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SUMMARY

The paper proposes several fault-tolerant control (FTC) laws for singularly perturbed systems (SPS) with
actuator faults and disturbances. On of the main challenges in this context is that the fast-slow decomposition
is not available for actuator faults and disturbances. In view of this, some conditions for the asymptotic
stability of the closed-loop dynamics are investigated by amending the composite Lyapunov approach.
On top of this, a closed-form expression of the upper-bound of singular perturbation parameter (SPP)
is provided. Moreover, we design several SPP-independent composite FTC laws which can be applied
when this parameter is unknown. Finally, the chattering phenomenon is eliminated by using the continuous
approximation technique. We also emphasize that, for linear SPSs, the FTC design can be formulated as a set
of linear matrix inequalities while the SPP upper-bound can be obtained by solving a convex optimization
problem. Two numerical examples are given to illustrate the effectiveness of the proposed methodology.
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1. INTRODUCTION

In response to ever-increasing need for stability and safety of the control systems, fault tolerant
control (FTC) received a lot of attention over the past decades. There have been abundant
and outstanding achievements on the FTC of various dynamical systems, such as uncertain
linear/nonlinear systems [1, 2, 3, 4, 5, 6], switched systems [7, 8, 9, 10], fuzzy systems [11, 12, 13],
Markovian jump systems [14, 15, 16], singular systems [17, 18], multi-agent systems [19, 20], and
SO on.

While existing FTC techniques are developed for systems that evolve on a single time scale, real
systems may involve processes that vary on multiple time-scales. Such systems can be found in
various application areas such as power systems [21], mechanical systems [22], chemical reaction
process [23], etc. In those cases the state variables can be divided into two types: slow and fast.
To mathematically describe this complex dynamics one uses the framework of singularly perturbed
systems (SPSs) which are analyzed by decoupling the slow and fast dynamics (see [24] for details).
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2 W. YANG, ET AL

It is noteworthy that, the analysis and control synthesis design proposed for dynamical systems
evolving on one time-scale are not directly applicable to SPSs. Indeed the presence of two time-
scales and of the singular perturbation parameter (SPP) characterizing the time scale separation will
lead to numerical ill-conditioning and stiffness problems [24]. Consequently, the design of suitable
FTC scheme for SPSs is an important and challenging problem that is addressed in this paper.

It is worth noting that several results on the FTC design for SPSs already exist in the literature.
In [25] it is addressed the problem of FTC design for delayed SPSs with sensor fault while in
[26], the authors considered the FTC design for nonlinear SPSs under actuator faults. As in many
practical applications one has to also take into account external disturbances, [27] addressed the
FTC design for linear SPSs face both actuator faults and external disturbances. Recently, Wang
et al. [28] constructed a reliable FTC controller for discrete-time Takagi-Sugeno fuzzy SPSs with
Markov jump topology. One of the main challenges in the FTC design for SPSs is the fact that the
fast-slow decomposition for dynamics with actuator faults and disturbances is not available. While
the control design proposed in [27, 28] depends on the SPP, this value cannot be accurately known
in many applications. This is the reason why, we are proposing some SPP-independent FTC laws
that guarantee asymptotic stability of the closed-loop even when the SPP is roughly known.

In this context we propose a FTC strategy for nonlinear SPSs that can deal with both actuator
faults and external disturbances. By employing composite Lyapunov function method, we propose
conditions guaranteeing asymptotic stability of the closed-loop dynamics. Moreover we derive
the upper-bound of SPP for which the aforementioned conditions hold. On top of that, several
SPP-independent composite FTC laws are proposed. To avoid the chattering phenomenon, the
designed FTC laws are further improved by using continuous approximation method. To sum up,
the contributions of this work are summarized as follows:

1. We propose a general FTC design framework for a class of nonlinear SPS in presence of
actuator faults and external disturbances, which cannot be decomposed according to the fast-
slow dynamics.

2. The proposed composite FTC laws consist of a composite controller designed to ensure the
stability of the nominal model, and a compensation law used to suppress the effects of the
external disturbance and actuator fault. Moreover, several SPP-independent composite FTC
laws are developed to reduce the design complexity and expand their applications.

