Contribution to the constrained output feedback

S. Bezzaoucha, B. Marx, D. Maquin, J. Ragot

Research Centre for Automatic Control, Nancy, France
(Centre de Recherche en Automatique de Nancy)

Université de Lorraine

O

CRRAN




Outline of the talk

Bezzaoucha,
Marx,
Maquin,
Ragot

Problem statement and some background

The Takagi-Sugeno modeling of the saturated control

Static output feedback

Dynamic output feedback

Numerical example

Conclusion & perspectives

ACC’2013, june 2013, Washington 2/ 15



Bezzaoucha,

Marx,
Maquin,
Ragot

Problem
statement
and some
background

Problem statement

The overall objective is
» the stabilization of a dynamic nonlinear system

x(t) = f(x (1), u(t))
y(t) = g(x(1), u(1))
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The Takagi-Sugeno modeling of a nonlinear system

» Any dynamic nonlinear system
x(t) = f(x(1), u(t))
y(t) = g(x(1), u(t))
with bounded nonlinearities or with x(t) lying in a compact set of R”
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The Takagi-Sugeno modeling of a nonlinear system

» Any dynamic nonlinear system

Bezzaoucha,

iau, x(t) = f(x(1), u(t))
Ragot
? y(t) = 9(x(t), u(t))
o with bounded nonlinearities or with x(t) lying in a compact set of R”
and some
background » can be written as a Takagi-Sugeno (T-S) system

= hi(z(t)) (Aix(t) + Biu(t))

i=1
Zh x(t) + Diu(t))

where — z(t) is the deC|S|on variable
— hi(z(t)) are the activating functions
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The Takagi-Sugeno modeling of the saturated control

A scalar saturated input

Bezzaoucha,
M“:[ffn. Umax, Umax < U(t)
Ragot sat(u(t)) =< u(t), Umin < U(t) < Umax
Umin, U(t) < Umin
can be putin a T-S (or polytopic) form:
The Takagi-
2%%3?@ of hl (u(t))I
the
saturated _ - % + .
control umin umax »v(O u(t) umm)
sat(u(t))I hz(“(t))T 'ﬂj
umin u@ ] ] N %
Unax Uinin Uinax / (1 u(t)+0>
by T
Oxu(t)+u,,,
e RO,
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Umin, U(t) < Umin

can be putin a T-S (or polytopic) form:

The Takagi-

Sugeno

modeling of Sat U t h U )\ i

med\gf (1) E (u(®))(Niu(t) + i)

saturated

control Wlth
A =0 M = Unin by (u(t)) = =00 tmn)
Ao =1 Yo = 0 hz(U(t)) — S"gn(.u(t)_“min)_25ign(u(t)—“max)
As=0 V8 = Umax ha(u(t)) = 10D tnax)
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The Takagi-Sugeno modeling of the saturated control

» The T-S modeling can be generalized to a saturated vector input

Bezzaoucha,
sat ((u;(t)» _ (SL A O @) +9)
us(t) i B (PO () + )
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The Takagi-Sugeno modeling of the saturated control

» The T-S modeling can be generalized to a saturated vector input

oo (6

» Since 3, hl =1and >, h? =1, then sat(u(t)) becomes

sat ((“ (1

u3(t)

1

-

)) (S RN () + )
A\ RPRO) () +4P)

S AW )N U (1) + ) (S RE(A(D))
(S8 Al (1)) Sy B O)OF (0 + )
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The Takagi-Sugeno modeling of the saturated control

» The T-S modeling can be generalized to a saturated vector input

oo ((43) -

(z% hi(u' (8) (]

u'(t) +%1))

S RB(ER(D)(NPUA(t) + )

» Since 3, hl =1and >, h? =1, then sat(u(t)) becomes

sat((u‘(t))) _ (Z?1 A (U ()N U (1) + 1) (S5 P(u ())))

u3(t)

» or equivalently
sat (i) = ZZ

» More generally, for u(t)

sat

‘o) | (

(30 1l (1)) Sy BB OREA() +7)

A0 o
0 /\/2> u(t) + (7/'2>

wi(u(t)) — hanand

3"

Z“‘ u(t))(Aiu(t

Aj T

€ R™, sat(u(t)) can be written as

B +Ti)
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Static output feedback (objective)

Bezzaoucha,
Marx,

e » Given a saturated nonlinear system

x(t) = Zh 1)) (Aix(t) + Bsat(u(t)))

y(t) = Z hi(z(1))(Cix(t) + Dysat(u(t)))

Static » determine the gains K; of the static output feedback controller
output
feedback

Zh (t)Ky(t)

