristic matrix P (defined
below) is an invariant subspace of the adjacency matrix A. We therefore adopt this stronger, more fundamental definition. As we
prove next, the equitable partition condition implies that (6) is automatically satisfied.

3.1. Formalizing the structure: Equitable partitions (EP)
We now formalize the equitable partition and all the structural concepts needed for the subsequent analysis.

Definition 4 (Equitable Partition (EP)). A partition = = {C,, ..., C,,} of V is called equitable if for any two cells C, and C;, the number
of neighbors in C; of any vertex i € C; is a constant b, that is independent of the choice of i € C,.

Remark 2 (Constant Degree in Each Cell). Definition 4 implies that all vertices within the same cell C, of an equitable partition must
have the same degree, denoted dc, . It is therefore weight regular and verifies condition (6).

In the sequel, we introduce the tools to describe the EPs.

Definition 5 (Characteristic Matrix). A partition r is represented by a characteristic matrix P € RV*M where P, = 1 if the vertex
i € Cy, and P, = 0 otherwise. The cell-synchronized state condition is then expressed as x* = Py*.

Definition 6 (Quotient and Induced Graphs). Given a graph G and an EP x:

+ The quotient graph G/x describes the external connections between cells. It is a directed graph on M vertices with a weighted
adjacency matrix B = (b)) € RM*M,

+ For each cell C;, the induced subgraph G, = (C;, &), where & = £ N (C; x C;), describes the internal connections within the
cell. Its topology is given by the cell adjacency matrix A,.
Moreover, an EP z is said to be connected if each induced subgraph G, is connected.

Example 1. For the graph of Fig. 1 with the EP 7 = {C|, ... ,CS}, the characteristic matrix P and the adjacency matrix B of the
quotient graph are given by

2.2 0 0 0
311 0 0

PT=[l; 1 1¢ 1, 1Ig]andB=f0 2 0 1 O0f,
001 0 3
00 0 1 2

where 1., € R!0 (see the Notation section). Note that the adjacency matrix B is not symmetric and contains self-loops.

3.2. A foundational example: Twin node synchronization

The simplest non-trivial example of a cell in an EP consists of two “twin” nodes. This concept provides a link between local
symmetry and local synchronization.

Definition 7 (Twin Nodes). Two distinct agents i, j € V are called twins, denoted i ~ j, if their neighborhoods, excluding each other,

are identical: V; \ {j} = N; \ {i}.

If two nodes i and j are twins, then the partition containing the cell ¢, = {i,j} (with all other nodes in singleton cells) is
equitable. This elementary symmetry has a direct dynamic consequence.

Proposition 1. Leti,j € V be twin agents. Then, under the dynamics (2), they asymptotically synchronize, i.e., lim,_, ., (x;(t) — x;(1)) = 0.
Moreover, the convergence is exponential.
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Cy 2

(a) A graph with a connected equitable partition. (b) Quotient graph of the graph (a) with the partition = = {Cl

Fig. 1. Example of a graph with equitable partition and its quotient graph.

Proof. Consider the difference 6;; = x; — x;. Since i and j are twins, they have the same degree d; = d;. The dynamics of the

difference is given by
: S 1 1
0 =X —%; = d_l 2 s(xy) — T 2 s(xp) +x; = x;
kEN; J keN;

[Z 9(xk) - Z s(xp) = s(x;) + s(xj)] —0j;

’keJ\f\ keN\{i}

&

= d_, [s(xj) - s(x,-)] =5y

Consider the Lyapunov function V (5;;) = 5,.21. /2. Its time derivative is

d.

. . 1 1
V(5ij) = 5ij5ij = 51‘,’ [E[S(xj) —s(x)] = 5,']] =——( - xj)(S(Xi) - S(Xj)) - 5,2/
1 1
Since s is non-decreasing, the term (x; — x;)(s(x;) — s(x;)) > 0. Therefore, V(s; i) < —51.21. = —2V(5;;), which guarantees exponential
convergence of §; j(t) to zero. []

4. Dynamics on the equitable partition manifold

Having established that EP structure ensures the existence of CSE, we now demonstrate that the dynamics (2) preserve the CSE
induced by this EP structure. This allows us to perform a model reduction, simplifying the N-dimensional system to a more tractable
M-dimensional one that governs the evolution of the cell states.

4.1. Forward invariance of the cell-synchronized manifold

Definition 8. Given a graph G with an EP z, the Cell Synchronized Manifold, denoted S,, is the subspace of states that are
cell-synchronized with respect to z:

S, ={x € X |x= Py for some y € Y}. @
The following proposition confirms that, if the agents in each cell start synchronized, they will always remain synchronized.
Proposition 2. Let 7 be an EP of the graph G. The cell-synchronized manifold S, is forward invariant with respect to the dynamics (2).

