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Problem statement: reference model tracking control

Bezzaoucha,
Marx,
Magquin,
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Problem

statement Let us COnSider:

and some

background » a TS nonlinear system

X(t)—Zu/ () Aix(t)+Biu(t)
():Cx()

» a reference model

() = Ao (£)+Brur(t)

FUZZ'|EEE'2013, july 2013, Hyderabad 3/ 16



Problem statement: reference model tracking control
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Ragot

Problem

statement Let us consider: The objective is:

and some

background » a TS nonlinear system » to find the control law u(t)
» such that x(t) is closed to x(t)

X(t)—Zu/ () Aix(t)+Biu(t)

reference X,
model tracking error
( ) — CX( ) to minimize
controller u TS
: ;
» areference model determine "ystem

x(1) = Arxe()+Brur(t) Y
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and some
background

Problem statement: TS systems with unmeasurable decision

variable

» The considered Takagi-Sugeno (T-S) system is defined by

X(t) =D mil2(t)) (Ax(t) + Bu(t))

=1
y(t) = Cx(1)

where — z(t) is the decision variable
— pi(z(t)) are the activating functions
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Problem statement: TS systems with unmeasurable decision

variable
Bezzaoucha, » The considered Takagi-Sugeno (T-S) system is defined by
"Regor r
(1) = > ml2(1)) (Ax(t) + Bu(t))
statement i=1
background y(t) = Cx(t)

where — z(t) is the decision variable
— pi(z(t)) are the activating functions

» The decision variable depend on the unmeasurable state

ni(2(x(1))) = hi(x(t))
» The activating functions h;(x(t)) satisfy the convex sum properties

0<h(x(t) <1 and Zr:h,(x(t)):1
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Reference model tracking controller

Bezzsouchs, The proposed controller structure:
arx,
Maquin,
Ragot

TS nonlinear
system

Reference
model
tracking
control

model reference tracking controller

» PDC controller » TS state observer
u(t) = — Sy B(RIOK (1) — (1) X(1) = D m(K()(AR(0)+Biu(t)+Li(y (1) — (1))
i=1
J(t) = Cx(t)
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Reference model tracking controller

The proposed controller structure:

TS nonlinear
system

model reference tracking controller

» PDC controller » TS state observer
u(t) = — Sy B(RIOK (1) — (1) X(1) = D m(K()(AR(0)+Biu(t)+Li(y (1) — (1))
i=1
J(t) = Cx(t)

» The gains K; and L; are determined to minimize the £»-gain from u,(t)
to the tracking error e (t) = x(t) — x(t)
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Observer design for TS system with unmeasurable decision

variable
Bezzaoucha, » The main difficulty in the observer design is that
M“QZ’U?HV — the activating functions of the system depend on x(t)
Ragot — the activating functions of the observer depend on X(t)

» The system is then re-written as

X() =321y hi(x(0)(Aix()+Biu(t)+(hi(x(1))—hi(X(1)) (Aix (D)+Biu(t))

tracking
control
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Observer design for TS system with unmeasurable decision

variable
Bezzaoucha, » The main difficulty in the observer design is that
M“QZ’U?HV — the activating functions of the system depend on x(t)
Ragot — the activating functions of the observer depend on X(t)

» The system is then re-written as

X() =321y hi(x(0)(Aix()+Biu(t)+(hi(x(1))—hi(X(1)) (Aix (D)+Biu(t))

weckig » or equivalently as an uncertain TS system
o (1) = S, BKO)((A + AAD)X() + (B + AB(D)u(D)
with time varying bounded uncertainties defined, for X € {A, B}, by
hi(x)—hi(X) O 0 |
AX()=[Xi ... X] [ ]
e 0 0 h(x) - h(X)

Tx()

——

Ex

where Y x(t) satisfies
SR(OTx(t) <1
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Reference model controller design

» Let us denote:

Bezzaoucha,

Marx, — the tracking error : e/(t) = x(t) — x:(¢)
Moot — the estimation error : ex(t) = x(t) — X(t)
= X = i hi(k(1))
» The equations of the closed loop system are
Reference ér = (AE—FAA)X—}—(BE—FAB)U—(ArXr—FBrUr)
model
tracking

