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Abstract— This paper develops a novel Lipschitz-aware safe
exploration framework for reinforcement learning in envi-
ronments with abrupt, unmodeled safety variations. Local
Lipschitz constants of the safety function are estimated online
using kernel density estimation (KDE), providing a data-driven
measure of rapid changes in the safety landscape. These
estimates are incorporated into a robust quadratic program
(QP) with Lipschitz-aware control barrier function (CBF)
constraints, yielding a safe exploration law that guarantees
forward invariance of an enlarged safe set under probing noise.
The exploration mechanism is then coupled with a safety-
aware learning stage to obtain a unified safe RL framework.
Simulations on an inverted pendulum illustrate the efficacy of
the proposed approach.

I. INTRODUCTION

Safety in control systems is increasingly addressed
using Control Barrier Functions (CBFs), which ensure
forward invariance of safe sets under control actions [1,
2]. To account for bounded disturbances, Input-to-State
Safety (ISSf) was introduced in [3], leading to ISSf-CBFs.
While effective, these can be overly conservative. Recent
works [4, 5] propose Tunable ISSf-CBFs (TISSf-CBFs),
which allow tuning the invariant set to closely approximate
the undisturbed safe set, reducing conservatism without
significantly impacting the performance.

Reinforcement Learning (RL) offers a model-free
paradigm for learning stabilizing and optimal control
policies [6], including online solutions to the Hamil-
ton–Jacobi–Bellman (HJB) equation via Policy Iteration (PI)
[7–9]. Safe RL combines RL with safety guarantees, often
using CBFs to enforce safety during both exploration and
learning [10–13]. Off-policy PI algorithms are especially
attractive as they separate exploration (via a behavioral
policy) and exploitation (via a target policy) [14]. However,
most works assume an initial admissible controller and do
not address safety during exploration.

Recent work in [12] introduced an off-policy PI frame-
work that ensures safety across initialization, exploration,
and learning by using Quadratic Program (QP) controllers
under joint CBF and Control Lyapunov Function (CLF)
constraints. However, such QP-based controllers can become
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infeasible in the presence of unmodeled or rapidly varying
nonlinearities. To address feasibility loss, [15] proposed a
feasible set reshaping approach. Separately, [16] used Kernel
Density Estimation (KDE) to estimate the Lipschitz constant
of unknown nonlinearities, though this was not applied to
safe exploration.

Most safe RL methods assume smooth variation in safety
limits, but real-world environments often undergo abrupt
changes (e.g., obstacles, lane shifts), causing sharp transi-
tions in the safety function. Exploring near safety boundaries
is crucial for data efficiency, yet aggressive exploration noise
in such settings can induce rapid, unmodeled variations in
the safety function. This may render QP controllers infeasi-
ble. Thus, balancing exploration aggressiveness with conser-
vatism becomes critical to ensure safety during exploration
in uncertain, dynamic environments.

Recently, the Tunable ISSf strategy was applied to
safe exploration in [17, 18], where exploration is made
highly conservative near safety boundaries and remains non-
conservative within the interior of the safe set. However,
these works do not account for abrupt environmental changes
or variations in the Lipschitz constant of the safety function.

Contributions: This paper: i) formulates safe exploration
as a Lipschitz-aware robust QP with CBF constraints, using
KDE to estimate local Lipschitz constants online; ii) intro-
duces an enlarged safe set that incorporates this local Lip-
schitz information and guarantees robust forward invariance
during exploration; and iii) interfaces the resulting explo-
ration module with a safety-aware learning stage to obtain an
integrated RL framework for rapidly varying environments.

Notation: Standard notions of class K, K∞, and extended
class Ke

∞ functions are used. For any essentially bounded
signal d : [0,∞) → Rp, let supremum be denoted as
∥d∥∞ := supt≥0 ∥d(t)∥. We use U ⊆ Rm for instanta-
neous control values and U for measurable input signals
u : [0,∞) → Rm. For any differentiable scalar function
φ, Lfφ(x) := ∇φ(x)⊤f(x) and Lgφ(x) := ∇φ(x)⊤g(x).