3. Unlike [25, 26, 27], we further provide an upper-bound on SPP guaranteeing that our results
can be applied.

Notations: R™ is the set of real n dimensional vectors. A real symmetric matrix P which is
negative (positive) definite is denoted by P < (>)0. He{ A} denotes A + A”". The symbol * denotes
the symmetric element in block matrix. A function ¢ : [0, +00) — [0, +-00) belongs to class K if
¢ is continuous, strictly increasing and ¢(0) = 0.

2. FTC FOR NONLINEAR SPS

This section provides results concerning the FTC design for a general class of nonlinear SPSs
with actuator faults and disturbances. Furthermore, we provide a closed form characterization of
an upper-bound on the SPP that guarantee the proposed FTC design is effective.

2.1. Nonlinear SPS With Actuator Fault and Disturbances

Consider the following class of nonlinear SPSs with the external disturbance and the actuator fault:
J'UZf1(x,z)+g1(1‘,Z)(U+Fa)—|—gl(1‘,Z)w, (])
ez = folx,2) + go(z, 2)(u + F,) + 02(z, 2)w,

where x € B, C R"= is the slow state, z € B, C R™= is the fast state, u € B,, C R™ is the control
input, and w € R™ represents the external disturbance with the upper bound w, i.e., ||w|| < w.
SPP ¢ > 0 characterizes the difference of speed variation between the fast and slow dynamics. The
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FTC OF SPS WITH ACTUATOR FAULTS AND DISTURBANCES 3

nonlinear functions f;(-,-), gi(-,-) # 0, and g, (-, -) are locally Lipschitz in B, x B,. F, represents
the actuator bias fault.

Remark 1: Note that the FTC design problem for nonlinear SPSs was also investigated in [26].
Unlike [26] we consider a more general class of dynamics that presents both external disturbances
and actuator faults. In particular the external disturbances g; (z, z)w and g2 (x, z)w are not limited
to be matched. Moreover, we go beyond the results proposed in [26] by proposing an explicit upper-
bound on the SPP that guaranties the FTC design will be efficient.

Throughout this paper, the following assumption is made.

Assumption 1 The actuator bias fault is bounded, i.e., there exists positive constant F such that
IE.| < F.

Remark 2: Assumption 1 is quite natural and is common in the FTC literature, such as [26, 29].

The main objective of this work is to solve the following problem.

Control Problem: Design an SPP-independent FTC law for singularly perturbed nonlinear
system (1) that guaranty the asymptotic stability of the closed-loop in presence of actuator faults
and external disturbances.

2.2. Composite FTC Schemes

In this subsection, the composite FTC law is constructed as:
U = Upc + Uqg- (2)

Remark 3: The proposed FTC law u consists of two parts, a composite control law u,,. and the
compensate control law u,. The former is developed based on the nominal model and is designed to
achieve the desirable stability of the nominal model, while the latter is used to eliminate the effect
of the actuator fault and the external disturbances.

The nominal open-loop system associated with system (1) is defined as

T = fl(.%'a Z) + g1 (557 Z)unm (3)
gt = fQ(J"vZ) +g?(aj7z)unc-

where u,. is the composite nominal control law for system (3). Assume that system (3) is a
standard SPS for each w,. € B, C R™, that is, the equation 0 = fa(z, 2) 4+ ga2(x, 2)un. OWns a
unique solution z = h(z, up.) in By X B, X B,,.

Let u,. = us + uy, where uy is the control law depends on the slow state variable =, while
uy is the control law depends on both the state variables = and z. Specifically, u, and us can be
expressed as us = K,(x) and uy = K(z, z), respectively. As pointed out in [30], uy = Ky(z, 2)
is such that 1) z = H(z) £ h(z, K,(x)) defined on B, x B, is a a unique solution of fo(z,2) +
ga2(w, 2) (K. () + K (2, 2)) = 0:2) Ky (a, H(x)) = 0.

Following standard developments in the analysis of SPSs, the reduced order subsystem is
described by:

:'c:fl(m,h(:v,us))+gl(x,h(x,u5))us, (4)
and the boundary layer subsystem by:
dz
. = fo(x, 2) + g2(z, 2) (us + uy). ®)

It is noteworthy that z is treated as a fixed parameter in the boundary layer subsystem (5), the
expanded time variable can be represented as 7 = t/e.

The design procedure of the composite FTC law (2) can be summarized as follows.

