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Context: estimation with unknown input

measurement noise: 7(t)

measured Qutput: y([)

unknown input: d(t)

kn% System

UT observer

state estimate: Z(t)
>
>

:

» Unknown Input Observer (UIO) design:
> knowing the system model, the input u(t) and the output measurement y(t)

UI estimate: d(t)

> ignoring the unknown input d(t) and the measurement noise 7(t)

» estimate the state variable %(t) and the unknown input d(t)

» Applications in the SAFEPROCESS framework:

> robust fault estimation

> robust (actuator) fault diagnosis based on banks of UIOs

» fault tolerant control based on state and fault estimates
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Background on UIO design: the linear case

X(t) = Ax(t)+Bu(t)+Dd(1)

» For a given system with Ul:
{}/(t)—CX(T)

2(t)=Nz(t)+ Gu(t)+Ly(t)

find the Ul Ob ins:
» find the server gains {)?(t):z—Ey(t)

such that the estimation error: x(t) — X(t) = e(t) — 0, Vd(t), Yu(t)
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Background on UIO design: the linear case

X(t) = Ax(t)+Bu(t)+Dd(1)

» For a given system with Ul:
{}/(t)—CX(T)

2(t) = Nz(t)+Gu(t)+ Ly(1)
%(t)=z—Ey(t)

such that the estimation error: x(t) — X(t) = e(t) — 0, Vd(t), Yu(t)

» find the Ul Observer gains: {

» Decoupling conditions: rank(CD) = rank(D) < 3E : D = —ECD
» Observer gain computation:
E =-D(CD)"(CD(CD)")~"
G=(I+EC)B
find K such that ((I + EC)A — KC) stable
N=(I+EC)A—-KC
L=K-NE
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Background on UIO design: the LPV case

x(t) =A(p(1))x(t)+B(p(1))u(t)+D(p(1))d(1)

» For an Ul LPV system:
{y(f)z Cx(1)

» use the poytopic transformation:

A(p(t)) = Zr:hi(p(f))A/ = An, with h; > 0 and zr:h/(p(t)) =1
X(t) = Anx(t)+Bnu(t)+ Dnd(t)

» to get a polytopic one:
{y(t) =Cx(t)
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Background on UIO design: the LPV case

>

>

x(t) =A(p(1))x(t)+B(p(1))u(t)+D(p(1))d(1)

For an Ul LPV system:
{y(f)z Cx(1)

use the poytopic transformation:

A(p(t)) = Zr:hi(p(f))A/ = An, with h; > 0 and zr:h/(p(t)) =1

i=1

(1) = Anx(t)+Bnu(t)+ Dna(t)

to get a polytopic one:
{y(t) =Cx(1)

Z(t)=Nnz(t)+Ghu(t)+Lay(t)

Design the LPV UIO:
9 {%(t):z—Eym

following the "linear" design except that ...

>Polytopic stability: find K; s.t.: ((/ + EC)A, — K, C) is stable.

>Linear decoupling condition: rank(CD;) = rank(D;) # D; = —ECD;
>Decoupling condition: rank(C[D;...D;]) =rank([D;...D;]) = D,=—ECD,
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A motivating example

Consider the following Ul LPV system:

X(t) = <1 _Op(t) ”_(;)> x(1) + (;) u(t) (p(’:)(?r 1) d(1)
y(t) = (1 0) x(t)

with the bounded time varying parameter:

2<p(t) <4
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A motivating example

Consider the following Ul LPV system:

o 0 p(t) 1 p(t)
x(t) = <1 (D _3) x(t) + <0> u(t) <p(t)+ 1) d(t)
y(t=(10)x(0)

with the bounded time varying parameter:

2<p(t) <4

Using the polytopic transformation, p(t) € [2 4], becomes:

0= ()60 (40):

hy () ha(t)

with hi(p(t)) > 0, ha(p(t)) = 0 and hi(p(t)) + ha(p(t)) = 1
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A motivating example

The system becomes polytopic:

x(t) = 32, hi(p(1))(Aix(t) + Bu(t) + Did(t))
y(t) = (1 0) x(1)

with the vertices defined by:

0 4 0 2 L (1 (4 (2
A‘:<—3 —3)’ AF(—1 _3)’ 51—52—<0)7 D1—(5), Dz—<3)

