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ABSTRACT
This work develops a novel off-policy safe reinforcement learning (RL) approach for optimal tracking of continuous-time nonlin-
ear systems, affine in control input. The main contribution consists of the synthesis of an optimal tracker under safety guarantees.
A novel formulation is developed enabling optimal tracking of references while satisfying state-based safety constraints. The track-
ing error and the state dynamics are considered to form an augmented system, facilitating this dual objective with the primary
goal being to guarantee the safety without compromising the system performance. To this end, the safety is achieved during the
exploration phase, by dynamically adjusting control inputs that are solutions of quadratic programming (QP) problem that incor-
porates zeroing control barrier function (ZCBF) conditions. Additionally, the safety during exploitation (operational phase) of the
learned policy is strengthened by integrating a reciprocal control barrier function (RCBF) into the cost function, leading to an
effective trade-off between safety and system performance. Neural networks are employed to approximate the optimal control
law, and novel mathematically rigorous proofs are developed to guarantee the safety, the stability, and the convergence towards
optimality. Finally, the effectiveness of the approach is assessed using a simulation example.

1 | Introduction

Safety is an essential and crucial factor in modern control
applications [1]. This is becoming particularly relevant in
fields experiencing rapid growth, such as industrial robotics,
autonomous driving, and aerospace. Safety requirements can
arise due to state as well as input-based constraints, that restrict
the behavior of the system and prevent it from exceeding its
boundaries and causing damages [2].

Within this context, there has been an increasing interest in
developing optimal controllers that ensure system safety while
taking into consideration predefined performance criteria. One
common optimal control problem in this regard is the tracking

Abbreviations: CLF, control Lyapunov function; CT, continuous-time; DT, discrete-time; HJB, Hamilton-Jacobi-Bellman; HJI, Hamilton-Jacobi-Isaac; IRL, integral
reinforcement learning; PI, policy iteration; QP, quadratic programming; RCBF, reciprocal control barrier function; RL, reinforcement learning; STH, safe tracking
Hamiltonian; ZCBF, zeroing control barrier function.
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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problem, where the goal is to design controllers that guide a
system to follow a desired trajectory or reference signal while
also satisfying safety constraints. This task involves considerable
difficulties, especially since system dynamics are uncertain and
subject to change over time [3, 4] which can lead to devia-
tions from the desired trajectory, compromising the safety and
performance.

Reinforcement learning (RL) has proven to be a powerful learn-
ing technique that allows designing optimal controllers for
uncertain systems by iteratively interacting with the environ-
ment in real-time [5]. Using RL methods, optimal regulation
problems have been successfully solved by learning the solu-
tion of the Hamilton-Jacobi-Bellman (HJB) equations. Initially,
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RL methods were primarily developed for systems operating in
discrete-time (DT) for partially [5] and fully unknown [6] dynam-
ical systems. Subsequently, RL algorithms were further adapted
and developed to handle systems operating in continuous-time
(CT), two notable algorithms in this context are integral
reinforcement learning (IRL) [7] for partially known dynam-
ical systems and off-policy [8] algorithm for fully unknown
dynamical systems.

The adaptation of RL-based adaptive optimal regulators into
adaptive optimal trackers has captured significant interest due
to its wider range of practical applications. In [9], a Q-learning
approach is introduced to solve the linear quadratic tracking
problem in DT for linear systems, without prior knowledge
of system dynamics. For nonlinear systems, [10] presents an
adaptive optimal control approach for solving tracking problems
for partially known dynamical systems with input constraints.
In CT, several works have addressed the problem of track-
ing. For instance, [11] presents a novel approach for solving
optimal tracking control for nonlinear systems using the IRL
approach, addressing the optimal tracking problem without prior
knowledge of system drift dynamics, while incorporating input
constraints. Chen et al. [12] applies an off-policy method and
uses experience replay to achieve zero tracking error with data
efficiency for linear systems with unknown dynamics. Modares
et al. [13] addresses the design of an 𝐻∞ tracking controller
for nonlinear systems with completely unknown dynamics.
However, it is important to note that while these approaches
show promise in addressing tracking control problems, they
do not explicitly incorporate safety guarantees related to state
constraints in their formulations.

Many works have addressed the challenge of ensuring safety
in regulatory problems. In [14] and [15], Gaussian processes
were employed to reduce the conservativity of reachability
analysis by capturing state-dependent disturbances. The oper-
ational region of the system is expanded by solving modified
terminal value Hamilton-Jacobi-Isaac (HJI) equations and inte-
grating safety metrics for controller switching. In [16], an action
projection-based safety shield uses parameterized reachability
analysis directly on the original nonlinear system model. [17]
incorporates policy-gradient RL algorithm and control barrier
functions (CBF) to achieve safety while relying on nominal
models. Yang et al. [18] introduces a barrier function (BF)-based
system transformation technique that guarantees full-state con-
straints. By transforming the full-state constrained system to an
equivalent system without state constraints, this method enables
the use of standard control and optimization techniques. Cohen
and Belta [19] combines model-based RL with CBF for a safe
exploration scheme. Using Lyapunov-like BF [20], it forms a
partially model-free safeguarding controller that ensures safety
alongside learning-based control policies. This controller enables
online value function learning through experience simulation.
Recently, [21] uses off-policy RL to learn an optimal safe policy
that minimizes a cost augmented by CBF, while data collection
uses a safe and potentially conservative policy. Lastly and very
recently, [22] proposes an end-to-end safe learning approach
based on CBF and control Lyapunov function (CLF) condi-
tions, that assures safety during initialization, exploration, and
exploitation for the optimal regulation problem.