=X =Xr

éx = (A +AA)X+(By+AB)u—(Apx+Bru+Ly(y—7))

control

=X =%

Xr =Ar X+ Bruy

u=-— K;]X/-i-K;])A(
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Reference model controller design

» Let us denote:

Bezzaoucha,

Marx, — the tracking error : e/(t) = x(t) — x:(¢)
Moot — the estimation error : ex(t) = x(t) — X(t)
= X = i hi(k(1))

» The equations of the closed loop system are
Reference ér :(AE+AA) (er + Xr)—F(Bﬁ—f—AB)U—(ArXr—FBrUr)
model N —

tracking
control

=x
& =(A; +AA) (& + X:)H{(B;+ AB)U—(As (€r + X, — €x)+B;u-+L; Cey)
———r —~—
=X =X (y-9)
Xr =ArXr+Bruy

0 =—Uu-— Kf]Xr“rK:F] (er +Xr - ex)

=X

» 3 dynamic equations and 1 static equation — descriptor system
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Descriptor approach of the reference model controller design

Bezzaoucha,
Marx,

e The closed loop system can be written as a descriptor TS system

Exa(t Zh (X(1)) (Ai(t)xa(t) + Bur(t))

Reference

model Wlth
tracking
control e ( t) /] 0 0 O —B
e o1 00| o |o
=\t E=lo o 1 ol B=|B
u(t) 0000 0
A+ DA(t) 0 A—A+AAL) B+ AB()
Al AA(Y) A - LC AA(E) AB(t)
- 0 0 Ar 0
Ki —Ki 0 *Inu
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Descriptor approach of the reference model controller design
0\

Bezzaoucha,

e » The closed-loop stability of
EXa(t) = 3o hi(%(1)) (Aixa(t) + Biur(1))
is studied with a quadratic Lyapunov function
V(xa(t)) = xJ ()E"Pxa(t), ETP=PTE>0
?Lkwg with P = diag(P, Ps, Ps, Ps)

control
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Descriptor approach of the reference model controller design
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Reference
model
tracking
control

» The closed-loop stability of
Exa(t) = S0, hi(&(1) (Aixa(t) + Brui(1))
is studied with a quadratic Lyapunov function
V(xa(t)) = xJ ()E"Pxa(t), ETP=PTE>0
with P = diag(Pi, P2, Ps, P4)

» The L,-gain from u(t) to e/(t) is bounded by 7 if
V(xa(1)) + Xz (1) Qaxa(t) — n?uf (t)ur(t) < 0

with Q; = diag(Q, 0,0, 0).
Or equivalently if

(5f3) (F07 g0 72 (5f3) <«
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Descriptor approach of the reference model controller design

Bezzaoucha,
Marx,
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Reference
model
tracking
control

» The closed-loop stability of
Exa(t) = S0, hi(&(1) (Aixa(t) + Brui(1))
is studied with a quadratic Lyapunov function
V(xa(t)) = xJ ()E"Pxa(t), ETP=PTE>0
with P = diag(Pi, P2, Ps, P4)

» The L,-gain from u(t) to e/(t) is bounded by 7 if
V(xa(1)) + Xz (1) Qaxa(t) — n?uf (t)ur(t) < 0

with Q; = diag(Q, 0,0, 0).
Or equivalently if

(5f3) (F07 g0 72 (5f3) <«

» By bounding the time varying terms, sufficient LMI conditions are
derived
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Design of the reference model tracking controller

The L»-gain from the reference input ur to the tracking error er is bounded
Bezzaowcha, by 7) if there exists symmetric positive definite matrices Py, P2, Ps, matrices