SAFEPROCESS’ 2015. Paris 7/ 18



A motivating example

The system becomes polytopic:

x(t) = 32, hi(p(1))(Aix(t) + Bu(t) + Did(t))
y(t) = (1 0) x(1)

with the vertices defined by:

A1:<_3 —3)7 AZZ(_1 —3)’ B1:B2:<0>7 D1:<5)’ D2:(3>

Focus on the decoupling conditions: find E satisfying D; = —ECD;
» rank(D;) = rank(CD;) is not sufficient
» rank ([Dy D.]) = rank (C[Dy D»]) = D; = —ECD;, is not satisfied
» The known UIO design for the LPV cannot be applied

» postpone the use of the conservative polytopic transformation
and ensure D(p(t)) = —E(?)CD(p(t)) instead of D; = —ECD,;
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Aim and assumption of the contribution

Aims:
» design an UIO for LPV with LPV output equation and measurement

noise:
x(1)=A(p(1))x()+B(p(1))u(t)+D(p(1))d(t)
y()=C(p(1))x(t) +n(t)

» relax the former decoupling conditions (given for constant C)

rank ([Dy Dz ... D/]) =rank (C[Dy Dz ... Di])
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Aim and assumption of the contribution

Aims:
» design an UIO for LPV with LPV output equation and measurement

noise:

x()=A(p(1)x(t)+B(p(1))u(t)+D(p(t))d(t)
y(t)=C(p(t))x(t) +n(t)

» relax the former decoupling conditions (given for constant C)

rank ([Dy Dz ... D/]) =rank (C[Dy Dz ... Di])

Assumptions:
» the matrices are affine in p(t): X(p(t)) = Xo + p1 () X1 4 - - - + pn, (1) Xa,
» the parameter p(t) is real time accessible
» the parameter p(t) and its derivative p(t) are bounded
» the measurement noise 7(t) and its derivative 7(t) are bounded
» decoupling condition: rank (C(p(t))D(p(t))) = rank (D(p(t)))
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State estimation in the presence of Ul

» Ul LPV System:
» Ul LPV Observer:

» Notations:
» LPV matrices: X, = X(p(t))
» P,=1+EC,
» state estimation error: e(t) = x(t) — X(t)
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State estimation in the presence of Ul

» Ul LPV Systom: {xm = A(p(1)x(t) + B(p(t))u(t) + D(p(t))dl(t)
y(t) = C(p(t))x(t)
Ul LPV Observer: {zm = N(p(1)2(t) + G(p(t)u(t) + Lp(D) (1)
x(t) = z(t) — E(p(1)y(1)
» Notations:
» LPV matrices: X, = X(p(t))
» P,=1+EC,

» state estimation error: e(t) = x(t) — X(t)

» State estimation error dynamics:

é(t) = Nye(t) +(P,B,—G,)u(t)+ (PD At} + Byt PoAy—L,Co N,y ix(t)

SAFEPROCESS’ 2015. Paris 9/ 18



State estimation in the presence of Ul

. x(0) = Alp()x(t) + B(p(t))u(t) + D(p(t))d(t)
» Ul LPV System: {y(t) — C(p(D)x(1)
» UI LPV Observer: {ig; - Q/((tp)(i)) (( )(;)G((p)(f))U(f) + L(p()y(D)
» Notations:
» LPV matrices: X, = X(p(t))
» P, =1+EC,

» state estimation error: e(t) = x(t) — X(t)

» State estimation error dynamics:

@2 DY
should be  should be  should be

stable null null
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LPV UIO design algorithm

[Step1] Define E, by:
E,=-D,(C,D,)"C,D,)""(C,D,)" = éindependent of d
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LPV UIO design algorithm

[Step1] Define E, by:
E,=-D,(C,D,)"C,D,)""(C,D,)" = éindependent of d

[Step2] Use the polytopic transformation to write C, and P, + P,A, as:
'bp + PpAp = z:(:1’71(/97 /'))A/
Cp = Ti1hi(p, p)Ci
[Step3] Find K; and X = X7 > 0 to solve the LMI problem:
0> (XA —KC)+(...)"
{o > (%(XA; ~KiC) + XA — KiCj + XA — ?,c,) + ()T
and define: K; = K;X ™' = (An — KnC) stable
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LPV UIO design algorithm

