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Introduction 

Reliability and failure rate function

Basic Reliability models 

Data Collection & Empirical Methods

Identification of Failure distribution 

Feedback data collection methods



Data Collection & Empirical Methods

Course I and II → Basic reliability models applications. 

Failure Data collection

Data base construction 

Analysis of data, 

“Identify” failure distributions 

Estimate parameters of distributions
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Fitting reliability
distribution to failure

data

1st Approach:  
Non-parametric –

distribution free method

Identify distribution 
directly from data 

2nd Approach:  
Distribution fit

Fit theoretical 
distribution 

(Weibull, normal, log-
normal, exponential)



Analysis of failure data  

Generation or observation of failure data can be represented by: 𝑡1,𝑡2,𝑡3,… , 𝑡𝑛

𝑡𝑖: represents time of failure of ith unit. 

Each failure → Independent sample from same population.

Population → Distribution of all possible failure times

Objective: Determine the best failure distribution by n failure times from sample given.
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𝑓 𝑡 , 𝑅 𝑡 , 𝐹 𝑡 , 𝜆 𝑡



Taxonomy of Data

Common failure data types: 

Operational failures                               vs                     Test-generated failures

Field data collected (on ground)                                                                                             
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Item operates in normal use

• Burn in tests : Specific duration usage

• Life test and Accelerated tests

• Constant stress

• Degradation injection

• Reliability Growth Tests



Taxonomy of Data

Common failure data types: 

Grouped  data                               vs                     Ungrouped Data

Failure Data in time intervals
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Failure Data at specific time  

• large groups

• depends on method

of collecting,

• individual failures

may not be recorded

• Individual failures are recorded

Complete Data                                 vs

• Failure Data collected for all items/ 

tests till actual failure 

Censored Data 

• Data incomplete, test terminated or data

collection finished before failure. 

• Unit may be removed before failure due to 

other failure mode that occur in other 

components.



Taxonomy of Data
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Censored Data 
Single Censored Data

All  items with same test time . 

Test is terminated before item failure

• Censored on left :  Failure times for some units occur 

before some specific time, test started after failure. 

• Censored on right : failure times after some time

• Type I :   Test is terminated after a fixed length of time t*

• Type II: testing is terminated after a specific number of failures 

‘r’ has occurred.  

Multiply Censor Data

Testing and operating times differ 

among censored units 



Empirical methods :  Ungrouped Complete data

Non parametric , distribution free methods 

Generation or observation of failure data can be represented by: 𝑡1,𝑡2,𝑡3,… , 𝑡𝑛

𝑡𝑖: represents time of failure of ith unit. 

Objective:  derive from failure data : 

• Consider 'n’ ordered failure times:  

• Number of units surviving at time ti → n-i

• Reliability function estimation 
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𝑓 𝑡 , 𝑅 𝑡 , 𝐹 𝑡 , 𝜆 𝑡

𝑡1, 𝑡2, … . . , 𝑡𝑛 ; 𝑡𝑖 ≤ 𝑡𝑖+1

𝑅 𝑡𝑖 =
𝑛 − 𝑖

𝑛
= 1 −

𝑖

𝑛

𝐹 𝑡𝑖 = 1 − 𝑅 𝑡𝑖 =
𝑖

𝑛

Improved Estimate of cumulative failure 

distribution : 

Reliability estimate : 

𝐹 𝑡𝑖 =
𝑖

𝑛 + 1

𝑅 𝑡𝑖 = 1 −
𝑖

𝑛 + 1
=
𝑛 + 1 − 𝑖

𝑛 + 1

• The equation provides plotting positions

𝑡𝑖 , 𝐹 𝑡𝑖

Skewed distribution → Median a good measure 

𝐹 𝑡𝑖 =
𝑖 − 0.3

𝑛 + 0.4



Empirical methods :  Ungrouped Complete data
• Probability density function
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Approximate confidence interval of 

for MTTF:

