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Abstract

Adaptive dynamic programming (ADP) based approaches are effective for solv-
ing nonlinear Hamilton-Jacobi-Bellman (HJB) in an approximative sense. This
paper develops a novel ADP-based approach, in that the focus is on minimizing
the consecutive changes in control inputs over a finite horizon to solve the opti-
mal tracking problem for completely unknown discrete time systems. To that
end, the cost function considers within its arguments: tracking performance,
energy consumption and as a novelty, consecutive changes in the control inputs.

Email:
Through suitable system transformation, the optimal tracking problem is trans-

mayank-shekharjha@univ-lorraine.fr
formed to a regulation problem with respect to state tracking error. The latter
leads to a novel performance index function over finite horizon and correspond-
ing nonlinear HJB equation that is solved in an approximative iterative sense
using a novel iterative ADP-based algorithm. A suitable Neural network-based
structure is proposed to learn the initial admissible one step zero control law. The
proposed iterative ADP is implemented using heuristic dynamic programming
technique based on actor-critic Neural Network structure. Finally, simulation

studies are presented to illustrate the effectiveness of the proposed algorithm.
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1 | INTRODUCTION

Optimal control for nonlinear systems requires solving the nonlinear Hamilton-Jacobi-Bellman (HJB) equation analyti-
cally which is usually too difficult.>? To that end, the usefulness of dynamic programming (DP) for solving HJB equation
is well established.>~> Adaptive dynamic programming (ADP) based methods have emerged as effective approach for solv-
ing nonlinear HJB in approximative sense and solve the optimal control problems forward-in-time.®® Several variants
of adaptive-critic designs have been developed to implement ADP-based methods including heuristic dynamic program-
ming (HDP), dual HDP and globalized-dual HDP.” While HDP employs a critic NN to approximate the optimal cost
function, dual HDP uses critic NN to approximate the derivative of the optimal cost function, and globalized-dual HDP
employs critic NN to estimate both of the optimal cost function as well as its derivative.!? In a broad sense, the actor-critic
structures are both included in most ADP-based methods.

For dynamical systems, it is usually required to the optimize the energy consumed (keeping control input to zero) along
with desired performance, but it is also significantly important to minimize the consecutive changes in control inputs
that is, Au, where u is the control input at time ¢. For time varying tracking problems, the control input values depend on
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the desired trajectory. As such, the latter remain sensitive to the trajectory generator output and associated perturbations.
Under constrain free conditions (non-saturating actuators) as considered in this paper, the control inputs are sensitive to
severe changes in control values (depending on the reference trajectory). Thus, it becomes important to account for such
changes in control inputs often brought in by trajectory generators, while designing optimal control for tracking. In fact,
one of the undesirable effects of large control input change (frequent actuator solicitation) is actuator degradation.'!!2
ADP-based approaches are being extensively developed in various domains where smoothness in the control input profile
is often desirable. This includes fault tolerant control,!® smart buildings,'* robust control,!> time-delay systems,® health
sector,!” spacecraft rendezvous,'® and so on.

Much of the existing work stands on the view of infinite horizon designs and seek to satisfy the required system prop-
erties including system stability over an infinite time horizon!® provided an important proof of convergence for iterative
ADP algorithm to solve discrete-time nonlinear HIB,?® considered consecutive changes in control inputs within the cost
function (infinite horizon) and provided the convergence proof,?! extended the analysis to unknown affine systems,??
extended the treatment for nonaffine nonlinear systems,?* and® gave a holistic treatment and provided boundedness result
for online HDP approach. Most of these works have considered the known system models.

Finite horizon control design seeks to satisfy various required properties within a finite horizon limit and remains
closer to the reality and hence, more pertinent for physical systems.?#2> Recent years have seen significant rise in finite
horizon-based control.?® In Reference 27, adaptive epsilon-ADP algorithm was proposed to solve near optimal control
problem,?® provided finite horizon iterative ADP-based optimal control,? considered a non-quadratic cost function and
provided convergence proofs. However, the aforementioned works have considered the system models that are either
fully known? or partially known (knowledge of control matrix).3® presented an iterative ADP-based optimal control
under fully unknown conditions but over infinite horizon. The recent works of References 31 and 32 present finite hori-
zon optimal tracking design under unknown model conditions using iterative HDP conditions with convergence proofs.
Although, complete unknown conditions are assumed, the knowledge of inverse system dynamics (imperative for feed-
forward control) is assumed to be available a priori and the inverse system dynamics problem is not addressed which is
usually very difficult to obtain analytically.

In this context,?° considered changes in control input within the cost function but over infinite time horizon and
under known system conditions.

To the best knowledge of authors, none of the existing works have focused on minimizing the consecutive changes in
control inputs over a finite horizon under complete unknown conditions within the ADP framework.

To bridge the existing scientific gap, this paper:

« Develops a novel ADP iterative algorithm by accounting for consecutive changes in control inputs within the cost
function and provides novel proofs of convergence. It is noted that similar formulation was proposed in Reference 20
but over infinite horizon for optimal regulation problem under known conditions while this paper proposes the latter
over finite horizon and optimal tracking problem under complete unknown conditions.

« To initialize the iterative algorithm under the assumptions of admissibility, an initial one step zero control law is
required. This paper proposes a suitable NN-based algorithm to obtain the initial admissible one step zero control.

This section is followed by section 2 that presents problem formulation taking into account consecutive changes in
control input within the cost function and deriving the corresponding nonlinear HIB equation. Then, in section 3, it is
noted that unknown system dynamics as well as inverse dynamics need to be identified, section 4 presents the two novel
contribution of the paper: novel algorithm to derive an initial one step zero control law, and the principal contribution in
form of novel iterative ADP algorithm under finite horizon conditions with complete convergence analysis and proofs.
Further, section 5, implements the proposed iterative ADP using actor-critic structure-based iterative HDP technique and
finally, section 6 presents a simulation study and section 7 draws the conclusions.

2 | PROBLEM STATEMENT
The dynamic system is considered unknown, nonlinear, control affine in discrete time as:

X1 = F (%, tp e (%))
=f ) + 8 (k) Upg (xx) - €))
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where x; € R" is the global system state vector determining the system state trajectory, u,(x) € R™ is the con-
trol vector, f(-) and g(-) are nonlinear functions differentiable with respect to its arguments, g(x) satisfies ||g(x)||r <
gm Vx € R" where gy > 0 is any positive constant. Moreover, f + gu is considered Lipschitz continuous on a com-
pact set Q in R" containing the origin, system (1) is stabilizable so that there exists a control sequence on compact
set Q that asymptotically stabilizes the system. For notational purposes, we denote the feedback control u,i(x) as
up k. Optimal tracking problem consists of determining the optimal control law u;’k (or optimal control sequence)

that makes the system (1) track a reference (desired) trajectory r, € Q C R" generated by a trajectory generator
¢(r) € R" as:

Fiv1 = @ (1) ©)]
Assumption 1. Mapping between the state x; and the desired trajectory ¢ (rx) is one to one.
The steady state desired control ug corresponding to reference trajectory r, can be defined as:
Uax =g (1) [ () = f ()] ®3)
where the inverse of control matrix g=! (ry) is unknown but exits so that g=! () g (r) = I € R™ " with I being an identity
matrix.