Proof. Consider an initial state x(0) € S,. By definition, there exists a vector y(0) € Y such that x(0) = Py(0). This means that for
any cell C, all agents i € C, have the same initial state, x;(0) = y,(0).

To prove invariance, we must show that the time derivatives x;(¢) are identical for all agents i within the same cell C;, at any
time ¢ where x(r) € S,. Let us examine the dynamics for an arbitrary agent i € C;:

Lo
%,(t) = z Z{ ayys(x; (1) = x,(0).

Since x(t) € S, we can substitute x;(t) = y,(t) for all j € C;, and x;(t) = y,(t). We can group the sum over neighbors by the cells
they belong to:

N

M M
N as(x;(0) = Z Y s =Y by @),
I=1 jeN;nC,

j=1 =1
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The last step follows from Definition 4, as the number of neighbors of i € C, in cell C, is the constant b,,. As established in Section 3,
the degree d; is also constant for all i € C;, equal to d, . Substituting these back, we get:

M

LS b s ) - v 0.
1

%0 = -

Cr I=
This expression for x,;(r) depends only on the index of its cell, k, and not on the specific agent i. Therefore, for any two agents
i,i" € Cy, we have x;(t) = x, (7). Since they share the same initial state and the same derivative, their states will remain identical for
all ¢+ > 0. This holds for all cells, so x(¢) remains in S,. []

4.2. Derivation of the quotient dynamics

Proposition 2 allows us to perform an exact model reduction. Since the dynamics on S, preserves cell synchronization, we can
derive a lower-dimensional model that describes the evolution of the cell values y directly.

To proceed, we first state a standard result from algebraic graph theory that formalizes the relationship between the full graph
matrices (A, D) and the quotient/partition matrices (B, P).

Lemma 1. Let = be an EP with characteristic matrix P and quotient matrix B. Let D = diag(dc,, ..., dc,,) be the diagonal matrix of cell
degrees. The following identities hold:
(i) AP = PB,
(i) DP=PD,
(i) D~'P=PD".

Proof. (i) See [27, Lemma 9.3.1]. (ii) The (i, k)-th entry of DP is d; Py. If i € C;, Py = 0. If i € Cy, the entry is d; = d, . The (i, k)-th
entry of PD is Y, P, Dy = Py Dy = Pyde, . This is also d¢, if i € C; and 0 otherwise. (iii) Follows directly from (ii) by multiplying
it by the inverse matrices in both sides. []

We now derive the quotient dynamics.

Proposition 3. For any state x(t) € S, with x(t) = Py(t), the dynamics of the cell values y(t) is governed by the following M -dimensional
quotient dynamics:

y=D""Bsy) -y. ©)

Proof. We start with the collective dynamics (2): x = D~ 'As(x) — x. Since x = Py, we have x = Pj. The signal function acts
element-wise, so for any i € C;, we have s(x;) = s(y,). This implies the vector relation s(x) = s(Py) = Ps(y). Substituting these into
the dynamics yields:

Py = D' A(Ps(y)) - Py.
Now we apply the identities from Lemma 1. First, we replace AP with PB:

Py =D 'PBs(y) - Py.
Next, we replace D' P with PD ™
Py=PD 'Bs(y)- Py=P (D"Bs(y) - y) .

The columns of the characteristic matrix P are linearly independent. We can therefore left-multiply by the pseudo-inverse P* =
(PTP)'PT to isolate ¥, which yields the quotient dynamics (8). []

Remark 3 (Equilibrium Equivalence). Proposition 3 establishes an equivalence between the full dynamics (2) on the manifold S, and
the lower-dimensional quotient dynamics (8). A direct consequence is that a cell-synchronized state x* = Py* is an equilibrium of
the full system (2) if and only if its corresponding cell-value vector y* is an equilibrium of the quotient system (8). This simplifies
the search for all possible CSEs in finding the equilibria of the more tractable M-dimensional system. However, it is important to
note that the full system may possess other equilibria that are not cell-synchronized. Therefore, we cannot always describe the full
system by this reduced model.