Step I: Design the slow control law us, = K () such that the controlled reduced order subsystem
(4) is asymptotically stable. Then, there exist a Lyapunov function V' (z) and a positive constant «y
such that for all z € B,

O 11l H@) + 91, H@) ()] < ~on(w), ©
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where ((z) € K.

Step 2: With the selected slow control law us = K(x), design the fast control law uy = Ks(x, 2)
such that the boundary layer subsystem (5) has a globally asymptotically stable equilibrium
z = H(x), which implies that there exist a Lyapunov function W (z, z) and a positive constant
such that for all (z, 2) € B, X B,

ow 9
g[fQ(*% Z) + 92(-757 Z)(Ks(x) + Kf(x7 Z))} S —Q27) (27 H)7 (7)

where (2, H) = n(z — H(x)) € K.
Step 3: Choose proper constants (31, 2 and «y to ensure the following interconnection conditions
hold

O . 2) + a(a,2) (Ko(o) + K, 2))
- fl(x> H(QS)) - gl(fL', H(CL’))KS(I)] < ﬂ1C($)77(27 H)7 )]
O 1w 2) + on ) @) + Ky, 2)] € (e H) + o ). (9)

Step 4: Design the compensate control law

n'F 07w
Uq = — - ) (10)
(1] T[>

where IT = (1 — 0)R1g1(x, 2) + OR292(x, 2) + 0eR3g1(x, 2), 0 € (0,1), ¥ = (1 — 0)Ry01(z, 2) +
OR202(x, 2) + OeRsp1(x,2), Ry = 9L Ry £ 9V Ry £ 9.

2.3. Stability Analysis

Theorem 1: Consider nonlinear SPS (1) with Assumption 1 is fulfilled. If the composite FTC law
(2) is designed based on Steps 1-4, system (1) is asymptotically stable for any ¢ € (0,&*), where £*
can determined as follows:

e If v =0, then

% +OO, if BQ = 07X(9,O[1,O£2,51) > 07
g = —(1— —0)ara
(1-0)B1+24/0(1—0) 1 27 it By 0,

082

e If~ £ 0, then

5*: %Wa if62:ovx(97alaa2aﬁl)>07
=bt 22274&67 lf ﬂQ # 07
with X(0, a1, s, B1) = Oaras — 0.25(1 — 0)B2,60 € (0,1),a = 0?B2,b = 20(1 — 0)(ary +

26182),c= (1 — 9)25% —40(1 — O)a az.
Proof: Define the composite Lyapunov function candidate v(x,2) = (1 — 0)V (z) + 0eW (z, 2),
where 6 € (0, 1) and Lyapunov functions V() and W (x, z) are as in Step 1 and Step 2. Then, the
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FTC OF SPS WITH ACTUATOR FAULTS AND DISTURBANCES 5

time derivative of v(z, z) along the trajectories of system (1) is given by

0,2) = (1= ) [ () + g1 (0, H ) 0)]
+ 05 [fol,2) + 02, 2) (Ko (2) + Ky ,2)]

F =0T [f1(w,2) g1, 2) (o) + K, 2)
~ fler, H(@)) g1, H(2) Ko (o)

ow
0TV 12 (2,2 + g1 (0 2) (K ) + K (,2))

v
o g1

ow oV
+ 95591(:5, 2)(ug + Fo)+ (1 — 9)591(% z)w

ow ow
+ 05 0a(w, ) + 0= (v, 2)uw. (1n

It follows from the conditions (6)-(9) that

+(1-9) (z,2)(ug + Fy) —i-Gaa—V:gg(x,z)(ua—}-Fa)

0(2,2) < = (1= 0)ar(*(x) — azn? (2, H) + (1 = 0)p1C(x)n(z, H)

+ 082 (x)n (2, H) + 0eyn® (2, H) + (1 — 9)%91

ow ow
0502 @ 2)(ua + Fa) + 05500 (2,2) (ua + Fo)

ov
+ (1 - 9)@91(

(z,2)(ug + Fy)

ow ow
T, z)w + QEQQ(% z)w + 96@@1(% z)w

(1>

[f]rﬂ(a) m + M(ua + Fu) + W, (12)

(1 (1—-60)B1+0¢B2
where Q(e) = [ (1= 0)as 2 ]

* Oy — Oas
Substituting the compensate control law (10) into the above inequality yields

iz, 2) < mTﬂ(s) m .