[Step1] Define E, by:
E,=-D,(C,D,)"C,D,)""(C,D,)T = éindependent of d
[Step2] Use the polytopic transformation to write C, and P, + P,A, as:
Pp + PpAp = z:(:1’71(/)7 /'))A/
Co = Tihilp, H)Ci
[Step3] Find K; and X = XTB 0 to solve the LMI problem:
0> (XA, — K,’C,’) + ()T
0> (%(XA; ~KiC) + XA — KiCj + XA — ?,c,) + ()T
and define: K; = K;X ™' = (An — KnC) stable

[Step4] UIO gain computation:
K, = ZL1hi(p. K

Np = (Pp + PpAp) - KpCp = Np stable
L,=K,—N,E, = é independent of x
G, =P,B, = & independent of u
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Ul estimation

» Differentiating the output y(t) = C,x(t) :
y(t) = Cox(t) + C,A.x(t) + C,B,u(t) + C,D,d(t)

» Since (C,D,) is full column rank:
d(t) = ((C,D,)C,D,) ™ (C,D,)T (J()~(Cy+C,AX(1)~ C,Bu(1))
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Ul estimation

» Differentiating the output y(t) = C,x(t) :
y(t) = Cox(t) + C,A.x(t) + C,B,u(t) + C,D,d(t)
» Since (C,D,) is full column rank:
d() = ((C:D,)"C,D,) (€D, (¥(D)—(Co+ CoAX (1)~ C,Byul1))

» State and Ul estimator:

2(t) = N,z(t) + Gu(t) + Loy (1)
x(t) = z(t) — E,y(1)
a(t) = ((C,D,)"C,D,) " (C,D,)" (Y(f)—(Cp+CpAp)>?(f)—CpoU(f)>
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Ul estimation

» Differentiating the output y(t) = C,x(t) :
y(t) = Cox(t) + C,Ax(t) + C,Bou(t) + C,D,d(1)
» Since (C,D,) is full column rank:
d() = ((C:D,)"C,D,) (€D, (¥(D)—(Co+ CoAX (1)~ C,Byul1))

» State and Ul estimator:

2(t) = N,z(t) + Gu(t) + Loy (1)
x(t) = z(t) — E,y(1)
a(t) = ((C,D,)"C,D,) " (C,D,)" (Y(f)—(Cp+CpAp)>?(f)—CpoU(f)>

» The Ul estimation error eq(t) =d(t)—d(t) satisfies:
ea(t) = ~((C,0,)"C,0,)(C,D,) (€, + CoA, ) e(1)

since e(t) — 0,vu,Vvd, thus = eq(t) — 0,Vu,vd
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State estimation in the presence of Ul and measurement noise

x(t) = Aox(t) + Bou(t) + D,d(1)
y(t) = Cox(t) +n(t)

» Ul LPV Observer: { (1) = Npz(t) + Gou(t) + Loy(t)

» Disturbed Ul LPV System: {

N

x(t) = z(t) — E,y(1)

» State estimation error dynamics:

QD B+ GO+ T L Ty Gl B

should be stable should be null ~ should be null ~ should be null S 4101.1 (. °
minimized
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State estimation in the presence of Ul and measurement noise

x(t) = Aox(t) + Bou(t) + D,d(1)
y(t) = Cox(t) +n(t)

» UI LPV Observer: {;(’) = Noz(t) + Gou(t) + Loy (1)
x(t) = z(t) - E,y(1)

» Disturbed Ul LPV System: {

N

» State estimation error dynamics:

QD B+ GO+ T L Ty Gl B

should be stable should be null ~ should be null ~ should be null S 4101.1 (. °
minimized

» Aim:
» because of n(t) global asymptotic stability of e(t) cannot be ensured
» using input-to-state stability (ISS), the boundedness of e(t) is ensured
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LPV UIO design algorithm with measurement noise

[Step1] Define E, by: E, = —D,((C,D,)"C,D,)~'(C,D,)" = éindpt of d
[Step2] Use the polytopic transformation to write :
Py + P,A, = i hi(p, p)Ai
CP = Z/(:1 hi(ﬂ: p)C/
E, B = TLih(p.))E;
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LPV UIO design algorithm with measurement noise

[Step1] Define E, by: E, = —D,((C,D,)"C,D,)~'(C,D,)" = éindpt of d
[Step2] Use the polytopic transformation to write :
Py + P,A, = i hi(p, p)Ai
CP = Z/(:1 hi(ﬂ: p)C/
E, B = TLih(p.))E;
[Step3] For a > 0, find ¢, vy and Q = QT > 0, minimizing ~
0>c—ay