Remark 4 (Extension to Directed Graphs). It is worth noting that the results in Sections 3 and 4 regarding the existence of CSEs
and the derivation of the quotient dynamics do not strictly require the graph G to be undirected. In the context of directed graphs,
Definition 4 corresponds to a row-equitable partition, where the out-degree of every node in cell C, pointing to nodes in cell
is constant. Under this condition, the algebraic identity AP = PB holds even for asymmetric adjacency matrices. Consequently,
the forward invariance of S, (Proposition 2) and the reduced quotient model (Proposition 3) remain valid for directed strongly
connected graphs.
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5. Analysis of the quotient system

The derivation of the quotient dynamics in Section 4 provides us with a useful analytical tool. The problem of finding CSEs on an
N-dimensional system has been reduced to the problem of finding the equilibria of the M-dimensional system (8). In this section,
we analyze this quotient system to first guarantee the existence of such equilibria, and then to characterize how their number and
type depend on the relation between the network structure and the nonlinearity of the signal function.

5.1. Existence of local agreement equilibria

Our first step is to confirm that the quotient system is well-behaved and possesses at least one equilibrium point. This result
directly implies the existence of at least one CSE in the original full-scale system.

Proposition 4. The quotient dynamics (8) has at least one equilibrium point y* € Y.

Proof. The function g(y) = Dles(y) is continuous on the compact convex set Y since s is continuous. Furthermore, coordinates
of g(y) are convex combinations of values s(y ) E[=1L1], thus g(y) € Y. By Brouwer’s Fixed Point Theorem, g must have at least
one fixed point y* € Y. []

5.2. Characterization and bifurcation of equilibria

Although its existence is guaranteed, the nonlinear nature of s may lead to the emergence of multiple CSE. To understand this
phenomenon, we analyze the equilibrium condition for a single cell, which reveals a fundamental trade-off between internal feedback
and external influence.

The equilibrium condition y* = Dles(y*) can be written for a single cell C; as:

b sy} >——s<y >+Z—s< 0.
Ve= Z k1S k
dck = I#k de
This expression motivates us to define two key quantities for each cell C;:

* The internal influence ratio, y; = by /dc,, which is the fraction of a cell’s connections that are internal to itself.

+ The external inﬂuence,

m(y_x) = biys(yp),
- bkk ,;,f
where y_, is the vector of state of cells other than C,. Thus, m,(y_,) represents the weighted average of signals received from
all other cells. Note that d¢, — by, = X4 by

With these definitions, the equilibrium condition for cell C, can be rewritten as a balance equation:

Vi = mesp) + (1= pm (v ). 9

For a fixed external influence m,, finding the equilibrium y} is equivalent to finding a fixed point of the one-dimensional function
2c) = mes(v) + (1 — py)my.. The following lemma provides the condition for this fixed point to be unique.

Lemma 2. Let u € [0,1) and m € [-1, 1]. The function g,,(x) = pus(x) + (1 — y)m has a unique fixed point in [-1, 1] for every m € [—1,1]
if and only if the function h(x) = us(x) — x is strictly decreasing on [—1,1].

Proof. A fixed point x* satisfies x* = ps(x*) + (1 — y)m. Define f(x) = x — us(x), so the condition is f(x*) = C, where C = (1 — u)m.
As m varies in [—1, 1], C varies in the interval I = [—(1 — u), 1 — u]. The lemma is equivalent to stating: the equation f(x) = C has a
unique solution x € [-1, 1] for every C € I if and only if f(x) is strictly increasing on [—1, 1] (since f = —h).

(<) Assume f(x) is strictly increasing. Then f is injective, guaranteeing at most one solution for any C. We evaluate the
endpoints: f(-1) = =1 — us(=1) £ =1+ uy = —(1 — p) and f(1) = 1 — pus(l) > 1 — u. Since f is continuous, by the Intermediate
Value Theorem, the range f([—1,1]) contains [f(—1), f(1)], which includes I. Thus, for every C € I, a solution exists. Existence plus
injectivity yields uniqueness.

(=) Assume that for every m € [-1,1], g has a unique fixed point. We prove by contradiction, assuming f(x) is not strictly
increasing. Since f is continuous, if it is not strictly increasing, it cannot be injective. Therefore, there exist x; < x, in [—1, 1] such
that f(x;) = f(x,). Let Cy = f(x)) = f(x,). If Cy € I =[-(1 — p), 1 — ], then for the value m; = Cy/(1 — u) € [—1, 1], the equation
f(x) = Cy has at least two solutions. Thus, there are two fixed points of g(x) for m,. This contradicts the premise that the fixed point
is unique for all m € [-1,1].