Note that for any ¢ € (0,e*), the matrix Q(¢) is a Hurwitz matrix. Then, it can be concluded that
for a sufficient small positive scalar §,

0(x,2) < =6([CI* + Inll*) < 0,Ve € (0,").

Which means the origin of system (1) is asymptotically stable for any € € (0,e*). The proof is thus

completed. |

We notice that the compensate control law u, proposed in (10) relies on the accurate knowledge

of the SPP. Consequently, the proposed FTC law cannot be applied in many applications in which

the SPP cannot be obtained precisely. To overcome this drawback, when the SPP is unknown but
sufficiently small, an SPP-independent FTC law is given as @, = . + @y, Where

AT 7 17T |5
aa:_H_F_H U\I/Hw7 (13)
[T [T}

where IT = (1 — 0)Ryg1(z, 2) + 0R2g2(x,2), ¥ = (1 — 0)Ry01(z, 2) + OR202(, 2).
As a result, the following corollary can be achieved directly.
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Corollary 1: Under Assumption 1, the FTC law @, asymptotically stabilizes the nonlinear SPS
(1) as far as ¢ is unknown but sufficiently small.

Note that the composite FTC laws u, and . will lead to the undesirable chattering phenomenon
due to the discontinuous of the compensate control law. To mitigate the fluctuation of the actuator,
by utilizing the continuous approximation technique, the composite FTC laws . can be replaced
by

A7 F T(|F || . (14)
Upe — % — lp‘t"‘ % otherwise.

) { Une + T, if [TI]| > p,
Ue = 11

where p is a predefined small positive constant.

Applying the composite FTC law (14) to system (1), according to the classical analysis result [30],
the solutions of the closed-loop system are only uniformly ultimately bounded, and their bounds
depend on the parameter p.

3. FTC FOR LINEAR SPS

This section is motivated by the fact that for nonlinear systems the construction of an appropriate
Lyapunov function remains a challenging problem. Here, we provide several efficient FTC schemes
for a class of linear SPSs. The most attractive feature of the obtained result in this section is that FTC
schemes are provided as a set of linear matrix inequalities (LMIs) which are numerically tractable
and the upper bound of ¢ can also be determined by solving an optimization problem.

3.1. Linear SPSs With Actuator Fault and Disturbances

Consider a class of linear SPSs in the presence of actuator bias faults and disturbances, which is
given by
{ j::A11x+A122+Bl(u+Fa)+Dlwa (15)

ez = Ag1x + Aoz + BQ(U + Fa) + Dow,

where x € R", z € R"*, v € R™ and w € R" are the slow state, the fast state, the control
input, and the external disturbance, respectively. F, is again the actuator bias fault and satisfies
Assumption 1. For any 4, j = 1,2, A;;, B; and D; are known real constant matrices with appropriate
dimensions. Here, we do not require that D; = B;G, ¢ = 1,2, where the matrix G is of appropriate
dimensions, which means that the disturbances considered in this paper are not limited to the
matched external disturbances.
The nominal model of system (15) can be expressed as
{ = Anw + Aoz + Biuge, (16)
ez = A1z + Agoz + Batpe.

Assume that system (16) is a standard SPS, that is, Ao is nonsingular. System (16) is assumed to

be strongly controllable. Moreover, the reduced order subsystem of system (16) is given as follows
j:s = AOxs + Bous, (17)
Zs = _Agzl(A21xs + B2us)a

where x,, zs and ug are the slow components of the corresponding variables x,z and u, Ag =
A1 — A12A521A21, By = B; — A12A521Bg, and the boundary layer subsystem of system (16) is
given as follows

de

—= = Agozr + Bouy, 18

i 202f + Bouy (18)
where zy = z — 2z, and u, = u — u, are the fast components of the corresponding variables x and
u, T = t/e is the fast time scale variable.
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FTC OF SPS WITH ACTUATOR FAULTS AND DISTURBANCES 7

3.2. Composite FTC Schemes

Since system (16) is strongly controllable, then, both (Ag, By) and (A, Bs) are controllable.
Which implies that there exist the gain matrices Ky, K2 and positive definite matrices Py, P» such
that Ay + BgKq and Asy + Bo K5 are Hurwitz and satisfy the following LMIs:

He{Py(Ao + BoKp)} <0, (19)
He{P2(A22 + BQKQ)} < 0. (20)