A reference control generator function u,; depends on unknown inverse dynamics which must be identified (see
section 3.2) to generate the desired reference control.

2.1 | System transformation and nonlinear HJB optimality
The tracking error is defined as:

e =X — Iy 4

The augmented error dynamics can be obtained from (1) to (3) as®:

lek+1] _ l(f (e + 1) +g e+ 1) U — P () +8 ek +ri) ux )

¢ ()

Fiet1

where uy is obtained from (3). Considering the augmented system (5), e, and 7, can be treated as system variables and
uy is seen as feedback control input at k, given as:

Up = Upp — Udk (6)

Moreover, considering the fact the reference evolution does not depend on other system variables, (5) can be
represented as:

ery1 = Fe (e, Uy) 7

where e, = X, — 1y, e € R™.
Now, starting from k, considering the initial state of the system at discrete time k as e, let the control sequence

over finite horizon be noted as uf{"‘l = (Uk, Uk+1, - --- Uken—1) that leads to a system trajectory starting from ex:
€k+1>€k+25 €k+3-- --- €ktN- The cardinality of the control sequence that determines its length is denoted as ullj‘l .
Then, |[uY~!|=N and the final state under the control sequence ullz"l is denoted as e(imab (ek,uN‘1>. Then,

k k

elfinal) <ek, ug*) = ey.
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2.2 | Cost function penalizing consecutive changes in control input

For finite horizon optimal control problem, the optimality of the control sequence is assessed by a cost function that must
penalize consecutive changes in control inputs, that is, Au; where u is the control input at time ¢.
To that end, the cost function in this paper seeks to penalize the consecutive changes in control inputs uy — uy_;. Itis
considered as:
N-1

J (ek,uﬁf‘l) = Zn(eisuisui—l) ®)

i=k

where 1(+) is the utility function and n(0,0,0) = 0, n (e;, u;, u;—1) > 0 Vey, u;, u;—q. The utility function is chosen as:

0 i
n (e ui i) = [y ] l?)x 0] le] +ulS u+ (i — wi) R (u; — ui_) ©)
ri

where Q,, S, and R are symmetric and positive definite matrices of appropriate dimensions. The first term
in the quadratic function penalizes system errors, the second term penalizes the control error and while the
third term penalizes the consecutive changes in the control input.

Remark 1. From (6) it is observed that tracking control u, to the original system (1) consists of a feedback
control uy and a predetermined desired control u, associated with the desired reference trajectory ry.

Remark 2. By considering the augmented error system (5) in the cost function (8), the optimal tracking
problem of (1) has been transformed to an optimal regulation problem.

Defining v; = ux — uy—; and noting the fact that vy = uy and vy = u; = 0 Vk < 0, one can obtain:

Uy =V + Vg1 +. ... Vp
=Vk+ZV1 (10)

k-1

where VI < k, control value at [ is denoted as v;. Moreover, for notational simplicity, Y v; is denoted as Z;:OI v;. Then, the
1=0

control action at any k, u; becomes:

k-1
Up = Vi + Zvl (11)
1=0

Accordingly, the utility function in (9) becomes:

i-1 i-1 \T i-1
—|e:
n <ei,vi, <Vl' + ZV[)) =41le rf]Q l l] +V/Rv; + <Vi + Zvl> S <Vi + ZW) 12)
=0 Fi 1=0 =0

where Q = [%x 8] After having defined control actions in (10), the control sequences are represented in accor-
dance to (10). Then, consider vlk\f‘1 = (Vk, Vk+1,--VN-1) as the sequence of control inputs from any k>0 to N—1.
N-1

Then, the sequence of control actions starting from k as defined in (10) can be denoted as: leovlk =

((Vk + Z;:OI Vl) , <vk+1 + Vi + Z;:()lvl> Y e <VN_1 +VNo2+ ...+ Zf;()lw) ) Additionally, the corresponding cumula-
tive cost function (cf. (8)) can be defined as:

-1 p=i k-1
N-1
Tleoviy™. Y v = Dn <ei,Vz, <va + Zw)) 13)
i p=k =0

=0 i=

k
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Remark 3. The difference of control errors in cost function (9) has been incorporated systematically in cost
function (13). The problem is then transformed to that of finding control law v* (ex) starting at k, that is optimal
in sense of (13) and produces optimal control value v} at k.

k-1
Remark 4. From vy, the optimal control value u; for the system (5) can be constructed as u;= v; + Y.

1=0

Definition 1. The control sequence starting from k, VII;] -1 is considered finite horizon admissible with respect

-1 is continuous on compact set Q, € R™ for Ve, € Q and stabilizes (5) on Q,

to error state e, € Q if v

Vo = 0, and for every initial condition ¢, € Q, the cost J (ek,vllz"l, >0 Vf: _1> is finite with the final state
elfinal) (ek,vll;"l) =0.

Assumption 2. In this work, the nonlinear augmented error system (5) is considered stabilizable on a com-

pact set Q € R", that is, for all initial conditions e, € Q, there exists a control sequence vg —1 such that the

final state e(nab (ek,vﬁ’ ‘1> =0.

2.3 | Associated nonlinear HJB optimality

Consider ©,, = {vk : elfinad) (ek, Vk) = 0} be the set of all finite horizon admissible control sequences starting at k and let

@ _ +i-1 . ,(final) +i-1Y) _ +i-1
o = {v;; e (gkri1) = o,
at k of length i. Then, the optimal cost function with respect to these admissible control sequences over the finite horizon
[k,N —1]is:

= i} be the set of all admissible finite horizon control sequences starting

N-1
J* (@) = inf 4T [er. vi~1, D v vl e oM (14)
Vk —_—

=0 X

It must be noted that cost function (13) can be written as combination of immediate one stage cost at k and cost due
to rest of the remaining N — k — 1 stages as:

k=1 \T k-1 N-1 i k-1
_ N-1 — | €k
Ty 3 v | =|lef il Q| | +viRvie+ (v Dvi ) S (vie+ Dvi )|+ Donlenvi | Dvo+ Dwi
i =0 =0 i=k+1 p=k 1=0
1s)

According to Bellman’s optimality principle,>* the optimal cost function satisfies the Discrete time Hamilton Jacobi
Bellman (DTHJB) optimal equation:

T

k-1 k-1
J*(ex) = min{ [ef I Q le"] + VIRV + (vk + Zw) S <vk + Zv,) +J* (exsn) (16)
Vk 7

k =0 =0

This leads to the optimal control from ey starting at k, v* (ex) given by the gradient of the right hand side of (16) with
respect to v as:

k-1

v* (er) = —%(R + 957! lZS (ZV}) +gT (ex,k + I"k) M] a7)

=0 Oej+1
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Substituting the value of optimal control in (16), the optimal cost can be derived as:

_fe] 1 = OJ* (exs1) !
T (ex) = [el rT1Q + (25 Y | +¢7 (eex + i) —1
0= le 1] r| 4 ; ! (exic+1i) 041
k-1

X R+ SRR+ 9™ x <ZS (ZV1> +87 (eck + 1) oJ* (€k+1)>

=0 0€ky1

k-1

1 T (ers1) =
+ l_E(R +S8)7 %28 <2vl> + 87 (e + 1) —— 4 Zvl]

1=0 0€cr1 1=0
k-1 k-1

1 o T 0J* (1)
XS [—=(R+S)" x2S v |+ exk+ry) ———+ ) Vv
e () o e B 5
+J" (exs1) (18)

This equation cannot be solved exactly as no closed form solution exists.