Therefore, the condition holds if and only if f(x) is strictly increasing, which is equivalent to h(x) = —f(x) being strictly
decreasing. []
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Fig. 2. Bifurcation diagram of (9) for different values of m(y_,) with s(x) = tanh(10x). The red dashed line represents unstable fixed points, and
the black line represents stable fixed points. The markers represent the fixed points for the different values of m. For m = 0, there is a pitchfork
bifurcation at y, = 0.1 while for m = 0.5, there is a perturbed pitchfork bifurcation at y, =0.5.

This lemma allows us to connect the network structure (via y,) to the potential for multiple equilibria. A high internal influence
u; combined with a strong nonlinearity in s can cause i(x) to lose its monotonicity, leading to bifurcations. For a fixed external
influence m;(y_;), we can define the parameterized function g,(y;;y_;) = pes(y) + (1 — u)m(y_;) and formulate the following
proposition.

Proposition 5. Let G be a graph with an EP n = {C,,...,Cy,} and K be the minimum Lipschitz constant of s. Then, the following hold
true.

 If u K < 1, then g, (y;; y_x) admits a unique fixed point for any fixed y_, € [-1, []M~1.

* If u K > 1, there exists y_, € [—1, 11! such that g,(y,;y_,) admits multiple fixed points in its first argument y,.

Proof. Let us first assume that 4, K < 1. One can verify that g, is a contraction mapping on its first argument y, for any fixed
Y_i € [-1,11M~!. Indeed, for any y,, 7, € [-1,1],

|gk()’k§y—k) - gk(fk§y—k)| = |14k(3(J’k) - S(f’k))l <mK |Yk - )7k| < |J’k - fk| .
Therefore, g, admits a unique fixed point in its first argument y, for any y_, e [-1,1]M~1.
Assume now that y, > 1/K. Then, 1/4, < K and since s is non-decreasing and with minimum Lipschitz constant K, we have
Supy, 4y, (s(v5)=5(¥,))/(¥5—»,) = K. This means that there exist y,, y, € [-1, 1] with y, < y, such that (s(y,)=5(,))/(V=¥.) = K 2 1/ py.
Then, by rearranging,

50b) = 50a) > ”i S 1 Sp) = Yy 2 HeS(Ve) — Yo © h(yp) 2 h(y,),
k

Vb~ Va
where A(y) = p; s(y) — y. Thus, since m;(y_,) € [-1, 1], if such y, < y, exist, we have h(y,) > h(y,) implying that i(y,) is not strictly
decreasing. Then, from Lemma 2, g, admits multiple fixed points in its first argument y, for some values of y_, € [-1,1]M-1. O

Remark 5. Proposition 5 exhibits that cells with high internal connectivity (large x,) are more susceptible to self-organizing into
multiple distinct states, driven by the nonlinearity of s. This provides a direct link between the graph’s structure and the complexity
of its equilibrium landscape, as illustrated in Fig. 2.

6. Stability of local agreement equilibria

While the existence of a CSE is guaranteed, its stability is not. We now derive conditions for the local exponential stability of
an equilibrium x* = Py* for specific kind of perturbations. For simplicity of the presentation, we will assume that a continuously
differentiable signal function s. The core of our analysis is to decompose the stability problem, leveraging the invariant manifold
structure of S,. Although the local stability of any equilibria x* can be studied by looking at the Jacobian matrix of the full
system, this may not be suitable or computationally feasible for very large graphs. On the other hand, the quotient system may
be low-dimensional and thus easier to handle.

6.1. Quotient stability

First, we analyze the system’s response to perturbations along the manifold S,, where the average state of each cluster is
perturbed but internal synchronization is preserved. For example, the state moves from x* = Py* to a perturbed state x = P(y* +ey).
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The stability against these perturbations is entirely determined by the dynamics of y* as an equilibrium of the M-dimensional
quotient dynamics (8). Consequently, for the cluster configuration to be stable, the equilibrium y* must be a stable equilibrium of
the quotient dynamics. To assess this, we linearize the system around the equilibrium y*, which yields the quotient Jacobian matrix:

J oy 1= D7 BS' ()~ 1. (10)

where s'(y*) = diag(s'(}), ..., 5 (¥},))-
We establish the relationship between the quotient and full system spectra via the following lemma.

Lemma 3 (Spectral Inclusion). Let x* = Py* be a CSE. The spectrum of the quotient Jacobian J ., (y*) is a subset of the spectrum of the
full Jacobian J(x*). Specifically, for every eigenpair (4,v) of J gy (¥*), (4, Pv) is an eigenpair of J(x*).