Therefore, the slow control law and the fast control law can be designed as us; = Kyzs and
uy = Kozy, respectively. Then, combining u, and u s, the composite control law 2, for the nominal
model (16) is represented as

Unc :K1$+K22, (21)

where K1 = (In + K2A2_21B2)K0 + K2A2_21A21.
Furthermore, the compensate control law u,, is designed as
n7F 17|
Uy = ——=— — =
[T fanle

, (22)

Wl;le}'e 71:[ = 2(¢TP9B1 + %TPQBQ), B \i/ = 2(5[5?POD1 + ’(/)TPQDQ)J B} = @1 iHBg —
EﬁL?1732 = Bg +€LBl, D1 = D1 — HDQ — €HLD17D2 = DQ + €LD1, H = A12A2_21,L =
A2_21A21, Aij = Aij + Bin, Z,] = ]., 2, ¢ and ’l/) satisfy

-F #E

Next, the main result on the asymptotic stability of the closed-loop system (15) is given.

3.3. Stability Analysis

Theorem 2: Consider linear SPS (15) with Assumption 1 is fulfilled. If the composite FTC law (2)
is designed according to (21) and (22), then there exists a positive constant €* such that the origin
of system (15) is asymptotically stable for any e € (0,&*).

Proof: The closed-loop system (15) can be represented as

{ T = A}ll‘—FAlQZ—FBl(Ua—FFa) + Diw, (24)

£z = Aglx + AQQZ + BQ(Ua + Fa) + DQ’UJ.

According to the variable transformation (23), system (24) can be rewritten in the following
equivalent form:

(b _ 2 o B;l(ua+Fa)+l?lw
|:€1/1:| = (@0 +e01 +¢ @2) |:¢:| + |:Bg(ua +Fa) + Dyw|’ (25)
where
o — A 0 |0 —IE@AQH B —EI@AO Aoﬁi—iﬁiﬁm
9710 Ap|’ 27 |0 LAH |'7' | LA, LA :

Choose the following Lyapunov function candidate V (t) = ¢* Py + epT Py1p. Then, the time
derivative of V(¢) along the trajectories of system (24) in the coordinates (¢, 1) is given by

V(t) = 207 Pod + 29T Poct)

T
= [i] (Eo + 551 + 6252) |:z:| + Q(QSTP(]Bl + '(/JTPQBQ)ua

+2(¢" PyBy + T PaBy)F, + 2(¢" PyDy + 7 PaDo)w, (26)

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
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where
- _ He{P()Ao} 0_ - _ 0 —Poﬁ_f/goﬁ
-0 0 He{PyAy}| =2 |+ He{P,LAyH}|’
- _ 7H€{P0HI/A0} Po(A()H*H-EgLQ)+EAQP2
-1 = * HG{PQLAH} ’

Substituting the compensate control law u,, into the inequality above can deduce that

ﬂ : 27)

. b T
V(t) < LD] (o + €51 +£25)) [1/)

In fact, the following equation holds
Ay = Ay — A L= (A + BiKy)
— (A12 + B1K3)(Aoz + BaKo) ' (A2 + BaKy) = Ag + BoKo. (28)
Then, based on the condition (19), it can be obtained that He{Poflo} < 0. Note also from the
condition (20) that He{ P, Ags} = He{P2(A22 + B2K>3)} < 0. Therefore, it can be concluded that
Zp < 0, which implies that there exists a sufficiently small £* such that
Eo + €5 + %2, < 0,Ve € (0,€%). (29)

Therefore, the origin of system (15) is asymptotically stable for any ¢ € (0, *). This ends the proof.
]

Remark 4: Theorem 2 gives a sufficient condition for stability of the closed-loop system, and the
existence of SPP. The following result shows how to evaluate SPP.