Thus, the problem addressed in this paper is in two folds. First, the completely unknown dynamics problem of (1)—(3)
is addressed by using NNs in section 3. Second, the optimal control problem of (18) is solved using a novel iterative ADP
method and convergence analysis over the respective finite horizon is provided in section 4.

3 | SYSTEMIDENTIFIER-NN AND FEEDFORWARD CONTROLLER NN

For the completely unknown systems, the challenge lies in obtaining the complete or even the partial knowledge of the
system dynamics. In this work, NN are used to identify the complete system dynamics of (1) and a system identifier-NN
(SI-NN) is constructed for that purpose.

Additionally, to obtain tracking control up , the knowledge of pre-determined desired reference control ug is needed
(see Remark 1), which requires the knowledge of inverse mapping of the system as shown in (3). To that end, a feedforward
controller neural network (FCN-NN) is proposed to identify the inverse mapping of the system that leverages the already
trained SI-NN.

3.1 | System identifier-NN

Input-output data is used to identify the system dynamics using multi-layered feedforward NNs. According to the uni-
versal approximation property of NNs over compact set, system (1) has an NN-based representation on a compact set S.
Denoting the weights between input layer and hidden layer as 9,,, ideal weights between the hidden layer and output
layer as wy,, a three-layer NN with n; number of neurons in each hidden layer is considered as:

Xit1 = Op; Om (I Zmk) + Emk (19)

where wj, € R"*" and 9;, € R"*™*" are the constant ideal weight matrices of system (model) NN, z’ = =

T T
[xk Uk
tion function chosen as the hyperbolic tangent function, that is, 6,,(z) = (e* — e7%) / (€* + e7%) so that 6,,4(2) €
[-1,1] and o, (z) € R™.

] is the input to the NN, &, is the NN function approximation error and o,,(-) is the NN activa-

Assumption 3. (21): The activation function ¢(-) and NN function approximation error &, are considered
upper bounded as ||6/,,(®)|| < o) and sz;l KEmk < AvXT% for some non-negative constants oy, and Ay.

Assumption 4. For the ease of analysis, only the output weights of NN are updated and the hidden weights
are kept fixed.?! Using Assumption 4 and considering Z,x = 9% Zmx, (19) can be rewritten as:

Xk+1 = wrnTo-m (Zm,k) + Emk (20)
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FIGURE 1 The feedforward neuro-controller NN training architecture.

The training procedure of SI-NN is very well established in the literature and major steps are provided in the
Appendix A in Algorithm A1. After a sufficiently long training process, the system dynamics of (1) can be written as:

Xier1 = Xer1 = DpyOm (Zmik) (21)

where @, is the estimation of ideal weight matrix w},.
Next, the augmented system in (5) requires knowledge of the desired control (3).

3.2 | Feedforward controller neural network

To generate a desired control ugx with respect to a given desired reference ry (see (3)), the inverse mapping of system
must be learnt. Under completely unknown conditions, this task is non-trivial. For this purpose, this work uses the feed-
forward neuro-control learning approach.?® In this work, a FCN-NN is constructed to learn the inverse mapping using a
feedforward NN. It is observed that the desired control can be obtained by setting in the original system (1), upx = Uax,
X, = rg for all k that is,

Tiw1 = F (P, Ua)
Uge = F7' (Fep1. 1) (22)

where F~! is the inverse dynamics of the system which is in general, very difficult to obtain, if not impossible. To
that end, a fully connected feedforward NN structure is adopted for FCN-NN to learn the inverse dynamics F~! by
employing the structure shown in Figure 1.3° The details of the architecture and major steps of NN training is pro-
vided in Appendix B. After a sufficiently long training, the inverse dynamics identification error approaches zero, the
FCN-NN weights approach their ideal value in an asymptotic sense (the proof can be provided in sense of Theorem A3
in Appendix A and it is omitted here). Then, the inverse dynamics F~! is learnt by the FCN-NN and the desired control
Uqk in (22) can be expressed as:

Ugk = lax =& 0p (Tr1k) (23)

The desired control learnt here is needed in section 5 to implement the optimal tracking based on actor-critic structure.

Next, section presents the major contributions of the paper.

4 | FINITE HORIZON TRACKING USING ITERATIVE ADP ALGORITHM

This section presents the principal contribution of this paper. A novel finite-horizon iterative ADP algorithm is proposed
to solve (18) and the convergence to optimality is proved through convergence analysis.
However, the aforementioned algorithm requires presence of one-step zero control.?”3!
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FIGURE 2 The feedforward one step-zero controller NN training architecture.

This section proposes a procedure, inspired from the one in Figure 1, to learn the one step zero control law using a
NN. The novel architecture serves as a minor contribution of the paper, can be used obtain an initial one step control
value uggs for the error system (7) thus, avoiding the requirement of an analytical solution as in Reference 31.

4.1 | Initial one step-zero control

The objective is to learn an initial admissible control law. Using a one-step zero control law, the equivalent system (7)
states are driven to zero (origin), that is, F, (ek, uos,k) = 0, where upgy is the control value that drives the system states to
origin in one step.3! used a similar strategy to assure presence of initial admissible control law for regulation purposes.
However, a trained system network was used to get the initial one step control in form of a least square solution.

Here, a feedforward one step-zero controller NN (FOSC-NN) is introduced to learn the one step zero control law using
a feedforward NN. The training of FOSC-NN is done using the structure shown in Figure 2 which comprises of trainable
FOSC-NN, the already-trained SI-NN and system origin (where system states are zero) & € R".

Without the loss of generality, in this paper, & = 0 Vk. The error e;x € R" is generated using original system states
Xr € R" and the system-origin(s) & € R". Consider FOSC-NN as a three-layer NN with n3 number of neurons in each
hidden layer as:

o~ _ *T *T
Uosk = wpsoos (9o €ck) + €osik

= w}koos (Zosk) + €osk (24)

with e; € R" as input and #ps as the estimated one step control from FOSC-NN, wpg € R™*™ and 97 € R™"s are the
constant ideal weight matrices of FOSC-NN, e¢s is the NN function approximation error and ops is the NN activation
function chosen as the hyperbolic tangent function, that is, 6os(z) = (¢ — e%) / (¢* + e7%) so that cos(z) € [-1,1] and
o0s(z) € R™. FOSC-NN is trained by feeding-in set of inputs x;, € R" and & € R", followed by adaptation of FOC-NN
weights such that SI-NN (trained a priori) outputs zero error, that is, €, = 0. To that end, following steps are taken.