Structure: Section II provides an overview of the back-
ground concepts. Section III outlines the problem formula-
tion, while Section IV introduces the novel propositions on
Lipschitz-aware safe exploration. The safe learning approach
is presented in Section V, followed by a simulation study
in Section VI. Lastly, Section VII concludes the paper and
discusses directions for future research.

II. BACKGROUND

Consider an affine-in-control nonlinear system for all t ≥
0:

ẋ = f(x) + g(x)u, (1)



where x ∈ Ω ⊆ Rn is the state, u ∈ U ⊆ Rm is the
control input. We assume f ∈ C1, g is locally Lipschitz
on Ω, f(0) = 0, and that the system is stabilizable on the
compact set Ω. Hence, x = 0 is an equilibrium under u = 0.

A. Optimal Control

Here, the objective is to find a policy u(·) minimizing the
infinite-horizon cost

V (x) =

∫ ∞

0

r(x, u) dt, r(x, u) = q(x) + u⊤Ru, (2)

where q : Ω → R≥0 is positive definite and R ∈ Rm×m is
positive definite. A policy is admissible if it stabilizes the
system and yields finite cost. Assuming V ∈ C1, the value
function satisfies:

∇V ⊤(f(x) + g(x)u) = −r(x, u). (3)

Substituting the optimal policy u⋆ = − 1
2R

−1g⊤(x)∇V ⋆,
this yields the Hamilton–Jacobi–Bellman (HJB) equation:

H(V ⋆)(x) := ∇V ⋆⊤f(x) + q(x)

− 1
4∇V

⋆⊤g(x)R−1g⊤(x)∇V ⋆ = 0.
(4)

In general, closed-form solutions to (4) are intractable,
motivating iterative solutions such as Policy Iteration (PI)
involving evaluation and improvement steps [6]. Classical
formulations do not incorporate safety, which is addressed
in Safe RL frameworks [11–13].

B. Safety

Let the safe set be

C := {x ∈ Rn : h(x) ≥ 0}, (5)

where h : Rn → R is continuously differentiable. Safety is
understood as forward invariance of C. In the zeroing-barrier
formulation, the safe-set defining function h itself serves as
the barrier function. Specifically, h is a ZCBF if there exists
α4 ∈ Ke

∞ such that

sup
u∈U

[
Lfh(x) + Lgh(x)u

]
≥ −α4(h(x)), ∀x ∈ D. (6)

We also use the standard CLF and ISSf notions from [1, 3–5]
for admissible initialization and robust safety interpretation.

III. PROBLEM FORMULATION

Consider the system (1) during exploration:

ẋ = f(x) + g(x)
(
u+ eu(t)

)
, t ≥ 0, (7)

where eu : [0,∞) → Rm is a bounded, piecewise-
continuous probing signal satisfying ∥eu∥∞ ≤ ξ, with
∥eu∥∞ := supt≥0 ∥eu(t)∥. Although injected deliberately
for data collection, eu(t) is treated in the analysis as a
matched disturbance.

Even when f(x), g(x), and a nominal safety function
h(x) ∈ C1 are known, abrupt environmental changes can
induce localized steep variations in h(x), effectively shifting
the safe set boundary. Such variations are naturally character-
ized by large local Lipschitz quotients |h(x1)−h(x2)|/∥x1−
x2∥. Since these effects may not be captured by a fixed

nominal model of h(x), we use a data-driven estimate of
the local Lipschitz constant. In safe RL, exploration near
the boundary is informative but probing noise combined
with rapidly varying safety limits can distort h(x) and lead
to infeasibility of QP-based safety filters. A large estimate
η̂h therefore serves as an indicator of abrupt variations and
motivates a Lipschitz-aware safety mechanism.