Theorem 3: For a given positive constant £ > 0 and the selected gain matrices K; and Ko, if
there exist Py > 0 and P, > 0 satisfying the following LMIs

Ho <0, (30)
Eo + €5 <0, €2))
=0+ =1 + 5252 <0, (32)

then for any ¢ € (0, ], the system (15) is asymptotically stable under the proposed FTC law.
Proof: From the inequalities (30)-(32) and Lemma 1 in [31], the asymptotical stability of the
closed-loop system (15) can be realized for any ¢ € (0, &], where £ is a predefined positive scalar.
So the detailed proof is omitted here. This ends the proof. |
According to Theorem 3, the upper bound of ¢ can be obtained by solving the following
optimization problem:

max &
Po, P>

s. t. (30) — (32). (33)
Similarly, when e is unknown and sufficiently small, the following c-independent FTC law is
presented for system (15):

_ 7 F _ fIT||\II||1D
11| |[TI[J2
where ﬁ = Q(Q;Tpoél + 1[)TP2B2), \if = 2(@27TP0D1 —+ &TPQDQ), Bl = B1 — HB2, éQ = B2,

Dy =D, — HD,, Dy = Dy, ¢ = x, and ¢) = La + z, the other notations are defined in (22).

Moreover, to avoid the chattering due to the discontinuous of the compensate control law, the
revised composite FTC law 4. is developed as

Uc = Unc

; (34)

e = i
te = e — TOF _ IONTID - o wise (35)
nc “w uZ ) *
where p is a predefined small positive constant.
Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
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FTC OF SPS WITH ACTUATOR FAULTS AND DISTURBANCES 9

4. NUMERICAL ILLUSTRATIONS

In the section, two examples are proposed to show the effectiveness of the obtained results. In
particular, Example 1 is related to the case of nonlinear SPS with unmatched disturbance, while
Example 2 is related to that of the linear one with matched disturbance.

Example 1: Consider the nonlinear SPS (1) with the following parameters:

fi(z,2) =— 2+ (@ 40.5)z,01(z,2) = 0, 01 (2, 2) = %
fo(@,2) = — 2 + 2,92(w,2) = 1, 02(, 2) = 1£j|—zg‘32»

the external disturbance w = 0.5sin(¢) with the bound w = 0.5, B, = [-3,3], B, = [-3, 3], and
the actuator bias fault Fy, = cos(3t). It is clear that Assumption 1 holds with F' = 1.

4.1. The Effectiveness of Theorem 1

According to the proposed FTC scheme in Section 2, the reduced order subsystem and boundary
layer subsystem of the nominal system in this example are given as follows, respectively,

b= —x+ (x+0.5)(x* —uy), (36)

and
dz

E:—m2+z+us+uf. (37)

For subsystem (36), design the slow control law u, = x2, and construct the Lyapunov function
V(x) = 0.5z2, it can be verified that the inequality (6) hold with a;; = 2. For subsystem (37), design
the fast control law uy = —2z and W (z, z) = 0.522, it is easy to see that all conditions in Step 2 are
satisfied with as = 2. Then, the composite control law for the nominal model is given as

Upe = Us +Up = % — 22, (38)

Next, select the parameter d = 0.5,8; = 1.75,8, =0, and ~ =0, it can be found that the
interaction conditions (8) and (9) are satisfied. Meanwhile, design the compensate control law
z  0.5z|02(z, 2)2|

YT TR EE

(39)

With the proposed formula on upper bound of SPS, one obtains that ¢* = 400 since dajas —
0.25(1 — d)B# > 0. Hence, it follows from Theorem 1 that for any ¢, the system in Example 1 under
the proposed composite control law is asymptotically stable. Fig. 1 shows the state trajectories and
the control signal of the close-loop system in Example 1. Obviously, the proposed composite FTC
law (38) and (39) can stabilize the system in this example. In the simulation, the initial state is
chosenas [z 2] = [0 1] ande = 0.01. However, it is easy to see that the compensate control law
(39) lead to the chattering phenomenon.

4.2. Discussion on The Chattering Phenomenon

To eliminate the chattering while maintaining the stability of the controlled system, the following
revised compensate control law is adopted to replace the control law (39).

A { — - S8l i 2] > = 0.05,
Ug = .

0.5z]02(x,2)z|
]

; (40)

m , otherwise.

Fig. 2 demonstrates the simulation results of the considered systems under the composite FTC law
(38) and (40). It follows from Fig. 2 that the stability of the considered systems can be guaranteed
and the chattering phenomenon mentioned above is eliminated.

4.3. Comparison with Some Related Works

The classical composite state feedback control law for nonlinear SPSs is considered in [24] and can
be described as the control law (38) for this case. Fig. 3 shows that the state trajectories of the system

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
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Figure 1. Simulation results of the closed-loop system in Example 1 under the control law (38) and (39).
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Figure 2. Simulation results of Example 1 under the control law (38) and (40).

under the control law (38) are divergent, which means that the classical composite state feedback
control law is inapplicable to handle both the actuator fault and the disturbance.