መ𝑓 𝑡 = −
𝑅 𝑡𝑖+1 − 𝑅 𝑡𝑖

𝑡𝑖+1 − 𝑡𝑖

መ𝑓 𝑡 =
1

𝑡𝑖+1 − 𝑡𝑖 × 𝑛 + 1
; 𝑡𝑖 < 𝑡 < 𝑡𝑖+1

መ𝜆 𝑡 =
መ𝑓 𝑡

𝑅 𝑡
=

1

𝑡𝑖+1 − 𝑡𝑖 × 𝑛 + 1 − 𝑖

=
1

𝑡𝑖+1 − 𝑡𝑖 × 𝑛 + 1 − 𝑖

MTTF estimate : obtained from sample mean

𝑀𝑇𝑇𝐹 =

𝑖=1

𝑛
𝑡𝑖
𝑛

𝑠2 =

𝑖=1

𝑛
𝑡𝑖 − 𝑀𝑇𝑇𝐹

2

𝑛 − 1
∧

=
𝛴𝑖=1
𝜂

𝑡𝑖
2 − 𝑛𝑀𝑇𝑇𝐹2

𝑛 − 1

𝑀𝑇𝑇𝐹 ± 𝑡 Τ𝛼 2,𝑛−1

𝑠
2 𝑛

100 × 1 − 𝛼

From student's t distribution, for (n-i) degrees 

of freedom and desired Confidence Interval 

level



Empirical methods :  Ungrouped Complete data

• Example:  10 failure times in Hours are given, estimate the distribution

18.9, 86.1, 15.4…….20.1 (10 failure times)

Rank-order the data
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Time Reliabili
ty 

Density Hazard 
rate 

0.0 1.00 0.0059 0.0059

15.4 0.909 0.0260 0.028

18.9 0.818

20.1 0.72

.

-

-

-

86.1

𝑓 𝑡 , 𝑅 𝑡 , 𝐹 𝑡 , 𝜆 𝑡

𝑅 15 · 4 =
10 + 1 − 1

11
= 0.9090

መ𝑓 𝑡 =
1

18 · 9 − 15 · 4 · 11
= 0.0260 𝑓𝑜𝑟 15 · 4 < 𝑡 < 18 · 9

መ𝜆 𝑡 =
1

18 · 9 − 15 · 4 · 10
= 0.0286

Approximate 90% confidence interval  for MTTF:

𝑀𝑇𝑇𝐹 =
15 · 4 + 18 · 9 + ⋯

10
= 40.31

𝑆2 =
15 · 42 + 18 · 92 +⋯… .

9
= 585 · 54

𝑆 = 24 · 198
𝑡0.05,9 = 1.833 (𝑆𝑒𝑒 𝑆𝑡𝑢𝑑𝑒𝑛𝑡𝑠 t 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑐ℎ𝑎𝑟𝑡)

40 · 31 ± 1 · 833 ×
24 · 198

10
𝐶𝐼 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 = 26 · 284,54 · 34
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Empirical methods :  Un Grouped Complete data

• Failure data → grouped,  time intervals, individual observations no longer available. 

• Number of  units survived at ordered times: 
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𝑛1, 𝑛2, 𝑛3, 𝑛4, … . . 𝑛𝑘
𝑡1, 𝑡2, 𝑡3, 𝑡4, …… . 𝑡𝑘

𝑅 𝑡𝑖 =
𝑛𝑖
𝑛
; 𝑖 = 1,2, ……𝑘

መ𝑓 𝑡 = −
𝑅 𝑡𝑖+1 − 𝑅 𝑡𝑖

𝑡𝑖+1 − 𝑡𝑖
𝑓𝑜𝑟 𝑡𝑖 < 𝑡 < 𝑡𝑖+1

=
𝑛𝑖 − 𝑛𝑖 + 1

𝑡𝑖+1 − 𝑡𝑖 · 𝑛

መ𝜆 𝑡 =
መ𝑓 𝑡

𝑅 𝑡
=

𝑛𝑖 − 𝑛𝑖+1
𝑡𝑖+1 − 𝑡𝑖 · 𝑛𝑖

𝑀𝑇𝑇𝐹 = 

𝑖=0

𝑘−1

തti
𝑛𝑖 − 𝑛𝑖+1

𝑛

𝑠2 = 

𝑖=0

𝑘−1

തti
2
𝑛𝑖 − 𝑛𝑖+1

𝑛
− 𝑀𝑇𝑇𝐹 2

ഥ𝑡𝑖 =
𝑡𝑖 + 𝑡𝑖 + 1

2
;

𝑡0 = 0; 𝑛0 = 0

𝑛𝑖 − 𝑛𝑖
+ 1 𝑖𝑠 𝑡ℎ𝑒

𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑓𝑎𝑖𝑙𝑒𝑑 𝑖𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖 + 1



Empirical methods :  Ungrouped Censored data

• Assume n units are placed on test, r failures occurring (or less than n).