Algorithm 1. FOSC-NN training

Step 1: An array of the system origin values & € R" (in this paper, & = 0,Vk), system states x; are considered.
Corresponding errors ey = X — & are generated.
Step 2: FOSC-NN is fed with input ek, such that the output estimated the desired one step zero control value ugs: tiosk-

Step 3: The trained SI-NN with frozen weights is fed with inputs z; = [xlf ﬁgs k], so that the estimated output is X4 ;.

The output error is estimated as: €; k41 = Xk41 — Ek1-
Step 4: FOSC-NN is trained using the error: €; x41 by minimizing the error function:

Eosge1 = (1/2)8] ., € kn
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so that € k41 = Xk41 — Ek+1 IS minimized in iterative sense. The weights of FCN-NN are adapted using a gradient
descent-based optimization scheme:

~ ~ 0E0os k41
@osk+1 = Wosk — 0oS———
005k

~ 0E0ps j+1 0€¢ k+1 OUosk
= @osk ~ Aos—=
Ck+1

OUps ) @Wosk

@ a e o (Z ) er
= W05k — ®os—~—00s (Z0sk
Oty &k+1

where aps > 0 is the learning rate. It should be noted that the error €; k41 = X1 — Ek41 is propagated through the trained
SI-NN and Fepn _ Py is obtained through application of backpropagation algorithm from output of SI-NN X, to its

Ollos Ollos
mput Ups .

After a sufficiently long training procedure, the FOSC-NN identification error approaches zero and the network
weights approach their ideal values in an asymptotic sense (the proof can be provided in sense of Theorem A3 in
Appendix A and it is omitted here). Then, the one-step zero control law is learnt by the FOSC-NN that drives system states
to zero (origin). (24) can be approximated as:

llosk = ®pg00s (Zosk) (25)

Thus, it is noted that given tracking error e, € R", the trained FOSC-NN outputs control action fipg such
that F, (ek,ﬁos,k) =0.

T
OS.k

be assured. Therefore, in the theoretical analysis that follows, it will be considered that F, (ek, ﬁog,k) =0is
applicable. However, in practice, as remarked in Reference 31, the states are driven to the origin but remain
deviated from the origin due to inertia of the control. In practice, a fine-tuning behavior can be applied to
regulate the states to zero after the initial one step zero control.

Remark 5. In theory, since 8 can be enough small, if @og is appropriately set, then F, (ek, iios,k) =0can

4.2 | Derivation of iterative ADP algorithm

This section presents the principal contribution of this paper. For notational simplicity, at ith iteration V® shall denote
the cost function value and v denotes the minimum control input value.

First, consider the initial iterative index i = 0, such that initial cost function for all states V©(.) = 0. Then, from
(27), an initial admissible control law of single (cardinality of one) control vector u(oog (ex) can be obtained from trained
FOSC-NN as:

uy (e0) = dhgoos (b e (26)

which is subject to the final state condition constraint (see Assumption 1): F, (ek, ug); (ek)) = 0 or ey1 = 0. Now, consid-

ering the transformation of control input in (11) that takes into account the cumulated control value till k — 1: Zﬁ:ol vy, the
transformed control law at k, v© (¢;) can be expressed as: V¥ (¢;) = ug); (ex) — Z;:Olvl. The cost function can be updated
iteratively using v© (e), u(g; (ex) and VO(.):

k-1
VW (e) =min < | e, vie, | vic + ZVI + VO (ey1)
Vi 1=0

k-1
= min {n (ek,vk, <Vk + Zvl>> + 0} subject to : F, (ek, u(gg (ek)> =0 27)
Vi

=0

k-1
=n (ek,v(o’ (ex), <v(°) (ex) + Zw))
1=0
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Second, consider the iterative index i = 1, the iterative control law vV (ey) is calculated using the iterative cost function

VD () as:
k=1
v (ey) = argmin {n (ek,vk, <Vk + Zvl>> + v (ek+1)}
Vi 1=0

k-1 )
= —%(R +957 lzs <Zvl> +g" (e + 1) M] (28)

=0 Oej+1

followed by update of iterative cost function V® (e;) using vV (ey) as

k-1
V® (e) = min {n <ek,vk, <Vk + Zw)) +v (ek+1)}
k 1=0
k=1 k=1
=1 <ek,v(1) (ex) . (v(l) (ex) + Zw)) + v (Fe (ek, (v(l) (ex) + ZV[))) (29)
1=0 =0

In general, the closed form solutions are very difficult to obtain. To that end, for i=2,3, ..., the above iterative
procedure can be implemented as shown in (32):

k-1
v (er) = argmin {n (ek,vk, <Vk + ZVZ)> + VO (ek+1)}
Vi =0

k1 0]
- lwes [s(z>g<>M] o

=0 0€jct1

followed by cost function as shown in (33).

k-1
VY (g) = min {n <ek,vk, (vk + Zvl>) + V0 (ek+1)}
k =0
k-1 k-1
=1 <ek,v(i> (ex) . <v(i) (ex) + ZV[)) + v <Fe <ek, <v(i) (ex) + ZV[))) (31
=0 =0

Remark 6. In the iterative ADP algorithm (32) and (33), superscript (i) denotes iteration index of control law
and cost function, subscript k denotes the time index of augmented system’s state and control trajectory.

4.3 | Convergence analysis of iterative ADP algorithm

In this section, convergence proofs for iterations between (32) and (33) is provided such that cost function
V® = J* and the control law v — v* asi — oo.

Lemma 1. Let {V(i) (ek)} be the sequence of cost functions defined by (33). If there exists an initial one step zero
control u© (ex) such that F, (ex,u'” (ex)) = 0, then there exits an upper bound Y such that 0 < VO (e;) < Y.

Proof. Given time index k, from (33) we can get cost function with respect to state at k as:

k-1
VD (¢) = min {‘1 (ek,Vk, <Vk + Zvl + V9 (ex41) (32)
Vi 1=0

with vi_1,Vk—2, ... Vo being any control actions before k. Then, it can be written over a time horizon of
length i as:
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k-1 k-1
VD (gp) = VIRI_I} {11 (ek,Vk, <Vk + ZW)) +n <ek+1,Vk+1, (Vk+1 + v + ZW)) + v (ek+2)}
k 1=0 =0
k-1 k-1
= rglr} { (ek,Vk, <Vk + 2V1>> +n <€k+1,Vk+1, <Vk+1 + Vi + ZV1>) +
=0 =0

k-1
.+ <ek+i—1st+i—1s <Vk+i—1 + ...+t ZV1>> + VO (eys) (33)
1=0

where VD (ey;) = mmn

Viti
=0.
Then, we have

k-1 . . k-1
€k+is Vitis (Vk+i + ..o+ Ve + 2120 Vl>> issubjectto F, (€k+,‘, (Vk+,' + ..o+ Ve + 21:0 Vl>>

j k-1
YD (ex) = mann (ek+jsvk+]s <2Vk+p + ZVI)> (34)

p=0 =0

Moreover, applying the definition of finite horizon cost function (c.f. (13)), we have:

k+1 k-1
VD () = rnan <ek, s <va + Zw))

p=k =0
k-1
subject to F, <ek+i, <Vk+i + Vet ZV’>> =0 (35)

Thus, Vi : 0 < V@D () < Y for some Y > 0. n

Moreover, taking into account the iteration between (32) and (33) at each stage starting at k until some k + i, this can
be written in terms of minimum control value obtained at any iteration j, V= (ey;) as:

i j k-1
VD () = Zﬂ (ek+jav(l_]) (ex) » (Zv(l_p ep) + 2V1>> (36)

Jj=0 p=0 1=0

Theorem 1. Assuming there exists an initial one step zero finite-horizon admissible control law u©® (ey) such
that F, (e, u® (ex)) = 0, the cost function sequence {V?} obtained using iteration (32) and (33) is a monotoni-
cally non-increasing sequence such that V& (e,) < VO (e) for Vi > 1.