Remark 1. Although h(x) ∈ C1 is assumed for con-
troller synthesis, the safety landscape encountered during
exploration may still exhibit localized steep variations. The
estimate η̂h is used as a real-time sensitivity indicator to
capture such effects without requiring an explicit perturbation
model. □

IV. SAFE EXPLORATION

Classical CBF designs assume that the boundary ∂C
evolves smoothly. However, abrupt environmental transitions
(e.g., dynamic obstacles) cause rapid, localized shifts in h(x),
which may not be captured analytically. The local Lipschitz
constant estimated via KDE provides a data-driven measure
of this variability, allowing the safe set to adapt spatially,
rather than relying on global or fixed bounds. First, the
KDE based approach developed in [16] is presented to learn
Lipschitz constant associated with unknown nonlinearity
manifesting in h(x) under rapid environmental variations.

A. Local Lipschitz Estimation

Since h ∈ C1(Ω) and Ω is compact, h is globally Lipschitz
on Ω; i.e., there exists η⋆h > 0 such that

|h(x1)− h(x2)| ≤ η⋆h∥x1 − x2∥, ∀x1, x2 ∈ Ω.

To capture abrupt spatial variations during exploration, how-
ever, we estimate a local Lipschitz constant from a moving
data buffer Dh(tk) = {(xi, h(xi))}ki=k−Nh+1. For each
pair (xi, xj) in the buffer, define the Lipschitz quotient
ℓhij :=

|h(xi)−h(xj)|
∥xi−xj∥ . Let {ℓhr}

nℓ
r=1 collect these quotients.

Their empirical density is estimated via KDE as

ρ̂h(ℓ) =
1

nℓbh

nℓ∑
r=1

K
(
ℓ− ℓhr
bh

)
, (8)

where K is a Gaussian kernel and bh > 0 is the bandwidth.
Given a density threshold βh > 0, define Sh(tk) := {ℓ ≥
0 : ρ̂h(ℓ) ≥ βh}. The scalar Lipschitz estimate used by the
controller at time tk is

η̂h(tk) := maxSh(tk). (9)

This estimate is then held constant over the interval
[tk, tk+1). The buffer Dh(tk) is updated at every sampling
instant tk with sampling period Ts, and the estimate η̂h(tk)
is held constant over [tk, tk+1).

Remark 2. Under standard regularity conditions, ρ̂h(ℓ)
converges uniformly to the density of the Lipschitz quotients;
see [16]. Here, the controller uses η̂h(tk) as a data-driven
local sensitivity indicator, with larger values indicating more
rapidly varying or less accurately modeled safety boundaries.



The parameter βh defines the density threshold for the sup-
port set Sh(tk) and should not be interpreted as a confidence
level unless explicitly calibrated. □

The next section presents the novel propositions of this
paper inspired from ISSf concepts in [3] and Tunable ISSf
in [4], and extends them in safe exploration context.

B. Lipschitz-Aware Input-to-State Safety (L-ISSf)

Classical ISSf-CBF constructions enlarge the safe set
according to a disturbance bound. Here, robustness must
account for both the probing signal eu(t) and abrupt local
variations in the safety region captured by η̂h. We therefore
construct a Lipschitz-aware enlarged safe set Cξ,L ⊇ C,
whose size depends on both the exploration budget ξ and the
estimated local sensitivity of h(x). At each sampling instant,
η̂h is computed from the data buffer and held constant until
the next update. We adopt the linear choice α4(r) = κr, κ >
0, with corresponding enlargement map αL(r) = r/κ. Let
η0 > 0 be a nominal Lipschitz level and define the clipped
estimate η̃h := max{η̂h, η0}. Moreover, choose a constant
hs > 0 such that h(x) + hs > 0 for all x ∈ Ω. This shift
guarantees that the robustness gain introduced below remains
strictly positive over the operating domain. We now define
the state- and Lipschitz-dependent robustness gain as

ϵ̄(h(x), η̂h) = ϵ0 + k
h(x) + hs

1 + λ ln(η̃h/η0)
, (10)

where ϵ0, k, λ > 0 are design constants. The associated
robust margin is

δ(h(x), ξ, η̂h) = ϵ̄(h(x), η̂h)
ξ2

4
, (11)

and the enlarged barrier function is defined by

hξ,L(x, ξ, η̂h) = h(x) +
1

κ
δ(h(x), ξ, η̂h). (12)

The quantity ϵ̄(h(x), η̂h) acts as a tunable robustness
gain, while δ(h(x), ξ, η̂h) is the corresponding exploration-
dependent safety margin. Since δ scales with ξ2, larger
probing amplitudes require a larger robustness buffer. In
contrast, larger values of η̂h reduce this margin, thereby
tightening the effective safety envelope in regions of rapid
environmental variation.