Proof. We show that the Jacobian matrices satisfy the intertwining relation J(x*)P = PJ, quot ) Recall the definitions J(x*) =
D' As'(x*) ~ Iy and J () = D' Bs'(y") — I ;.
Since x* € S,, we have s/'(x*)P = Ps'(y*). Using this and the identities from Lemma 1:

J(x*)P = (D7'As'(x*) —I5y)P = D7'APs' (y*) - P
=D 'PBs'(y*)— P (using AP = PB)
=PD'Bs'(y*)- P (using D~'P=PD™")
.y (D“Bs’(y*) - IM)
=PJ ().
Let (4,v) be an eigenpair of J,,(y*). Multiplying the relation by v from the right yields:
J(x*)(Pv) = PJ 4y (y*)v = P(4v) = A(Pv).

Since P has full column rank (by definition of P, see Example 1), Pv # 0, proving that Pv is an eigenvector of J(x*) associated
with 2. [J

This inclusion allows us to formally state the necessary and sufficient condition for stability with respect to perturbations within
the manifold S,.

Proposition 6 (Quotient Stability). Let x* = Py* be a CSE for an EP n. Assume that the signal function s is continuously differentiable in
a neighborhood of each component of y*. The equilibrium x* is exponentially stable with respect to perturbations restricted to the invariant
subspace S, if and only if the quotient Jacobian J .. (y*) is Hurwitz.

Proof. The dynamics restricted to the invariant subspace S, is topologically conjugate to the linear system z = J g, (y*)z via the
coordinate transformation x = Pz. Therefore, the restricted system is exponentially stable if and only if all eigenvalues of J g, (y*)
have strictly negative real parts (i.e., J 4, (y*) is Hurwitz). This is a direct consequence of the linearization principle (see [28]). [

6.2. Transversal stability

Second, we must analyze perturbations transversal to the manifold S, which break the synchronization within one or more cells.
For example, two agents i, j within the same cell C, are perturbed from their common state y; such that their new states are no
longer identical. Transversal stability requires that the system dynamics actively suppress such internal disagreements, forcing the
states of agents within any given cell to re-synchronize. If this condition is not met, a cell could “break apart” and lose its coherence,
even if the cell’s average state remains stable according to the quotient dynamics. Those properties fall into two categories:

« Internal Cohesion: Each cell C, must possess internal dynamics that are inherently stable.

+ Inter-Cell Coupling: Disagreements are coupled across cells. A perturbation in cell C; can propagate and destabilize cell C,.

To emphasize this decomposition, let us consider a small perturbation & around x*. Its linearized dynamics is 6 = J(x*)8. We
focus on the block of equations corresponding to the agents in a cell C,. The perturbation sub-vector §, evolves according to:

M
b= (J(x"8) = Y T8, =T 8+ ) Jy;5;
j=1 J#k
where J, ; is the (k, j)-th block of the Jacobian J(x*). From the definition of J(x*), these blocks are:
s' ) s' (7))
kAk—INkandka= 4

de, de,

Ji = Ay; fork#j.
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Moreover, the disagreement vector dynamics of in cell C; is given by e, = IT ,;Lék and is found by applying the projection operator

. 1 : .
mt=Iy - N—klNlek to the dynamics of §,:

i . s' () s’
ey = (L&) = IIE6, = I | ——C A — Iy |8+ ) ITF———A, 8, an
4 & o
Internal Inter-Cell

Internal cohesion stability
In this part, we will focus only on perturbations inside a specific cell C, for some k € {1,..., M}. This means that for all j # k,
8; = 0. To measure the internal cohesion, we define the internal error decay rate of the cell k,
s (%)
@07 1= 1= — Ay, (A, (12)
Cr

where Ay _;(4,) is the second largest eigenvalue of the induced subgraph matrix A,. One has the following proposition:

Proposition 7. Let x* = Py* be a CSE resulting from a connected EP r. Then, the equilibrium x* is exponentially locally stable for any
perturbation along 1., (ie., inside the cell) if and only if a;(y;) > 0.

Proof. Considering perturbation only inside the cell (i.e., along 1., ) of a CSE is equivalent to studying the error dynamics (11)
without the inter-cell part since & ;=0 for all j # k. Let us focus on the internal part of (11).