Proof. The proof is developed using mathematical induction. First, let i = 1, the cost function V¥ (e) is given

by (29) subject to F, <ek, <v(°) (ex) + Z;‘z_olvl)) = 0. Let the corresponding sequence of finite horizon admis-
sible control starting at k be denoted as: G_],i Then, G_I,E = (v<°) (ek)) and the corresponding utility function is
n (ek, VO (ep), (v(o) (ex) + 25:01 V1> ) Now, it can be shown that there exists a finite horizon admissible control
oflength 2 so that corresponding cumulative cost V@ () isrelated to VO (ey). To that end, we construct finite

horizon admissible control of length 2: vk , SO that Ak“ (v“’) (ex),— (v“’) (ex) + Z =0 vl> ) Then, using con-

dition on final state we have e, = F, (ek, (v(o) (ex) + Zz 0V[>> = 0 and applying the 2nd control action in

Qllzﬂ,we get:the ey, = F, (ek+1, (— (v((’) (ex) + le_o Vl) +vO (ep) + Z;:Olvl» = (0,0) = 0, which implies that

ﬁkkﬂ is an admissible control. Then, the corresponding utility function n (ek+1, - (v(o) (ex) + Z;:Ol Vl) ,0) =

(v(o) e+ Y V1> (v(o) e+ Y Vl). Now, we can obtain the cumulative cost function as:
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k+1 k-1 k—1
<ek,Vk <va + Zw)) <ek v (ew), (v(o) (ex) + Zw)) +1 <ek+1, - <v(°) (ex) + Zw) ,0>
=0 =0

-1\ T k-1
=VW(e) + <v(°) (ex) + ZV[) R <v(°) (ex) + ZV[)
=0

=0

On the other hand, according to (37), we have:

k+1
VP (ep) = minJ <ek,vk , (va + ZV1>)

k_

k=1 \ 7T k-1
= min V(e + <v<°> (ex) + Zvl> R <v<°> (ex) + Zvl> (37)
=0

Vi =0

As R is an arbitrarily chosen non-negative matrix, it can be taken as small as desired, which leads us to conclusion
that V@ (g) < minJ (ek,v’;+1 <Z’;+;{vp + Zz o V1>) = VO (g). Therefore, theorem is valid for i = 1. Now, let us assume
Vi

that the theorem holds for some i = q, where q > 1. Then, using (38) we get:

q-1
V@ ()= D n <ek+ V1D () <Zv(q Pegerp) + Zw)) (38)

Jj=0
with the corresponding control sequence ’\7];” b= (09D (), 10 (eerr) s oo VO (Eragor) )
Then, for i=q+1, a control sequence of length g+1 can be constructed as ﬁlyq =
k-1
VD (e) , 1972 (1) s .. VO (€kigr) . — Zv(q Pegerp) + ZVz such that the corresponding system trajec-
p_
k-1 k-1
tory is given as: e = Fo | e, [ vV (e) + X Vi | )serr2 = Fe | err. | vV (k) + V92 (ekr) + 2 Vi ) ). .. kag =
=0 =0

k-1
F, <ek+q_1, (v(q‘D )+ ... +v© (ek+q_1) + Y vi | |. Now, as this is an admissible control, it leads to ej.q = 0.
1=0

Then, last control from sequence G’;’q leads to:

q-1 k-1 g-1 k-1
Ctq+1 = Fe (ek+q, <_ (Zv(q_l_p)e(kﬂ)) + ZW) + Zv(q_l_p)e(k+p) + ZW)) = Fe(07 0) =0

p=0 1=0 p=0 1=0

This shows 9’;” is a finite horizon admissible control. The corresponding utility function is:

T
q-1 k-1 q-1 k-1
(ek+q, <Zv(q p)e(k +p) Tt ZV[) > = (Zv(q‘l‘l’)e(kw) + ZV1> R (Zv(q‘l‘l’)e(kw) + ZV1> (39)
p=0 =0 p=0 =0

Now, we can obtain the cumulative cost function as:

k+q k-1
(ek, (va + ZVZ>) (ek VD (e, (v(q D(ep) + Zw))
1=0

q-1 k-1 q-1 k-1
. +m <€k+q—1,v(°) (eksg-1) s <Zv(q_l_p)e(k+p) + ZW)) +1n <€k+q, - <Zv(q_1_p)e(k+p) + ZV1> ,0) .

p=0 1=0 p=0 =0
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From (40) and (41), it can be seen that:

k+q g-1 -1 \T /g1 k-1
(ek, (va + Zw)) =V (er) + <Zv<q‘1‘f”e(k+p> + Zw> R <Zv<q‘1‘f”e<k+p> + Zw> (40)

p=0 1=0 p=0 =0

On the other hand, according to (37), we have:

k+q
Va+th (g) = mmJ (ek, <va + ZV’>>

% p=k

k+q
<J <€k, <ZVP + ZV[)) (41)

-1 k-1 T k-1
This implies: V@D (e,) < V@ (e) + Zv(q Pegin + ZV[ R Zv(q "Pegerp) + Zvl . Now, as R is an arbitrar-
p=0 p=0

ily chosen non-negative matrix. Without loss of generahty, 1t can be taken as small as de81red. This leads us to the
conclusion that V@*D (¢;,) < V@ (¢;) and completes the proof by mathematical induction. [}

Thus, {V(i)} is a monotonically nonincreasing sequence bounded below and as such the limit lim;_. V¥ (ex) =
V() (g) exists.
Theorem 2. Assuming there exists an initial one step zero finite-horizon admissible control law u (ek) such
thatF, <ek, ”os (ek)> = 0, given the sequence of cost function {V'} asin (33) with initial value VO (-) = 0, ifer is

controllable, then asi — oo, the sequence converges toward the optimal cost function J*, thatis, lim;_,, V¥ (ex) =
V) () = J* (ex).