Using (12), we define the enlarged safe set as the 0-
superlevel set of hξ,L:

Cξ,L := {x ∈ Rn : hξ,L(x, ξ, η̂h) ≥ 0} , (13)
∂Cξ,L := {x ∈ Rn : hξ,L(x, ξ, η̂h) = 0} , (14)

Int(Cξ,L) := {x ∈ Rn : hξ,L(x, ξ, η̂h) > 0} . (15)

This construction is in the spirit of robust safety [3], but
with a key extension: the enlargement is not fixed a priori and
is instead adapted online using the local Lipschitz estimate
extracted from exploration data.

Remark 3. It holds that C ⊆ Cξ,L, and Cξ,L expands
monotonically with ξ. In the exploration-free case ξ = 0,
one has δ(h(x), 0, η̂h) = 0, hence hξ,L(x, 0, η̂h) = h(x) and

Cξ,L = C. Hence, the proximity of Cξ,L to the nominal safe
set C is directly determined by the margin δ(h(x), ξ, η̂h). □

Based on the enlarged set Cξ,L, we can now formalize the
notion of Lipschitz-aware safe exploration.

Definition 1 (Lipschitz-Aware Input-to-State Safe Explo-
ration (L-ISSf-Exp)). The system (7) is said to undergo
Lipschitz-aware input-to-state safe exploration with respect
to the set C if, for every probing signal eu(·) satisfying
∥eu∥∞ ≤ ξ, the set Cξ,L defined by (13)–(15) is forward
invariant. □

Thus, when Cξ,L remains forward invariant under explo-
ration, the nominal set C is protected through a Lipschitz-
aware robust buffer. In this case, we refer to C as an L-ISSf-
Exp set. The next step is to characterize the control inputs
that guarantee this property.

Definition 2 (Lipschitz-aware ISSf-Exp Control Barrier
Function). Let h : Rn → R be continuously differentiable,
and suppose ∇h(x) ̸= 0 whenever x ∈ ∂Cξ,L. Then h is
called a Lipschitz-aware ISSf-Exp-CBF for the system (7) if
there exist constants κ, ϵ0, k, λ, η0, hs > 0 such that, for all
x ∈ Ω,

sup
u∈Rm

[
Lfh(x)+Lgh(x)u

]
≥ −κh(x)+ ∥Lgh(x)∥22

ϵ̄(h(x), η̂h)
, (16)

where ϵ̄(h(x), η̂h) is defined in (10). □

The inequality (16) is written in terms of the corrective
control input u only. The effect of the probing signal eu(t)
is handled separately through the bound ∥eu∥∞ ≤ ξ, which
enters the analysis via the robust margin δ(h(x), ξ, η̂h). In
this way, the barrier condition retains the standard optimiza-
tion structure while still accounting for exploration-induced
disturbances.

Remark 4. The conservatism of the exploration controller
is governed by δ(h(x), ξ, η̂h). For fixed η̂h, this margin
increases with h(x), allowing less conservative exploration
inside the safe set, while it shrinks as h(x) → 0, yielding
more cautious behavior near the boundary. For fixed h(x),
an increase in η̂h reduces ϵ̄ and hence δ, pulling Cξ,L closer
to C. Thus, larger local Lipschitz estimates lead to more
conservative control actions. □

Next, we show that if the control input satisfies (16),
then the set Cξ,L is forward invariant, thereby ensuring safe
exploration of (7).

Theorem 1. Consider the system under exploration (7) with
∥eu∥∞ ≤ ξ. Assume that η̂h(t) is updated at discrete
sampling instants and held constant between updates, and
let the applied corrective control input be chosen so that the
inequality in (16) holds for all x ∈ Ω. Then the set Cξ,L
defined in (13)–(15) is forward invariant. Consequently, the
system (7) undergoes L-ISSf-Exp with respect to C.