The EP structure implies that the adjacency matrix of the induced subgraph of C;, A, has a constant row sum b;,. This means
Aily, =byly,, so A, and the projector I7 kL commute. Therefore:

n 50D s'O) N s’
b= I ATy, o= (= Ac=Ty, )10, = ( =C A= Ty, e
k

Ci Ci

Thus, the internal error dynamics of cell k around x* is given by

, 5"
e, = A —Iy e
de,

Since this system is linear, the stability is determined by the eigenvalues of the matrix M = s"(y;)A,/dc, — I y, restricted to the
subspace 11{, (since e, L 1y,). The eigenvalues of A, are 4; < -+ < Ay, . By Perron-Frobenius Theorem (e.g., see [29]) since the
graph induced by A, is connected, its largest eigenvalue Ay, has multiplicity one and corresponds to the eigenvector 1y, and is then
irrelevant for e,. The eigenvalues of M, governing the disagreement are s"(y;)4;(A;)/d¢, —1 for i < N,. The largest real part among
these is determined by Ay, _; with the maximum eigenvalue being s'(y;)Ay,_1(Ay)/dc, — 1 = —a(y;). Thus, by the linearization
principle, the system is stable if and only if a,(y;) > 0. [

Inter-cell coupling stability
When cells are interconnected, disagreements can propagate. We model this via a comparison system involving the norms of the
errors. Define the coupling gain matrix G € RM*M;

-, () ifk=j
Gy = s'(yl*.) (13)

! Vb ifk#j.

Remark 6. Note that if a cell C, has N, = 1, it is trivially connected, and the Transversal Stability condition (12) does not apply
to that cell.

Proposition 8 (Transversal Stability). Let x* = Py* be a CSE resulting from a connected EP =. Assume that for all cells with N, > 2,
a,(yp) > 0. If the coupling gain matrix G defined in (13) is Hurwitz, then the transversal dynamics is locally exponentially stable (i.e., e(t) — 0
exponentially).

Proof. Since the destabilization part emerging from the internal cohesion has been characterized in Proposition 7, let us focus on
the inter-cell perturbation.

For the external influence, we decompose the perturbation §; from another cell C; into its average component and its
disagreement component: §; = §;1 N, e As before A,; (the N\, x N; block of A) has a constant row sum by, thus, 4;;1 N, = by,
The projection of the influence from the average part of §; is:

I A6y ) = 5,11 (A1) = 6,11 (by1x,) = 0.

10
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The average perturbation from other cells does not affect the internal disagreement dynamics. The only influence comes from the
disagreement vectors e;:

i op o SOD
ItJ,;8; = 7 I A1y, +e) = 2 II;  Ayje;.
" k

Combining these terms and defining the external influence asu; = ¥, ' (¥7)Ay;e;, we get the equation for the transversal dynamics:

5"

) k | -

¢y = ATy )ey+ —ITtu,.
< de, k de, k

For each subsystem k, we define the degree-weighted Lyapunov function: V,(e;) = dckllekll2 /2. Its time derivative along the
trajectories of the disagreement dynamics is:

Viley) =dcefe, =e] (s/(ylt)Ak - deINk) e, +el IIjlu,.
For the first term, using the Courant-Fischer theorem, since e, L 1y, it yields eZAkek < An,- ((Aplle;|I?. Thus, one has
el(s' Ay — de, Ty, ey <5 57 An, -1 (A — de, ey |12
= - [de, = 5 0D An, 1 (A0)] llegll? = =de e
For the second term, Cauchy-Schwarz gives eZuk < |legll - llug]l. We bound the input norm ||u|| by
el = || X 5 0D A | < XS GDIAL N, - lley .
j#k J#k
Using the spectral norm bound for adjacency matrix (e.g., see [301), [|Ag;ll, < 4/bx;bjx, we have:
gl < Y s 5/ bisbyile; .
7k
Thus, this yields the differential inequality:
Y. £ 2 Iy
Vilew) < —de, ag)llel + lleell - Y ') /bisbylle . (14)
J#k
Let z;(t) = |lex(0)||. Substituting z; in (14) (and dividing by z, for z;, # 0) gives a system of linear differential inequalities for the
vector of norms z:

s'(v;

5 e

2 < =y (y)ze + Z i \/ bz,
k

J#k

which can be written as z < Gz. By the Comparison Lemma, if the linear system 7 = G is exponentially stable (i.e., if G' is Hurwitz),
then z(r) converges exponentially to zero. This establishes the local exponential stability of the synchronization manifold S,. [J

Remark 7 (Connected EP Assumption). The assumption that the EP 7 is connected ensures that each induced subgraph G, is connected.
If the connectivity assumption on the partition is dropped, a cell C, with N, > 2 might have b;, = 0 (no internal edges). In this
scenario, D, = 0 and L, = —A,. The stability matrix for transversal modes becomes M = s'(y;)A, — Iy, . Stability then requires
s A4 <1 for all eigenvalues 4;(A;) of A corresponding to transversal modes.