• Single censored data on right:  (test time terminated before failure). 

• when test terminated → estimated reliability curve is truncated. 

• Mean , variance etc.  cannot be obtained from previous formulas. 

• Theoretical distribution provides  complete picture → Subject of next class !

• Multiply censored data :

• represents a failure time, 𝑡𝑖
+ represents censored (removal) time, Considered together.

Product Limit Estimator:

• Estimation without censoring   

13

𝑡𝑖

Lifetime distribution 
of censored units 

same as non-
censored units. 

𝑡1, 𝑡2, 𝑡3,
+……𝑡𝑖 , 𝑡𝑖+1

+ , … 𝑡𝑛

𝑅 𝑡𝑖−1 =
𝑛 + 2 − 𝑖

𝑛 + 1

𝑅 𝑡𝑖 = 1 −
𝑖

𝑛 + 1
=
𝑛 + 1 − 𝑖

𝑛 + 1

If censoring (not failure) takes place, 

at time ti , the reliability should not change.

𝑅 𝑡𝑖 =
𝑛 + 1 − 𝑖

𝑛 + 2 − 𝑖
· 𝑅 𝑡𝑖−1

𝑅 𝑡𝑖

𝑅 𝑡𝑖−1
=
𝑛 + 1 − 𝑖

𝑛 + 2 − 𝑖
𝑅 𝑡𝑖

+ = 𝑅 𝑡𝑖−1

𝑅 𝑡𝑖 =
𝑛 + 1 − 𝑖

𝑛 + 2 − 𝑖

𝛿
𝑖

𝑅 𝑡𝑖−1

𝛿𝑖 = ቊ
1 𝑖𝑓 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡𝑖

0 𝑖𝑓𝑐𝑒𝑛𝑠𝑜𝑟𝑖𝑛𝑔 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡𝑖
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• Basée sur l'ajustement de l'ordre de rang des données de défaillances. 

• Ajuster le rang des ième données de la ième défaillance,

pour tenir compte du temps de censure qui se produit  avant la ième défaillance. 

Une unité de censeur a une certaine probabilité de défaillance avant ou après la défaillance suivante. 

ainsi, il peut influencer le classement des défaillances subséquentes. 

Example: 

Le premier échec a un rang (1),

mais le second échec pourrait avoir un rang (2) s’il tombe en panne avant 160, 

ou un rang (3) s'il échoue après 160Hr, 

donc le rang de la seconde unité doit être ajusté.  
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Empirical methods :  Ungrouped Censored data Rank Adjustment Method 
(Johnson)



• n: nombre total d'unités à risque

• ordre de rang du temps de défaillance i-1. 

• l'incrément de rang reste le même jusqu'à ce que la prochaine censure se produise.

• L'incrément de rang est recalculé pour la prochaine défaillance suivant une unité censurée. 

• le rang ajusté devient :  

• Fiabilité estimeé: 
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1
( 1)

1

−
+ −

=
+

it
n i

Rank Increment
number of units after present censored unit

𝑖𝑡𝑖−1

1−
= +

i it ti i rank increment

0.3
( ) 1

0.4

−
= −

+

it

i

i
R t

n



Empirical methods :  Grouped Censored data

• Grouped Censor data :  Construct Life tables 

• Elaborate the survival experience of items in each group

• Group Failure and censor times :

• Number of groups :  

• The intervals do not need to be equal width!! 
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𝑘 + 1

[𝑡i−1, 𝑡i) 𝑓𝑜𝑟 𝑖 = 1,2, … . 𝑘 + 1

t0=0 ,      tk+1=∞

𝐹𝑖 =

𝐶𝑖 =

𝐻𝑖 =

𝐻′
𝑖 = 𝐻𝑖 −

𝐶𝑖
2

𝐹𝑖
𝐻′

𝑖

pi= 1 −
𝐹
𝑖

𝐻′
𝑖

Number of failures in ith interval

Number of removals (censored) in ith interval

Number at risk at time ti

Conditional probability of failure in ith interval , 
given survival till time ti-1