Proof: Fix an inter-sampling interval [tk, tk+1) on
which η̂h is constant. For any control input satisfying (16),



the closed-loop dynamics (7) yield

ḣ(x, t) = Lfh(x) + Lgh(x)u+ Lgh(x)eu(t)

≥ −κh(x) + ∥Lgh(x)∥22
ϵ̄(h(x), η̂h)

+ Lgh(x)eu(t). (17)

Applying Young’s inequality,

a⊤b ≥ −∥a∥
2
2

ϵ̄
− ϵ̄

4
∥b∥22,

with a = Lgh(x)
⊤, b = eu(t), and ϵ̄ = ϵ̄(h(x), η̂h), gives

ḣ(x, t) ≥ −κh(x)− ϵ̄(h(x), η̂h)
∥eu(t)∥22

4
(18)

≥ −κh(x)− δ(h(x), ξ, η̂h). (19)

Since hξ,L(x) = h(x) + δ(h(x), ξ, η̂h)/κ, its derivative on
[tk, tk+1) is

ḣξ,L(x, t) =

(
1 +

1

κ

∂δ

∂h
(h(x), ξ, η̂h)

)
ḣ(x, t). (20)

Because
∂δ

∂h
(h(x), ξ, η̂h) =

kξ2

4
(
1 + λ ln(η̃h/η0)

) > 0,

the multiplier in (20) is strictly positive. On the boundary
x ∈ ∂Cξ,L, one has hξ,L(x) = 0, i.e.

h(x) = − 1

κ
δ(h(x), ξ, η̂h).

Substituting this into (18) yields ḣ(x, t) ≥ 0, and therefore
ḣξ,L(x, t) ≥ 0 on ∂Cξ,L. Moreover,

∂hξ,L
∂x

(x) =

(
1 +

1

κ

∂δ

∂h
(h(x), ξ, η̂h)

)
∂h

∂x
(x) ̸= 0

whenever hξ,L(x, ξ, η̂h) = 0. By Nagumo’s theorem [19],
Cξ,L is forward invariant. Hence the system undergoes L-
ISSf-Exp with respect to C. ■

Finally, a QP-based optimization is proposed to synthesize
a control law that ensures both stabilization and safety of the
system (7) during exploration.

C. Lipschitz-aware Robust QP Controller (L-ISSf-QP)

We synthesize the exploration-time safety filter via the fol-
lowing robust QP. Given an initial admissible policy u0(x),
the probing signal eu(t) is treated as a bounded matched
disturbance, while the corrective term ucbf is computed from

u⋆cbf(x) = arg min
ucbf∈Rm

1

2
u⊤cbfucbf

s.t. Lfh(x) + Lgh(x)
(
u0(x) + ucbf

)
≥ −κh(x) + ∥Lgh(x)∥22

ϵ̄(h(x), η̂h)
.

(L-ISSf-QP)

The control applied to the plant during exploration is

usafe(t) = u0(x(t)) + eu(t) + u⋆cbf(x(t)).

Unlike standard ISSf-CBF formulations [3, 4], the pro-
posed construction adapts the robustness gain online through
η̂h, yielding less conservative behavior in slowly varying

regions and more conservative action when abrupt variations
are detected. The method assumes that a nominal continu-
ously differentiable safety function h(x) is available a priori;
its role is to robustify this nominal safety description against
local perturbations, not to infer the safe set from data.
Actuator bounds may be appended to (L-ISSf-QP), and a
standard slack-variable relaxation can be used if guaranteed
numerical feasibility is required. Theorem 1 pertains to the
ideal hard-constrained case.