6.3. Main stability theorem

We combine the analyses of the quotient and transversal dynamics to provide sufficient conditions for the full local stability of
the equilibrium.

Theorem 1. Let x* = Py* be a CSE resulting from a connected EP n. Assume the signal function s is continuously differentiable. If the
following conditions hold:

() Quotient Stability: The quotient Jacobian matrix J ., (y*) defined in (10) is Hurwitz.

(i) Transversal Stability: For every cell C; with N > 2, the internal decay rate is positive (a,(y;) > 0) and the coupling gain matrix G
defined in (13) is Hurwitz.
Then, the equilibrium x* is locally exponentially stable.

Conversely, if x* is locally exponentially stable, then J y,,(y*) is Hurwitz and a,(y;) > 0 for all k.

Proof. The eigenvalues of the full Jacobian J(x*) determine local stability. By Lemma 3, the set of eigenvalues of J quat(¥) is @
subset of the eigenvalues of J(x*). (i) ensures that these M eigenvalues have strictly negative real parts.

The remaining N — M eigenvalues govern the dynamics of the disagreement subspace (transversal dynamics). (ii) ensures, via
Proposition 8, that the transversal dynamics is exponentially stable. Since both invariant subspaces are stable, the full system is
locally exponentially stable.

11
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(a) State trajectories over time (log scale). (b) Asymptotic network state configuration.

Fig. 3. Numerical verification of the stability of a CSE applied to Opinion Dynamics. The simulation uses the graph topology from Fig. 1(a)
and a saturation interaction function s(x) = min(1, max(—1, Kx)) with K = 1.2. The state x; € [-1, 1] represents the normalized opinion of agent
i on a topic (where —1 and +1 denote extreme opposing views). The saturation function models the bounded influence agents have on their
neighbors via nonlinear interaction. (a) Time evolution of opinions. The solid lines represent individual agent opinions. Multiple curves of the
same color correspond to different agents in the same cluster starting with random initial views. The dashed lines represent the average opinion
of each cluster. (b) The steady-state of opinions (+ = 30). Node shapes indicate membership in specific social clusters (cells C,, ..., Cs), while the
color gradient represents the final opinion value. The uniform color within each group confirms that agents within the same social cluster have
reached a local consensus (polarization). The plot illustrates the formation of “echo chambers”: agents rapidly align with their immediate cluster
(transversal stability), followed by the slower settling of the clusters’ collective opinions (quotient stability). The simulation code is available
at [31].

Conversely, if J(x*) is Hurwitz, then its subset of eigenvalues corresponding to J,, must be stable (Proposition 6), and the
diagonal blocks corresponding to internal modes must be stable (Proposition 7), implying (>0 0O

Fig. 3 provides a numerical illustration of convergence to a stable CSE on the graph from Fig. 1. The top panel shows the final
polarized state, where agents within each cell (identified by shape) have reached a common value (uniform color). The bottom
panel displays the system’s trajectories, revealing a clear two-stage dynamic. First, individual agent states (thin solid lines) rapidly
contract onto their respective cell averages (dashed lines), demonstrating the system’s transversal stability. Subsequently, these cell
averages converge more slowly to their final equilibrium values, governed by the stable quotient dynamics, thereby confirming
quotient stability. The simulation provides a concrete validation of the stability decomposition established in Theorem 1.

Remark 8 (Relaxation of Smoothness of s). The previous Propositions and Theorem assume that the signal function s is continuously
differentiable near the equilibrium x*. While this facilitates a tractable proof using standard linearization, the result can theoretically
be extended to non-smooth, Lipschitz continuous signals (e.g., piecewise linear functions) using non-smooth analysis tools such as
Clarke generalized Jacobian (e.g., see [32, Section 1.3]). In that framework, the scalar derivative s'( y;:) in conditions (10) and (12)
would be replaced by elements of the generalized gradient set ds(y;). Stability would then require that the quotient and transversal
conditions hold for all values within this set.

Remark 9 (Stability in Directed Graphs). While the structural reduction holds for directed graphs, the stability conditions in
Propositions 7, 8 and in Theorem 1 require modification due to the asymmetry of A.

For Proposition 7, the proof relies on the derivative of |le,||?, which generates the quadratic form eZAkek. For directed graphs,
this term is governed by the symmetric part of the matrix, Aiym = (A, + Az) /2. Consequently, for a directed graph, the internal
decay rate «; in (12) must be defined using the eigenvalues of Aiym rather than A;:

' ()
s . k
(X,iym(yk) =1- TiNk_l(Aiym)
k

Furthermore, in the proof of Proposition 8, the bound on the cross-coupling term || A; ||, in (13) no longer simplifies to /by ;b .
From [30], it is instead bounded by /by cy;, where ¢;; is the maximum column sum of the block A;; (representing the maximum
number of incoming edges from cell C, to a single agent in C)).