= 𝐻𝑖- Fi-1 – Ci-1

Adjusted Number at risk ,
Assuming that censored times occur uniformly over 
the interval 

Conditional probability of survival in ith interval , 
given survival till time ti-1

Reliability of surviving after ith interval = Pr {surviving till ti given it has survived till ti-1} X Pr {survived till ti-1} 

𝑅𝑖 = 1 −
𝐹𝑖
𝐻′

𝑖

𝑅𝑖 − 1
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Empirical methods :Static Life Estimation 

Reliability estimate required for single specified point in time t0. 
n units put on test for time t0 → number of failures r recorded. 

𝑅 𝑡0 = 1 −
𝑟

𝑛



Taxonomy of Data

Common failure data types: 

Operational failures                               vs                     Test-generated failures

Field data collected (on ground)                                                                                             
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Item operates in normal use

• Burn in tests : Specific duration usage

• Life test and Accelerated tests

• Constant stress

• Degradation injection

• Reliability Growth Tests



Taxonomy of Data

Common failure data types: 

Operational failures                               vs                     Test-generated failures

Field data collected (on ground)                                                                                             
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Item operates in normal use

• Burn in tests : Specific duration usage

• Life test and Accelerated tests

• Constant stress

• Degradation injection

• Reliability Growth Tests



Reliability Testing 

Reliability Life Testing

• A new product design →functional, operational tests to determine satisfaction of performance and 
reliability requirements. 

• Reliability qualification test →measure performance and reliability under : 

• various operational conditions, 

• functional requirements. 

Reliability Growth testing:

Elimination of Failure causes,

growth in reliability  
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Given Design

Reliability 

Assessment 

Identify Failure 

Modes/Causes/

Re-design



Reliability Testing 

Reliability Life Testing

Objective :  Failure data collection → Assess reliability and safety goals are met? 

Common types of reliability testing :  

• Burn-in and screen testing: 

• eliminate infant mortality tests.

• Acceptance & Qualification test: 

• demonstration of reliability goals are met, or within acceptable standards

• Sequential tests: 

• to assess reliability goal is satisfied or not.

• Accelerated life tests: 

• Shorten the length (period) of tests.

• Accelerating stress conditions,
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Failure data 
collection , 

Analysis
(Non-parametric 

methods, 
fit distributions



Reliability Testing 

Factors to consider before any reliability test conducted:

• Objective of test (fix desired reliability, design life )

• Definition of failure (threshold, symptoms)

• Type of test

• Operating and Environmental conditions (normal, accelerated)

• Duration of test

• Number of units to test

JHA Mayank , Email:  mayank-shekhar.jha [at] univ-lorraine.fr 24



Reliability Testing 

1. Burn-in and screen testing: 

• Analysis of conditional reliability (survive  till time (initial) T0) 

• increase the mean residual life 

• Decrease infant mortality , eliminate early failures, increase MTTF. 

• Identify failure cause for infant mortality , redesign etc. 
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!
Economic  when failure rate is DFR!!
(Decreasing Failure rate Model) 



Burn-in and screen testing

• Desired Reliability at time t0 : 𝑅0

with 𝑅 𝑡0 < 𝑅0

• 𝑅 𝑡 → 𝐷𝐹𝑅

• A burn-in period T is desired with 𝑅 𝑡0|𝑇 = 𝑅0
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Reliability Testing 

2. Acceptance Tests:

• Used for demonstrating reliability acceptance (quality satisfaction) 

• Reliability satisfaction 

• Pre-defined sample size, or sequential process. 

• Usually, specified, environmental operating conditions. 

• Based on sequential probability ratio (Wald, 1947). 
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Reliability Testing 
3. Sequential Tests:

• Used for demonstrating reliability acceptance (quality satisfaction) 

• NOT for estimating failure rate or reliability parameters! 

• Based on sequential probability ratio (Wald, 1947). 