Note that the FTC design for nonlinear SPSs under actuator faults is studied in [26] and
the corresponding FTC law is provided. However, [26] does not take into account the external
disturbances. The proposed FTC law in [26] cannot be applied here directly. Recently, [27]
addressed the FTC design for linear SPSs face both actuator faults and external disturbances. But
the results in [27] don’t work for our case since the considered model is nonlinear one. In addition,
both [26] and [27] do not provide the upper bound of SPP. Here, we can check that the SPP is
smaller than the upper-bound proposed in Theorem 1 and consequently, the proposed FTC design
can be applied.

Example 2: Let us consider the magnetic tape control system described in [32]. The dynamics
can be represented as (15) where

0 04 0 0 0 —0.524
An = {0 o]’A12[0.345 0]’A21[0 0 }

{0.465 0.262] B =D, - m By— Dy [0} 7

Az 0 -1 0 1

the external disturbance w(t) = sin(§t) with the bound w = 1, and the actuator bias fault

L. Joifo<t<s, @1

F7\ 54 2sin(0.18), t > 8.

One can easily check that Assumption 1 is satisfied with F' = 7.
Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
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Figure 3. State response of the closed-loop system in Example 1 under the control law (38).

Based on the FTC scheme proposed in Section 3, it can be found that the slow and
fast control laws are designed as u, = Koxs = — [21.3607 8.8482] z, and uy = Kpzy =
— [0.7 144 0.2241] 2y, respectively, then, the composite control law for the nominal model in this
example is

Une = — [34.7469  15.1982] z — [0.7144 0.2241] 2. (42)

Then, based on Theorem 3, choose the predefined value of singular perturbation parameter
€ = 0.1, it can be found that all conditions all Theorem 3 are satisfied with

po_ [21.6908 1.1513]  _ [0.5152 0.4833
07 111513 227312 ~ [0.4833 2.1324|"

which means that for any ¢ € (0, 0.1], the asymptotical stability of the system in Example 2 can be
ensured under the FTC law (34).

Moreover, by solving the obtained optimization problem (33), it can be found that £ = 0.1666 >
0.1. By using Theorem 3 again, we know the controlled system in Example 2 is asymptotically
stable for any e € (0,0.1666]. Fig. 4 depicts the simulation results of the Example 2 when the
considered system imposed by the e-independent FTC law (34), where the initial condition is chosen
as[-2 3 —4 1] and SPPe =0.1.

Note that the proposed FTC law will leads to the chattering phenomenon. To avoid such
undesirable side-effects, by employing the proposed FTC law (35), the asymptotical stability of
the system still can be maintained. Fig. 5 shows the state response and the control signal of the
system in Example 2 under the continuous FTC law, where ;. = 0.05.

Remark 5: Fig. 6 exhibits the state trajectories of the closed-loop system imposed by the
composite law (42). It follows from Fig. 6 that the composite control law (42) cannot stabilize
the system with the actuator fault. Note also that the FTC problem for a class of SPSs has been
investigated in [28] and the sliding mode control design for SPSs in the presence of matched
disturbances has been investigated in [32]. The aforementioned control laws depend on the SPP,
therefore, they cannot be applied if the SPP is unknown even if sufficiently small.

5. CONCLUSIONS

In this paper, the FTC design problem for SPSs both actuator faults and external disturbances has
been studied. First, a new composite FTC scheme has been proposed for nonlinear SPSs. Moreover,
an e-independent FTC scheme has been developed to ensure the desired stability of the controlled
systems for unknown but sufficiently small SPP. The synthesis has been tailored to the case of
linear SPSs by rewriting the results in term of LMIs. Moreover the computation of the SPP has

Copyright © 0000 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (0000)
Prepared using rncauth.cls DOLI: 10.1002/rnc



12 W. YANG, ET AL

Actuator bias fault

Actuator bias fault

(a)

Control Signal

Figure 4. Simulation results of Example 2. (a) State response of the closed-loop system in Example 2 under
the e-independent FTC law; (b) Control signal.

been reformulated as a convex optimization problem. Two examples have been given to show
the effectiveness of the proposed results. Future research will be focus on the FTC of singularly
perturbed switched systems.
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