Proof. From (14) and (37) or Lemma 1, we get

1

. _ N- _ _
T* () = inf 47 fee, v ™' ) v vl el
V] —_—

Ve & .
k+1 - )
< rvngn { <ek, £ ,<va + Zw)) : ﬂ € G)gf}
— VO (g (42)

From (44), we have J* (ex) < V@ (). Letting i — oo, we get:

T* (ex) <V (er) (43)

Now, using definition of J* (ex) for any arbitrary § > 0, there exists an admissible control sequence (not
necessarily a minimizing one) 7, € ®,, such that

k-1
J <ek,3, <er + Zvl>> ST (o) +6 (44)
p=k =0

Now, if 7, € G)EZ) such that control sequence 7y is of length g, that is, |rk’ = g. Then, on one hand, from
Theorem 1, we obtain:

V) (e) < V@ (&)

k+q-1
o k+q—1 . k+q 1 (@)
= 5!252 {J(ek,vk ,< Z}c vp + ZV[)) : ®ek } (45)
* p=
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On the other hand, as 7, € ©,, is an arbitrary admissible control sequence, we get:

k+q-1 k+q-1
. k+g— k k+g—
‘E&H {J (ek,vk+q 1,( Zk Vp + Zw)) DV +q le ®(q)} < ]<ek, rk+q 1,( Z T, + Zvl>> (46)
Kk p=

Then, from (46), (47), and (48), we get

k-1
V) (er) < V@ (e) <7 (ek, T (er + Zw)) ST (e +5
p=k =0

or, VI (ep) <J" (ex) +6 (47)

As 6 > 0 is chosen arbitrarily, we have:
V) () < T* (ex) (48)

Combining (45) and (50), we can conclude that sequence {V® (e)} tends to J* (e) as i — oo that is,
lim;_ o, V@ (er) = V) (er) = J* (ex). Hence, the theorem is proved. .

Corollary 1. Assuming there exists an initial one step zero finite-horizon admissible control law u©® (ey)
such that F, (ex,u® (ex)) =0, given the sequence of cost function {V®} as in (33) with initial value
V©()=0 and corresponding control sequence {v”} as in (32). Then, for Vk, following holds true:

k-1
V) (e) = min {n (ek,vk, <Vk + Zw)) + V) (ek+1)}.
k =0

The proof follows directly from Theorem 2 and Bellman’s optimality principle (c.f. (16)).

Corollary 2. Let the sequence of cost function {V?} as in (33) with initial value V®(-) = 0 and the corre-
sponding control sequence {v(i)} asin(32). Thenasi — oo, the sequence converges toward the optimal control
law v*, that is, as i — oo lim;_ V? (e) = v* (ex).

According to Theorem 2 and Corollary 1 and 2, the iterative procedure needs to be run until i > oo to
obtain the optimal cost function J* (e;) and optimal control law v* (ex). In practice, it is impossible to implement
this strategy.

To that end, an € — optimal approach can be adopted such that iterative strategy is followed till a pre-defined tolerable
error ¢ is reached. The algorithm is stopped when iterative cost function satisfies the prescribed error, that is:

VO (e —J ()| <e (49)

The length of the control sequence depends on the initial states of the system and tolerable error. However, as J* (ex)

is not known a priori, it is difficult to implement (51) as the stopping criteria. Thus, an alternative stopping criterion can
be formulated as:

V() =V (e)| <e (50)

The equivalence of (50) to (49) can be shown in the sense of References 28,31 and it is omitted in this paper.

5 | ACTOR CRITIC STRUCTURE-BASED IMPLEMENTATION

The optimal(sub) control law is learnt using iterations (32) and (33), which can be executed using adaptive-critic
structures!® by approximating value function V@b and control policy function v using NNs.

In this paper, the HDP architecture is used the execute the iterative ADP algorithm using actor-critic NNs. To that
end, four feedforward fully connected NNs are used to execute the iterative ADP algorithm.
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FIGURE 3 The actor critic-based implementation using iterative heuristic dynamic programming.

As shown in Figure 3, the four NNs are: SI-NN model (trained a priori, see (21)), FCN-NN (trained a priori, see (23)),
critic network (critic-NN) and action network (action-NN). All NNs are chosen as fully connected feedforward NNs. It is
noted that training of SI-NN and FCN-NN is done before implementing the iterative algorithm and weights of the SI-NN
and FCN-NN are kept unchanged (frozen) during the implementation of proposed iterative ADP algorithm.

51 | System model

The trained SI-NN (with ideal weight sets) outputs the next state as ((21)): X1 = @} om (95 Zm) With z = [xg ug k]

as inputs.

5.2 | FCN-NN training

FCN-NN is trained using Algorithm B1 (see Appendix B). With trained FCN-NN, the desired control u,4 4 can be generated
with respect to any given reference value ;. The input control up (see (6)) consists of two components: feedforward
component ugy and the feedback component v (e;) + Z;:Olvl with respect to state ej at an iteration i. While the former
feedforward component is generated from trained FCN-NN network, the latter feedback component comprises of actor
output: v® (e;) and the accumulated control value till time k —1: Z;‘:_Ol v;. The actor output at any iteration is learnt in
iterative sense by the actor-NN structure using the HDP actor critic training scheme and accumulated control value Z;:Olvl
is stored in a buffer till time k.

Then, with X, = + reand u, = (v(D (ex) + 2;:01w> + ug, the state estimation at successive instant can be obtained
from the trained SI-NN, as: X1 = €41 + Fee1. While the feedforward component is generated from trained FCN-NN
network at any time k, the feedback component is learnt in iterative sense using critic-NN and action-NN structure using
the HDP architecture.

5.3 | Critic-NN

The critic-NN is used for approximating the cost function Vb (ey). The output of the critic network is denoted as:

P () = a)gml) . ( 19?”1) ek> (51)
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However, from (33) we have:
k-1
VD () = n <ek,v® (ew), (v@ (ex) + Zw)) + V% (es1) (52)
1=0

which can be constructed using the summation of immediate cost value n(-) and estimated cost value from critic-NN.
Moreover, Z;:Olvl is generated at k by summing the stored control values till k — 1 in a buffer memory of appropriate size.
Thus, the target error for critic-NN can be generated as:

(H'l) V(l+l) (e ) V(i+1) (ek) (53)
with e™" denoting the error at (i+ 1)th iteration at time index k. Then, the critic-NN minimizes the error function:
¢k g
E(z+1) (l/z)eT(z+1) (i+1) (54)

and the weights are adapted according to gradient-based scheme as:

wg+1)(].+ 1) = (z+1)(})

(i+1) (i+1) A
aEc k 0ec,k aV(l+1) (€k)

= g () -
C 1 i i+1)
9y oV (e) I ()

(i+1)
19(L'+1)(].+ 1) = 19(i+1)(].) Ca aEc’k
C c 6824.1)(].)

(i+1) (i+1) . T(i+1) )
aEc,k aec,k oV (ex) doe (19(3 €k

= 9:"() - ac
c i ~ : 1) .
aei’;D VD (e) g, ( 9rED ek> 2950 )

(55)

where a, > 0 is the learning rate and j is the weight updating/training inner loop iterative index.

Remark 7. 1t is noted that each iteration (outer loop) i, consists of a set of weight updating cycles indexed by
Jj (inner loop) to learn the critic weights for the value function at that given ADP iteration step i, with respect
to the error at time k.