» in order to
— ensure the closed loop stability
— despite the input saturation
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Static output feedback (descriptor approach)

» Without saturation and with D; = 0, the closed loop system is

Bezzaoucha,
Marx,

el () = 3 50 5 O (O (D) A + BCIX(D)

i=1 j=1 k=1

Static
output
feedback
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Static output feedback (descriptor approach)

» Without saturation and with D; = 0, the closed loop system is

x(t) = ZZZM:(Z Jui(2(8) 1 (2(1)) (Ai + BiK; Cic) x(t)

i=1 j=1 k=1

» In order to avoid
— triple summations (i,j,k =1,...,n)
— coupled terms in the Lyapunov inequalities (i.e. PB;K;Cx)

the closed loop system is put in the descriptor form

(/ 0 o) (x(t) ( B o) <x(1‘))
0 0 0 |u Zh (z(1)) —1 K| | u()
0 00 t ¢ D 1) \y()
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el () = 3 50 5 O (O (D) A + BCIX(D)

i=1 j=1 k=1

» In order to avoid
— triple summations (i,j,k =1,...,n)
— coupled terms in the Lyapunov inequalities (i.e. PB;K;Cx)

the closed loop system is put in the descriptor form

/I 0 0 x(t) B 0 x(1)

Statc 0 0 0] |ut) Zh (2(t)) =1 K| [ u(t)

feegback 0 0 0 t Cj D] —1 y(t)
» Because of the input saturation, the closed loop system is

/I 0 O X(t) r 3w A/' Bj/\,' 0 x(t) B,-I'/

0 0 O u(t) | = hi(2)pj 0 —1 Ki H|+( O

0 0 0 58 ,:21,:21 /(@)nilt) C DA ;Et; DT;
————— ——— ———————— —— ——

E Xa(t) Ajj Xa(t) Bj
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Saturated output feedback stabilization (sketch of the proof)

» The closed-loop stability of

Bezzaoucha,
Marx,

Maquin, r 3M
Exa(t) = >3 hi(z(0)mi(u(t))(Ajxa(t) + Bju(t))
j=1 i=1

is studied with a quadratic Lyapunov function

V(xa(t)) = X1 ()ETPxa(t), ETP=P'E>0

Static
output
feedback
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j=1 i=1

is studied with a quadratic Lyapunov function
V(xa(t)) = x4 ()E"Pxa(t), E'P=PTE>0
> |t can be shown that:

Static d V( Xa

output

3 O a(0) () + Ry)

i=1 j=1

with Q; and Rj linearly depending on P, K; and other slack variables.
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Bezzaoucha,
Marx,

Maquin, r 3M
Exa(t) = > S hi(z(t)mi(u())(Ajxa(t) + Bju(t))
j=1 i=1

is studied with a quadratic Lyapunov function
V(xa(t)) = x4 ()E"Pxa(t), E'P=PTE>0
> |t can be shown that:

Static d V( Xa

output

) <SS oyt ) (X (DQx(t) + Ay)

i=1 j=1

with Q; and Rj linearly depending on P, K; and other slack variables.
» Sufficient LMI convergence conditions into a ball are derived:

Q<0 V() g
e = min; j(A(—Qy)) é{ < = Xa(t) = B0 0
- ij if > 5 a ’
d = max; ; RI,/ VHX&(Z‘)H - \/Z ¢
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LMI formulation of the saturated output feedback stabilization

There exists a static output feedback controller for a saturated input system

Bereaowcha such that the system state converges toward an origin-centered ball of
e radius bounded by 3 if there exists matrices Py = P{ >0, P, > 0, P, R;
Y= ()" >0, = (X)) > 0, solutions of the following minimization
problem under LMI constraints (fori=1,...,3™ andj=1,...,r)
min
Py, Py, Pg, R/,Z}I.,Z%,ﬁ
ATPi+PiA PiBA; G/ P P 0 / 0 0
* —P2 - PZT RJ+A,DJTP3 0 0 0 / 0
Static * * _P3 — P(;r 0 P3 0 0 /
;)elggg;ck * * * 72:1/' 0 0 0 0 <0
* * * * 72‘3. 0 0 0
* * * * * —31 0 0
* * * * * * —B1 0
* * * * * * * —B1

r/B/siBri+r1/D/iDr < g
The gains of the controller are given by
K= (P/)'R
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From static to dynamic saturated output feedback
CRAN

Saturated static output feedback

x(t) = 32, hi(z2(1)(Aix(t)+ Bisat(u(t)))
y(t) = 22 hi(z()(Cix(t) + Disat(u(t)))