V. SAFE LEARNING OF OPTIMAL CONTROL LAW

To join the proposed exploration stage with learning, we
adopt the safety-aware policy-iteration framework of [12].
Starting from the admissible policy u0 generated by the
exploration stage, the learning phase minimizes the safety-
aware cost

rsafe(x, u) = x⊤Qx+ u⊤Ru+Bγ(h(x)), (21)

with corresponding performance index

Vsafe(x0, u) =

∫ ∞

0

rsafe(x(τ), u(τ)) dτ. (22)

The policy evaluation and improvement steps follow the
standard safety-aware HJB recursion

∇W (i)⊤(x)
(
f(x) + g(x)u(i)(x)

)
+ rsafe(x, u

(i)(x)) = 0,
(23)

u(i+1)(x) = −1

2
R−1g⊤(x)∇W (i)(x). (24)

Under the standard assumptions of [11, 12], the iterates
remain safe and converge to a locally optimal safe policy.
Since the learning stage is not the main novelty of this paper,
and in the interest of space, we do not detail the safe learning
aspect and refer the readers to Section 3 in [12] for the same.

The pseudo-algorithm is provided next.

VI. SIMULATIONS

Consider a nonlinear inverted pendulum system with dy-
namics, for all t ≥ 0, given by[

ẋ1
ẋ2

]
=

[
x2

3g

2l
sinx1

]
+

[
0
3

ml2

]
u, (25)

where x1 is the pendulum angle, x2 is the angular velocity,
and u is the applied torque. The parameters are m = 1kg,
g = 9.81m/s2, and l = 1m. The initial stabilizing policy
is computed using a CLF-QP and used to initialize the
off-policy algorithm.

Exploration phase: A high-amplitude, jittery probing sig-
nal is used: eu(t) =

∑13
r=1 ξ ζr sin(ϑrt), where ϑ =

[1, 3, 7, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29], each ζr is drawn
from a zero-mean Gaussian distribution N (0, σ2) truncated
to [−3σ, 3σ], σ = 0.15, and ξ = 10. The exploration phase
is conducted over t ∈ [0, 6.5] s, and state/input data are
collected with sampling period Ts = 0.01 s. To assess
the effectiveness of the proposed approach, we consider the
angular-velocity safe set hmin(x) = x2 + 5 and hmax(x) =



Algorithm 1 Lipschitz-Aware Safe Reinforcement Learning

1: Initialization: Choose ϵ0, k, λ, η0, hs, βh > 0, buffer
size Nh, noise bound ξ, initial state x(0), and sampling
time Ts.

2: Phase 1: Admissible initialization.
3: Compute a stabilizing admissible policy u0(x) using a

CLF-QP.
4: Phase 2: Safe exploration.
5: Initialize Dh ← ∅.
6: For each sampling instant tk
7: Generate probing signal eu(tk) with ∥eu∥∞ ≤ ξ.
8: Measure x(tk) and evaluate h(x(tk)).
9: Update the moving buffer Dh(tk) with

(x(tk), h(x(tk))), keeping |Dh(tk)| ≤ Nh.
10: Compute η̂h(tk) from (8)–(9).
11: Compute ϵ̄(h(x(tk)), η̂h(tk)) and δ(h(x(tk)), ξ, η̂h(tk)).
12: Solve (L-ISSf-QP) to obtain u⋆cbf(x(tk)).
13: Apply

u(tk) = u0(x(tk)) + eu(tk) + u⋆cbf(x(tk)).

End For
14: Phase 3: Safe learning.
15: Run Safe Policy Iteration (Algorithm 2 in[12] ) initial-

ized with u0.

0 1 2 3 4 5 6

-6

-4

-2

0

2

4

0 1 2 3 4 5 6

0

5

10

15

20

25

30

35

Fig. 1: Evolution of x2 during exploration under static safety
limits without Lipschitz-aware QP controller.

3 − x2 so that C = {x ∈ R2 : hmin(x) ≥ 0, hmax(x) ≥
0}. We first study static limits (Fig. 1) and then abruptly
varying limits (Fig. 2). Case I: Fixed-margin Lipschitz-
unaware baseline. In this baseline, η̂h is not fed back to the
controller, so ϵ̄ is kept constant and the QP cannot adapt to
abrupt environmental changes. The controller is tuned with
κ = 35. Under static safety limits, the state remains safe
despite the probing signal (Fig. 1). When the safety limits
are abruptly modified (Fig. 2), the fixed-margin controller
is no longer sufficiently adaptive and safety violations may
occur, even though the corresponding variations are reflected
in the estimate η̂h.