5.4 | Actor-NN

Actor-NN is used to calculate the control value v (e;) that minimizes the cost function with respect to ey at iterative step
i in accordance to (32). To that end, consider actor-NN as:

P9 (ep) = wz(i)aa <19§(i)ek) (56)
The target value is given by (32) as:
k-1 i
opo
v (ep) = ——(R +97 28 Yvi ) +8" e+ 1) # (57)
=0 (€r+1)

where oV® (ex+1) can be produced the trained critic-NN (57) and Z;:OI v; is generated from the buffer memory at k. More-
over (59) requires control matrix g (e, + r) which cannot be obtained directly for unknown systems. To that end, the
trained SI-NN can be used (see (1) and (21)) as:
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de = 2Fen) _ 0 (@i (Ozmi)) _ 0 (om (i’*"sz"‘))s;Ta (@) (s8)
9 (upy) 9 (upu) 9 (954 zm) 9 (upx)

It is clear that g (x;) can be obtained using backpropagation from outputs of SI-NN Xy, and input u, . Further, the
target error for actor-NN can be generated (61), followed by minimization of error function (62) and actor-NN weight
update (63).

ey = () = (@) (59)

By = (1/2ee;), (60)
()
aEa’k

cof;’)(j +1)= wf,i)(]') e
g ()

(i) (i) .
aEa,k dea,k aﬁ(l) (ek)
9e, WO (er) 9w (j)

(i+1)
ck

99,'()

(1) () . T@+1)
dEal,k aeal,k v (ex) 904 (Sa ek)
a B . -

=l (j) - a

G +1)=90() - aq

=9 -a (61

Here, efj)k denotes the error at (i)th iteration at time index k, a. > 0 is the learning rate and j is the weight
updating/training inner loop iterative index.

6 | SIMULATION STUDY

In this section, two examples are presented to demonstrates the theoretical result and assess the performance
of the HDP algorithm. Following nonlinear system is considered as x4 = f () + 8 () upr (k).

Example 1. The nonlinear system is considered from Reference 28 with some modifications:

: 2
oo = sin (O'sz’k)xuc N 1.1 0 iy (62)
cos (1.4xy ) sin (0.9x ) 0 0.45

such that f (x) = [sin (0.5%,) X}, . cos (1.4, ) sin (0.9x1,k)]T, g () = [1.1, 0.45]T with x; =[x xx]” €
R* as state variables and u,; € R* as control variable. The reference trajectory for the above system is
considered as:

Iy = (63)

0.3cos(0.2k)
0.1sin(0.4k)
The cost function is defined by (9) with Q, = 0.11, S = 2I, and R = I where I denotes identity matrix of
suitable dimensions.

It is assumed that system dynamics completely unknown and the input-output data is available. SI-NN is established
by a four layered fully connected feedforward network with: 3 input neurons, 16-first hidden layer neurons, 8-second
hidden layer neurons and 2 outputs neurons. All activation functions are hyperbolic tangent functions. The initial weights
of the NN are randomly initialized in the interval [—0.1, 0.1]. Training set consists of 2000 randomly sampled input-output
data. The learning rate is kept as a,,, = 0.001 and the training is done for 1000 epochs. Figure 4 shows the estimation of 100
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FIGURE 4 System states and training errors.

random data samples along with training errors which clearly remains close to zero and bounded. The SI-NN successfully
learns the unknown nonlinear system dynamics (see Appendix A, Algorithm A1). Next, training of FCN-NN is done using
the trained SI-NN (see Algorithm A1l).

To that end, the FCN-NN is set up as shown in Figure 1 using a four layered fully connected NN with 16 hidden nodes
in each layer, 2 input neurons, and one output neuron (2-16-16-1), with weights initialized in the interval [-0.1, 0.1] and
learning rate ap-1 = 0.001. A set of reference trajectories in the practical tracking region are generated comprising of 2000
data randomly generated. Next, the initial control policy is obtained by training FOSC-NN (see Algorithm 1) such that

F, <ek, ug); (ek)) = 0 where u(g; (ex) = @(T)SGOS (ﬁgs ek> is the one-step zero control value is learnt (see (27) and (28)).
FOSC-NN structure consists of five layered fully connected NN 2-32-16-8-1 with 3 hidden layers, 2 node input and one
node output, with all activation functions chosen as nonlinear hyperbolic tangent function. The FOSC-NN is trained
with randomly chosen 1000 data samples. Figure 5 shows the performance of trained FOSC-NN using 100 randomly
sampled data. It is observed that FOSC-NN can learn the control law that drives the states near the origin (zero) in an
approximative sense.

Next, the actor-critic NN weights are initialized randomly in [—0.1, 0.1]. The tolerance error in iterative algorithm
is fixed as € = 107%, maximum number of iterations is fixed as n; = 100, critic and actor NN are chosen as five layered
fully connected feedforward networks with: 3 input neurons, 16-8-4 hidden layer neurons and 2 outputs neurons, with
activation functions set as hyperbolic tangent functions. The learning rates, tolerance errors, and maximal number of
internal learning cycles (weight updating stochastic gradient descent step j) for the two networks are: a. = a, = 0.001,
€ = €¢ = 10712, n. = ng = 1000.
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The iterative HDP algorithm is trained at k = 0 with an array of randomly chosen 10 initial states x;. The critic
and actor NN is trained for maximal n; = 30 iterations (i.e., i=1, 2,...30) with each iteration consisting of n, =
ng, = 1000 internal weight updating cycles. First, the critic-NN is trained to approximate the iterative cost func-
tion (33). The weights of critic NN are kept frozen while training the actor NN that approximates the iterative
control law (32). This training procedure is repeated until the iterative cost function converges to an approxi-
mate optimal value, that is, |[V® (xg) — V@V (x)| < 107'2. The convergence shown in Figure 6 is attained in nearly
19 iterations.

This also leads to learning of the approximate optimal control law v* (xp). The learnt approximate control law is applied
to the system. Next, the state of the controlled system is initialized to be xy = [0.9 — 0.9]7 and the learnt control law is
applied to the controlled system for 50-time steps. The reference trajectory is generated using (65) and the system state
curves are shown in Figure 7A,B. The system is effectively able to track the reference trajectories. This demonstrates the
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FIGURE 7 Reference tracking by system states of Example 1.

effectiveness of the proposed method. To further assess the efficiency of the overall procedure, Figure 7C shows tracking
of a sinusoidal reference with four different arbitrary frequencies by the state x;.

Example 2. To further check the effectiveness of the proposed algorithm, the control coefficient matrix is
changed from a constant matrix to a function matrix. Consider the system inspired from Reference 31 with
some modifications as:

Xic+1

sin (0.5x2) X2, ] N 0.6sin (O.ink + 0.1) 0 )
p.k

cos (1.4x,x ) sin (0.9x1 1) 0 —0.4(1—cos (0.1x1x))

with X, = [x1x Xx]7 € R? as state variables Upk € R? as control variables. A similar approach is adopted
wherein the SI-NN learns the unknown dynamics using Algorithm A1 (see Figure 8) FCN-NN is trained using
SI-NN (Algorithm 1) and learns desire control profiles with respect to a given number of tracking references
profiles.