_K.C. T Y=9
0= M, with wy — ((QAKIG)+(.)T+aQ QF
1 (QE)) —cl
0> M+ M+ M,
and define: Ki = Q'K = ¢(t) bounded
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LPV UIO design algorithm with measurement noise

[Step1] Define E, by: E, = —D,((C,D,)"C,D,)~'(C,D,)" = éindpt of d
[Step2] Use the polytopic transformation to write :
Py + P,A, = i hi(p, p)Ai
CP = Z/(:1 hi(ﬂ: p)C/
E, B = TLih(p.))E;

[Step3] For a > 0, find ¢, vy and Q = QT > 0, minimizing ~

02c-oay QA—R,C +aQ QE
0> M; with M = ((QA—KIC)F(..) 4@ QF
1 (QE) —cl

and define: Ki = Q'K = ¢(t) bounded

[Step4] UIO gain computation:
KP = 2;21 h,’(p, p)K

N, = (P, + P,A,) — K. C, = e(t) bounded
L, =K, - N,E, = é independent of x
G,=P,B, = é independent of u
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Example 1: back to the motivating example
» Consider the following Ul LPV system with LPV output

X(t) = <1 _Op(t) p_(?) x(t) + (;) u(t) (p(f)(:)- 1) d(t)
y(6) = (p(t) 0) x(1)

with the bounded time varying parameter: 2 < p(t) < 4.

» The classical decoupling condition cannot be checked
» classical LPV UIO cannot be designed
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Example 1: back to the motivating example
» Consider the following Ul LPV system with LPV output

X(t) = <1 _Op(t) p_(?) x(t) + (;) u(t) (p(f)(:)- 1) d(t)
y(6) = (p(t) 0) x(1)

with the bounded time varying parameter: 2 < p(t) < 4.

» The classical decoupling condition cannot be checked
» classical LPV UIO cannot be designed

» The condition rank (D,) = rank (C,D,) holds
rank (D,) = 1 and rank (C,D,) = rank (p*(t)) = 1

.
» with E, = [—ﬁ - 1:2’3)’)}

the proposed LPV UIO can be designed
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Example 2: state and Ul estimation

» Consider the Ul LPV system

0o 1 0 2p(f) 0
xty=| o o 1 |x+| o 1 |d@
—p(t) =38 —p(1) 0 —p(t)

y(t) = <; g ?) 0

with bounded parameter: p(t) € [1 3]
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Example 2: state and Ul estimation

» Consider the Ul LPV system

0o 1 0 2p(f) 0
xty=| o o 1 |x+| o 1 |d@
—p(t) =38 —p(1) 0 —p(t)

y(t) = <; g ?) x(t)

with bounded parameter: p(t) € [1 3]
» decoupling condition for classical UIO design does not hold:
rank (C [Dy Ds]) # rank ([Dy D))
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Example 2: state and Ul estimation

» Consider the Ul LPV system

0o 1 0 2p(f) 0
xty=| o o 1 |x+| o 1 |d@
—p(t) =38 —p(1) 0 —p(t)

y(t) = (; g ?) x(t)

with bounded parameter: p(t) € [1 3]
» decoupling condition for classical UIO design does not hold:
rank (C [Dy Ds]) # rank ([Dy D))
» proposed decoupling condition holds: rank (C,D,) = rank (D,)

-1 0
E, = _Dp((Cpr)TCpr)_1(Cpr)T = ( 0 1/P(t)>

0o -1
» the UIO design algorithm can be applied

SAFEPROCESS' 2015. Paris 15/ 18



Example2: state and Ul estimation

original and estimated Ul
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Conclusion

The aims of the contribution are:

» to design Ul Observer for LPV systems

v

to relax the classical decoupling condition
by postponing the use of the polytopic transformation

v

to adress the case of LPV output equation

v

to jointly estimate the state and Ul (fault)

v

to attenuate measurement noise
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Conclusion

The aims of the contribution are:

» to design Ul Observer for LPV systems

v

to relax the classical decoupling condition
by postponing the use of the polytopic transformation

v

to adress the case of LPV output equation

v

to jointly estimate the state and Ul (fault)

v

to attenuate measurement noise

Main problem:

» what can be done when the parameter p(t) is not accessible or known?
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Thank you for your attention.
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