Bezzaoucha,
Marx,

e system : {
+
controller :u(t) = hi(z(t))Kiy(1)
Closed loop system in the descriptor form:

! o o r.3m . BA 0 /x(t) BT,

/ hi(z)pi(u —I K |lu(t)|+| O

0 0 0 121; ( ( ) /' D/\, 71/ y(f) D,-I'i
Dynamic

Ioctback = Exa(t) = SXhi(z(1)i(u(t)) (Ajxa(t) + By)
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Saturated dynamic output feedback

x(t) = 32, hi(z2(1)(Aix(t)+ Bisat(u(t)))
y(t) = 22 hi(z()(Cix(t) + Disat(u(t)))
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Ragor system : {

o(t) = 22, hi(2(1)) (AP xe(t)+Biy (1))
= 22 hi(z(0)(CPxe(t)+ D7y (1))

Closed loop system in the descnptor form:

controller : {

I 0 0 0\ /x(t - A 0 BN 0N /x(1) Br;
0 I 0 0o xl(t h 0 A° 0 B || xl(t) 0
o 0o o ofl up > D hmil| o ce Df ut) || o
Dynaric 0 0 0 o/\y)) == ¢ o0 DN —1)\¥(®) iy
outpu
feedback
= EXa(t) = ZixZhj(2(1)) miu(t)) (AiXa(t) + Bj)
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Saturated dynamic output feedback

x(t) = 32, hi(z2(1)(Aix(t)+ Bisat(u(t)))
y(t) = 22 hi(z()(Cix(t) + Disat(u(t)))

Bezzaoucha,
Marx,

Maquin, .
Ragor system : {

o(t) = 22, hi(2(1)) (AP xe(t)+Biy (1))
= 22 hi(z(0)(CPxe(t)+ D7y (1))

Closed loop system in the descnptor form:

controller : {

I 0 0 0\ /x(t - A 0 BN 0N /x(1) Br;
0 I 0 0o xl(t h 0 A° 0 B || xl(t) 4|0
0 0 0 o] ar) > hui o ¢ I Df u(t) 0
Dynaric 0 0 0 o/\y)) == ¢ o0 DN —1)\¥(®) iy
outpu
feedback
= EXa(t) = ZixZhj(2(1)) miu(t)) (AiXa(t) + Bj)

The dynamic case is tackled as the static case
= Lyapunov function
= LMI conditions for state convergence in an origin centered ball
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A numerical example

» Let consider the saturated nonlinear system
Bezzaoucha,
Marx,

"Rebol x(t) = Zh 1)) (Aix(t) + Bisat(u(t)))
y(t) = Zh 1))(Cix(t) + Disat(u(t)))
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A numerical example

» Let consider the saturated nonlinear system
Bezzaoucha,
Marx,
Maquin.

X(t) = zh 0)(Ax(t) + Bisat(u(t)))

y(t) = Zh 1))(Cix(t) + Disat(u(t)))

» with z(t) = y(t) the measurable decision variable and

hi(z(t)) = 1= @I T V() ) =1 - y(2(1)

-2 1 1 -3 2 -2
A= 1 -3 0 A=15 -3 0
2 1 -8 1 2 -4
Numerical 1 3
example _ _ _ _ 1 1 1 _ _ O
31_(5) Bz_<_11> R I

ACC’2013, june 2013, Washington 12/ 15



A numerical example

» Let consider the saturated nonlinear system
Bezzaoucha,
Marx,
Maquin.

X(t) = zh 0)(Ax(t) + Bisat(u(t)))

y(t) = Zh 1))(Cix(t) + Disat(u(t)))

» with z(t) = y(t) the measurable decision variable and

m(z()) = LB RO 0y) = 1 y(a())

-2 1 1 -3 2 -2
A= 1 -3 0 A=15 -3 0
2 1 -8 1 2 -4
Numerical 1 3
example _ _ _ _ 1 1 1 _ _ O
31_(5) Bz_<_11> R I

» and the input saturation:
—0.3 < sat(u(t)) <0.3
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A numerical example

Let us compare, four different cases:

Bezzaoucha,
th:ruxi,nv » nominal control of the unsaturated system
Ragot » nominal control of the saturated system
>
» proposed dynamic control of the saturated system
. —ye %
03 s
-0.4 L T
Numerical ~05 | 72
example |— |
08 os
control input system outputs
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Ragot » Unified T-S representation of
— the nonlinear system

— the input saturation

» LMI formulation of the saturated output feedback control for nonlinear
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Unified solution for both
— static output control
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v

» Perspectives
Gonclusion — state or output tracking control
tives — conservatism reduction of the LMI constraints
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