(64)

Initial control policy is obtained by training FOSC-NN that provides the one-step zero control value (Algorithm 1).
Actor-critic NNs are trained in similar manner with all parameters remaining same except: a, = a; = 0.0001, &, =
€4 =107, n.=n, =2000. The iterative HDP algorithm is trained at k =0 with an array of randomly chosen
100 initial states. The critic and actor NN is trained for maximal n; = 50 iterations (i.e., i=1,2,...50) until the
iterative cost function converges to an approximate optimal value, that is, |V® (xp) — V&P (xg)| < 107! as shown
in Figure 9. The approximate optimal control law v* (xy) is learnt and applied to the system initialized at xy =
[-0.5 0.9]7 for 100-time steps. The tracking performance as shown in Figure 10 demonstrates the effectiveness of the
proposed approach.
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7 | CONCLUSIONS

The paper proposes a novel approach by considering consecutive changes in control inputs within the cost function
while solving the optimal tracking problem for completely unknown discrete time nonlinear systems over a finite
horizon. The latter leads to a novel performance index function over finite horizon and corresponding nonlinear
Hamilton-Jacobi-Bellman equation that is solved in approximative iterative sense using a novel iterative ADP-based
algorithm. The convergence of the novel algorithm to optimality(sub) over a finite horizon is established under
the admissibility conditions through mathematically rigorous proofs. To find an initial one step zero control pol-
icy, a novel architecture is proposed to learn the one step zero control law which successfully brings the states near
their origin (zero) in an approximative sense. The proposed iterative ADP is implemented using heuristic dynamic
programming technique based on actor-critic NN structure. Finally, simulation studies are presented over two non-
linear systems with constant as well as varying control matrix to demonstrate the effectiveness of the proposed
algorithm.
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APPENDIX A

Consider the estimated system state vector X4, estimated NN weights @, x and the ideal weight matrix w}, at k. Then,
the estimated system state can be expressed as:

5C\k+l = 6Z;l’ko'm (Zm,k) (A1)

Further, the system identification error X, can be expressed as:

Trp1 =Xy — X1 = (@Tnk - wff) Om (Zmk) = Emk = @y, 1 Om (Tmk) — Emk (A2)

where @,k = Op i — o}, is the weight identification error at time k. Now, considering
_ T = .
bmk = @, Om (Zmk), We have:

Xiet1 = Pmk — Emk (A3)

T

1 i 21.
1+ Using gradient descent scheme™":

The weights are adapted to minimize the identification error E,,, = (1/2)Xx1%

OEmi+1 0Ky A

= Wmk — OmOm (zk) 5“:]{_,_1 (A4)

Dmk+1 = Omk — Om 0% EY)
k+1 m,k

where a,, > 0 is the learning rate of the SI-NN.

Theorem Al. Considerthe SI-NN defined by (A3) to identify the system (1), with weights being updated by (A4).
Under Assumption 3, the system identification error is asymptotically stable X, and weight identifier error @y, is
uniformly ultimately bounded.

Proof. (21,30): The following positive definite Lyapunov candidate is considered:

m

Gmk = 5(7,7;5(2}{ + <0{L> tr {d);‘kd)m,k} (A5)

The first order change in time of the candidate is given as:

T =~ T~ 1 . . T ~
Gk = (xgﬂxk“ - x,ka) + <a—> tr {ern,k+1wm’k+1 + qu;z,kwm’k} (A6)
m
From (A3) and (A4):
AGui = b Dmk = 207, Emk + € Emk + CmOm (T) om (T) Xpy Faer — XX — 200, K (A7)

Applying Cauchy-Schwarz inequality, it is noted that

T T ,
X % = (dmk — €mk) (Pmk — €mik) <2 <¢;,k¢m»k + £r7;1,k€m*k> and using (A7), leads to:

AGui < =Bh cbmi + €1 emc + 200 (Zi) o (26) (B bk + €D Emi ) = ¥ = 20, cOmi (A8)
As |lon(O)ll £ op and ErTn cEmk < AM)?chk) (see Assumption 4), we have:

AGmi < ~(1 = 20m02 || dmi||” = (1 = Am = Av2amo?,) 1%l (A9)

Then, if learning rate is chosen as 0 <a, <1 with ap SﬂZ/ZO'I%/I for some S #0 such that

max { -/ = ay) [am, —1} <p< min{ - am) /am,1 } it is seen that AG,x < 0. Thus, X, and &,, are
bounded on a compact set S if %x(0) and @,,(0) are bounded on S. Moreover, as k — oo, X — 0. [
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For SI-NN training, following steps are followed:

Algorithm A1. SI-NN training (>-3° for detailed steps)

Stepl: An array of system states, control input at time k, z’fl’k = [x,f u;k], is generated randomly (see (19)) and the
corresponding array of states Xy, is considered available for supervised training.

Step 2: The system identifier NN is trained by minimizing the error function using stochastic gradient descent
scheme (A4), until the error (A2) converges to zero or remains inferior to a certain constant tolerance (set a priori). E.

Step 3: The trained SI-NN is tested against a test set to assess overfitting and underfitting issues and retrained if required.

APPENDIX B

The procedure comprises of trainable FCN-NN as input to an already-trained SI-NN in a cascading manner. Consider
FCN-NN as a three-layer NN with 7, number of neurons in each hidden layer as:

~ *«T *T
Udr = a)F_1 OF-1 ('9F-1ZF—1,k> + Ep-1

= CO;]:I op-1 (ZFA!k) + Ep1) (Bl)

with Zigy as the estimate output of desired control from FCNN, ., € R(=xm) and 97, € R™™ are the constant ideal
weight matrices of FCNN, zp-1 x is the input, e-1 is the NN function approximation error and or-1(-) is the NN activation
function chosen as the hyperbolic tangent function, that is, op-1(z) = (e* — %) / (€* + e7%) so that 6r-1(z) € [-1,1] and
OF-1 (Z) e R™,

FCN-NN is trained by feeding-in set of reference values r,; as input and optimizing the FCN-NN weights such that
SI-NN (trained a priori) outputs the true estimate of ry1: Fey1.

To that end, following steps are taken.

Algorithm B1. FCN-NN training.

Step 1: A set of reference trajectories are generated using a known reference generator (2)

Step 2: FCN-NN is fed with input zp-1 ; = ry41, following which the trained SI-NN is fed as inputs z; L= [rlf ﬁg k] ,so that

the output is Py
Step 3: FCN-NN is trained using the error #g-1 541 = Fiy1 — k1 by minimizing the error function:

Bptjer1 = (1/2F [y i TRt ke (B2)
Step 4: The weights of FCN-NN are adapted using a gradient descent-based optimization scheme.

~ ~ OEF-1 11
WF-1 k41 = WF-1 ) — Op-1———
da)Fﬂk
OBFp-1)11 OFp-1p01 OUgy

6F*1,k+1 = @Ffl,k — Ap-1—/Z = =
OrF1, k41 OUgyx ODF-1k

OFF-1 jy1

A~ A~ - , ~T

Wp1j41 = D1k — ap-10p1 (Zpik) . Fken (B3)
Uk ’

where ap-1 > 0 is the learning rate. It should be noted that the error #p-1 k41 is propagated through the trained SI-NN and

% is obtained through application of backpropagation algorithm from output of SI-NN 71 to its input Zg.
d.k
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