Method : Accept or Reject a specified Hypothesis 

• Reliability parameter (MTTF, failure rate, failure probability..etc. ) :

• Specification :   

• Unacceptable value : 
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𝐻0: 𝜙 = 𝜙0

𝐻1: 𝜙 = 𝜙1 > 𝜙0

𝜙

𝜙0

𝜙1

Statistical Hypothesis Test : 

• test static computed with each sequential data

• Till, Null hypothesis is accepted or rejected.  

𝑡1, 𝑡2, 𝑡3, … . 𝑡𝑟
𝑦𝑟 = ℎ 𝑡1, 𝑡2, … 𝑡𝑟



Reliability Testing 

4 . Accelerated-life testing

• Amount of time available for testing less than expected failure/fault time of component. 

• Must accelerate the aging process to determine/identity design weakness in a given time.

• Common ways:  

• Increase number of units on test. 

• increases rate of failure

• statistical test accomplished fast.

• Accelerated Cycling 

• Product usage, loading conditions, cyclic usage accelerated. 

• Example:  Motor usage, PEMFC, 

• Increase the stress levels that generate failures. 

• loading, demand levels, stress, force levels accelerated, 

• humidity /temperature levels of machines, radial force on bearing, 
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Reliability Testing 

4 . Accelerated-life testing

Accelerated Cycling (simplistic case)   

Assumptions :  

• no new failure modes are introduced due to cycling 

• failures occur due to cycling only

Since, number of cycles to failure is same for both normal 

and accelerated conditions

Under accelerated cycling:

• only characteristic life changes,

• Weibull distribution retains its shape
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𝑥𝑛𝑡𝑛 = 𝑥𝑠𝑡𝑠

𝑡𝑠 =
𝑥𝑛
𝑥𝑠

𝑡𝑛

𝑅𝑛 𝑡𝑛 = 𝑅𝑠 𝑡𝑠 = 𝑅𝑠
𝑥𝑛
𝑥𝑠

𝑡𝑛

𝑅𝑛 𝑡𝑛 = exp −
𝑡𝑛
𝛼𝑛

𝛽𝑛

= exp −
𝑡𝑠
𝛼𝑠

𝛽𝑠

= exp −
𝑥𝑛
𝑥𝑠

𝑡𝑛
𝛼𝑠

𝛽𝑠

𝛽𝑠 = 𝛽𝑛 = 𝛽

α𝑛 =
𝑥𝑠
𝑥𝑛

α𝑠

numbers of cycles per unit time under normal operating conditions: 𝑥𝑛
number of cycles per unit time under accelerated conditions:             𝑥𝑠,
time to failure under 𝑥𝑛 cycles per unit time :                                         𝑡𝑛,
time to failure under 𝑥𝑠 cycles per unit time:                                          𝑡𝑠



Reliability Testing 

Degradation Models

• Physics of Failure Models 

• Based on physics of degradation 

• Crack propagation, fatigue propagation  on blades (Paris Models)

• Accelerated temperature levels :  Arrhenius Model

• Data Driven Models : Fit failure data → time based function (deterioration of health as function of 
time)

• Indication of system health based upon a feature, sets of features. 

• Ex:  Motor ageing :  Change in resistance of coil, 

• Rolling Bearing :  surface wear,  damage in inner/outer cages.

• Fuel Cell :  Change in resistance of membrane,   

• Feature Extraction → Feature Selection → Data Fitting →Parameter Estimation of model

→ Health /Life Prediction 
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Reliability Testing 

Degradation models :  Fuel Cell (PEM)  
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Reliability Testing 

Degradation Model  (Time Domain)  :  Rolling Bearing under Radial force  
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Reliability Testing 

Degradation Modelling (Frequency FFT) :  Rolling Bearing under Radial force 
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1600 N force
4000 N force



Reliability Growth Testing 

• Test-fix-test-fix cycle
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Reliability 

Assessment/Test 

Failure data 

collection 

Reliability parameters 

analysis  (MTTF, failure 

rate, etc..

Identify failure modes/ cause

and analysis 
L'Analyse des modes de défaillance, de leurs effets et 

de leur criticité (AMDEC)

Eliminate 

Failure modes

Re-design

Failure data 

Analysis



Reliability Growth Testing 

• Idealized Reliability Curve
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Annex :  Student t distribution Chart
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