Marx,

Magquin, P4, F; and R;, and positive scalars A}, A}, AL, A7, A3 and A2, minimizing
Ragot — 2 . . .
77 = n~ under the following LMI constraints, fori=1,...,r
M,-1 * * * * * * * * * *
0 M:2 * * * * * * * * *
(AiT — ArT)P1T 0 M * * * * * * * *
Refsr‘eﬂce R; + BiTP1T —R; 0 Mm* * * * * * * *
moae! -
tracking *B,TP1T 0 B,TP3T 0 77]/ * * * * * *
control ATP] 0 0 0 0 Al = * * * * <0
ATP] 0 0 0 0 0 =AY = * * *
BTP/ 0 0 0 0 © 0 =N * *
0 ATPl 0 0 o0 0 0 0 231« *
0 ATP; 0 0 0 0 0 0 0 X231 o«
0 BP0 0 0 0 0 0 0 0 )%
with
M = ATPy + PiA + Q+ (A + A2)EJEa M? = P A+ ATP, — CTFT — FiC
M = AT Ps + PsAr + (\y + A\2)ES Ea M = —P, — P] + (M + \2)EJ Es

The observer and controller gains are given by
Ki=(P])™" and L =P,'F
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A numerical example

Be;&??:Cha’ » Let consider the TS system with r = 2 defined by
aquin,
Ragot 71 1 0 71 1 0
Al=|-6 -5 -1 AA=|-3 -5 -1
3 o -1 -1 -1 -2
0 0 0 0
Bi=|04 01| B=[-02 —-1] Cc=(1 0 0
0 02 1 0.5
Numerical
eramele » The activating functions, depending on x(t) are defined by
2 —sin(xy(t)) — tanh(x2(t
(z(ty) = 2= SnCa) ZtanhCe() 41y = 1 — y(a()

» The reference model is defined by
-1 1 0 0 0
A=|-2 -8 -1 B =1 1
-1 -2 -5 1 2
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A numerical example
0\

Bezzaoucha,
Marx,
Magquin,
Ragot

Numerica
example

Applying the proposed approach, the obtained gains are:
20.63 —-381.4 —47.24 1342 -320.8 -859.0
Ki = Ko =

10.08 —90.82 —137.3 ~56.96 863.6  66.28
L] = (-0.6914 -3.230 3.157) L} =(-0.6954 —0.1777 —0.8158)

» Estimation result » Tracking result

system state x(t) system state x(t)
estimated state X(t)

FUZZ'|IEEE’'2013, july 2013, Hyderabad 12/ 16



Possible improvements and extensions
0\

Measurement noise

Bezzaoucha,

Maan, » If a measurement noise d(t) affects the system output
Ragot
x(t) = Z hi(x(1)) (Aix(t) + Biu(t))
y(t) = Cx(t) + Gd(t)
» the closed loop system becomes
-B 0
Possible im- . _ 7. 0 —L%G Ur( t)
Z:jvements EXa(t) - Ahxa(t) + Br O (d(t)
extensions O O N e’
—_— L u
>

» The L»-gain from u,(t) to e/(t) is minimized by finding V/(x,) satisfying
V(xa(t)) + xa (1) Qaxa(t) — 77T/ (£)Tr(t) < O

» Solved as previously by LMI optimization
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Possible improvements and extensions
0\

Bezzaoucha, Output traCking

Marx,
Maquin,

Ragot » The objective is to minimize the output tracking error defined by
ey(t) = y(t) — yi(t), with y,(t) the output of the reference model
X (t) = Arxe(t) + Brue(t)
yr(t) = Crxi(1)
» The output tracking error is generated by
e EXa(t) = Apxalt) + Bur(t)
provements ey(t) — (C 0 (C _ Cr) o) Xa(t)

and
extensions

c
» The L,-gain from u(t) to e,(t) is minimized by finding V(x,) satisfying
V(xa(t)) + x3 (£)CT QaCxa(t) — nPu] (H)ur(t) < 0

» Solved as previously by LMI optimization
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Conclusion & perspectives

Bezzaoucha, .
Marx, Conclusion
Maquin,
Ragot » Reference model tracking controller
— TS state observer

— PDC controller

» Solution based on
— descriptor approach
— LMI formulation

» Easy extension to
— noise measurement case
‘ — output tracking control
Conclusion

& perspec-
tives
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Conclusion & perspectives
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Marx, Conclusion
Maquin,
Ragot » Reference model tracking controller
— TS state observer

— PDC controller

» Solution based on
— descriptor approach
— LMI formulation

» Easy extension to
— noise measurement case
‘ — output tracking control
Conclusion

& perspec-
tives

Perspectives

» State or output tracking control of nonlinear reference model
» Conservatism reduction of the LMI constraints
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