Remark 10 (Robustness to Approximate Partitions). While Definition 4 requires exact algebraic symmetry, real-world networks
often exhibit only approximate structural regularity. Following recent developments in spectral graph theory and synchronization
from [19], one can define a quasi-equitable partition by introducing a deviation matrix E = AP — PB, where | E|| represents the
structural error (e.g., variance in row sums). In our context, this structural mismatch acts as a perturbation to the quotient dynamics.
Specifically, the invariance condition x = Py is violated by a term proportional to Es(x). However, since the signal function s is
bounded on the invariant set X (see Remark 1), this structural perturbation is uniformly bounded. Consequently, if the nominal
quotient system (Theorem 1) is exponentially stable, standard robust stability arguments (e.g., Input-to-State Stability) imply that
the trajectories of the approximate system will converge to a bounded neighborhood of the synchronization manifold S,, the size
of which is proportional to the structural error || E||.

12
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Fig. 4. Robustness of cluster synchronization on an approximate equitable partition. Comparison between an ideal quotient system (Exact
EP) and a large random graph, that is an Approximate EP, graph generated through a Stochastic Block Model (SBM). The SBM consists of N = 500
agents divided into 3 blocks of sizes N; = 250, N, = 100, and N; = 150. The connection probabilities match the weights of the quotient graph
shown in (b). The interaction function is s(x) = min(1, max(—1, 10x)). (a) Ideal trajectories of the quotient system (y = b Bs(y)—y). (b) Topology
of the quotient graph. The three nodes (circle, square, diamond) represent the cells; edge labels indicate the connection degree between blocks.
(c) Trajectories of the SBM system. The solid colored lines are individual agents; the black dashed lines are the block averages. Note that
the block averages in (c) closely match the ideal trajectories in (a). Unlike the exact case, agents do not converge to a single value but remain
confined within a bounded “tube” around the average, confirming the practical stability predicted in Remark 10. (d) Topology of the SBM graph.
The three blocks are visually distinct, with dense internal connections and sparse links between them. The simulation code is available at [31].

Fig. 4 illustrates this phenomenon. We construct a quotient graph (Fig. 4(b)) representing the ideal topology of a Stochastic
Block Model (SBM) with 3 blocks (see [33]). Fig. 4(a) shows the ideal synchronization dynamics on this quotient manifold. We then
simulate the full system on the SBM graph (Fig. 4(d)). Although the SBM partition is not exactly equitable by construction, Fig. 4(c)
shows that the average state of each block (black dashed lines) closely tracks the trajectory of the ideal quotient system. Individual
agents do not perfectly synchronize but remain trapped in a small neighborhood around the block average, confirming the bounded
error dynamics predicted by the structural perturbation analysis.

Remark 11 (Control Design and Generative Models). The theoretical framework developed here provides a constructive method for
network design. To enforce a desired clustering configuration z, one can modify a given graph G to satisfy the conditions of Theorem
1 via a two-step process:

(i) Regularizing: Replace the edge weights between any two cells C, and C;, with their average connectivity

by = IC_II Y Y ay
kliec, jeg

This operation, similar to the construction of Stochastic Block Models in [19], ensures that the partition becomes exactly equitable
(AP = PB).

(ii) Stabilization: Adjust the self-coupling weights b, to ensure the internal decay rate a,(y;) > 0 (Proposition 7) and the quotient
stability (Proposition 6).
This highlights that while exact EPs may be rare in random graphs, they represent the expected structure of community-based
generative models and are naturally achievable in engineered multi-agent systems.

7. Conclusion and perspectives

This work has established a fundamental link between network topology and emergent patterns of local synchronization in multi-
agent systems with perception-based dynamics. We have proven that perfect intra-cluster synchronized equilibria are structurally
supported by the presence of an equitable partition in the graph. The analytical insight is that the cell-synchronized manifold is
forward invariant, allowing the N-dimensional system to be described by a lower M-dimensional quotient model. This reduction
was instrumental in deriving necessary and sufficient conditions for the stability of such local synchronization according to specific

13
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types of perturbations (in the quotient system or internal to the cell) and a sufficient condition for the local exponential stability
against all types of perturbation. Future work will focus on the characterization of equilibria when the graph is approximately an
equitable partition with a small M.
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