Case II: Exploration with Lipschitz adaptation. Under
varying safety limits, η̂h is computed online using the KDE
procedure of Section IV, with buffer size Nh = 3 and
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Fig. 2: Evolution of x2 during exploration phase under
abruptly varying safety limits without Lipschitz-aware QP
controller.
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Fig. 3: Evolution of x2 during exploration phase under
abruptly varying safety limits under Lipschitz-aware QP
controller.

density threshold βh = 0.05. The parameters are chosen
empirically as ϵ0 = 10−5, k = 10−3, η0 = 10−3, and
λ = 105, while hs > 0 is selected so that h(x) + hs > 0
over the operating domain. This tuning was found to provide
sufficient sensitivity to abrupt changes in η̂h, though it may
vary across systems and probing signals.

Fig. 3 shows the state x2 under the proposed L-ISSf-
Exp-CBF controller, which prevents safety violations during
exploration. Sharp changes in η̂h coincide with abrupt shifts
in the safety limits or in the trajectory of x2, supporting
the central hypothesis of the paper: local Lipschitz estimates
provide a practical indicator of abrupt environmental vari-
ations. We also plot the robustness gains ϵ̄min and ϵ̄max,
computed from hmin(x) = x2 + 5 and hmax(x) = 3 − x2,
respectively. As expected, these quantities decrease as η̂h
increases, thereby shrinking the effective set enlargement and
making the controller more conservative when the estimated
safety landscape becomes more variable.
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Fig. 4: Evolution of x2 during the exploration as well as
exploitation (learning) phase under the learned policy.

1) Exploitation (Learning) Phase: The reward func-
tion (21) uses Q = diag([0.1, 0.01]), R = 0.001, and
the RCBF penalty term Bγ(h(x)) = − log

(
γh(x)

γh(x)+1

)
with

γ = 0.7, controlling the decay rate as the system moves
away from the safety boundary. The critic NN ϕ(x) and actor
NN ψ(x) (activation functions) are chosen using polynomial
basis functions respectively, as:
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(26)

ψ(x) =
[
x1, x2, x1x2, x

2
1x

2
2, x

3
1, x

3
2, x

2
1x

3
2, x

4
1, x

4
2

]⊤
. (27)

The convergence of the weights of the actor and critic
is observed in approximately 5 iterations. Fig. 4 shows the
state evolution during both exploration and learning, with the
safety constraint on x2 preserved throughout.

VII. CONCLUSION

We propose a Lipschitz-aware safe exploration framework
for model-based RL that captures unknown, abrupt envi-
ronmental variations through local Lipschitz estimates. By
leveraging a KDE approach to estimate the local Lipschitz
constant of the safety function, we can detect sudden shifts
in safety limits and state dynamics. The proposed Lipschitz-
aware Input-to-State Safety Exploration scheme incorporates
these Lipschitz estimates into a robust QP-based controller
under Lipschitz-aware CBF constraints, ensuring no safety
violations during exploration. This guarantees forward invari-
ance of an enlarged safe set even amid aggressive exploration
noise and abrupt unmodeled environmental changes. By in-
tegrating safe exploration with safe learning, this framework
represents the first steps towards a comprehensive safe RL
scheme capable of operating in rapidly changing, unknown
nonlinear environments. Future work will investigate event-
triggered mechanisms for safe exploration.

REFERENCES
[1] Aaron D Ames, Xiangru Xu, Jessy W Grizzle, and Paulo Tabuada.

“Control barrier function based quadratic programs for safety crit-
ical systems”. In: IEEE Transactions on Automatic Control 62.8
(2016), pp. 3861–3876.

[2] Li Wang, Aaron D Ames, and Magnus Egerstedt. “Safety barrier
certificates for collisions-free multirobot systems”. In: IEEE Trans-
actions on Robotics 33.3 (2017), pp. 661–674.

[3] Shishir Kolathaya and Aaron D Ames. “Input-to-state safety with
control barrier functions”. In: IEEE control systems letters 3.1
(2018), pp. 108–113.

[4] Anil Alan, Andrew J Taylor, Chaozhe R He, Gábor Orosz, and
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