Most of the existing works focus on the safety issue associated
with the optimal regulation problem, and the optimal tracking
problem remains relatively unexplored within the safe paradigm.
It is important to highlight that only very few research efforts
have been made to address the critical safety aspect of tracking
problems. Notable contributions in this area include the works
of [23]. Moreover, in all the existing works centered on nonlinear
systems, typically an augmented system is formed comprising the
error dynamics and the reference trajectory. While such a formu-
lation ensures that all states follow their respective references, it
does not address the cases where some states (more than one)
might not require tracking and obliges all the states to track ref-
erence(s) necessarily.

To bridge this existing scientific gap, this paper proposes a novel
approach by considering system states and tracking errors as an
augmented system (against error dynamics-reference trajectory
based augmented system) to address the problem of safe tracking
while ensuring safety during the exploration phase as well as the
operational (exploitation) phase. The contributions in this work
can be summarized as follows:

• Developing a new tracking formulation with an augmented
system composed of system states and tracking error for
effective state tracking;

• Ensuring safety and state constraint satisfaction during the
exploration phase using CBFs, which involves formulating a
Quadratic Programming (QP) problem;

• Assuring the safety and optimality of the learned policy
(operational policy) by augmenting the reward function with
a CBF.

• Developing novel rigorous mathematical proofs to demon-
strate stability, optimality, and safety guarantees under the
proposed algorithm.

The paper is organized as follows. In Section 2, the safe tracking
problem is formulated. Section 3 presents the proposed approach
to solve the safe and optimal tracking problem, where a safe
policy iteration (PI) algorithm is proposed. In Section 4, QP
problem is used to ensure safety during exploration and data col-
lection, and an off-policy algorithm is developed. Section 5 exam-
ines the effectiveness of the proposed approach on an academic
application. Finally, the conclusion summarizes the significant
advances and presents the future perspectives.

Notations. The interior of set𝒞 is denoted as 𝐼𝑛𝑡𝒞 and 𝜕𝒞 stands
for its boundary. For a differentiable function 𝑉 (𝑥) and a vector
𝑓 (𝑥), the notation 𝐿𝑓𝑉 (𝑥) corresponds to 𝜕𝑉

𝜕𝑥
𝑓 (𝑥). The symbol ⊗

denotes the Kronecker product.

2 | Safe Optimal Tracking Control Problem

In this section, the formulation of a nonlinear optimal tracker is
presented. This paper is primarily dedicated to the analysis and
control of nonlinear systems affine in control input in continu-
ous time:

𝑥̇ = 𝑓 (𝑥) + 𝑔(𝑥)𝑢 (1)
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where 𝑥 ∈ 𝒳 ⊆ ℝ𝑛 represents the state of the system, 𝑢 ∈ 𝒰
⊆ ℝ𝑚 is the control input. 𝑓 (.): 𝒳 → ℝ𝑛 and 𝑔(.): 𝒳 → ℝ𝑛×𝑚

are Lipschitz continuous and 𝑓 (0) = 0. All the states of the
system are supposed to be measurable. The sets 𝒳 and 𝒰 are
compact. 𝒰 denotes the set of all admissible inputs that ensure
stability of the system. 𝒞 ⊆ 𝒳 represents the set of safe feasible
states, thus the set inside which the system’s state must evolve
to assure a safe operation. The mathematical definition of 𝒞 is
as follows:

𝒞 = {𝑥 ∈ 𝒳 | ℎ(𝑥) ≥ 0} (2)

for a smooth (continuously differentiable) function ℎ: 𝒳 → ℝ.

In this work, we make this important assumption.

Assumption 1. The equilibrium 𝑥 = 0 lies in the interior of
the safe set, that is, 0 ∈ 𝐼𝑛𝑡 𝒞 (equivalently, ℎ(0) > 0).

The objective in this work is to design a safe infinite-horizon
tracker for the system (1). The controller must force the state 𝑥(𝑡)
to optimally follow the reference trajectory 𝑥𝑟(𝑡) while adhering
to safety boundaries and constraints.

Assumption 2. The command generator model of the refer-
ence trajectory [11] is defined by:

𝑥̇𝑟 = 𝑧(𝑥𝑟) (3)

where 𝑧(.) is a Lipschitz continuous function with 𝑧(0) = 0 and
𝑥𝑟 ∈ ℝ𝑝 is bounded, with 𝑝 ≤ 𝑛.

The error is formulated as:

𝑒𝑟(𝑡) = 𝐶𝑥(𝑡) − 𝑥𝑟(𝑡) (4)

where 𝐶 ∈ ℝ𝑝×𝑛 refers to the states to be tracked, since the tar-
get in this paper is to track specific states. The dynamics of the
tracking error can be expressed in terms of the control input 𝑢 as
follows:

𝑒̇𝑟 = 𝐶(𝑓 (𝑥) + 𝑔(𝑥)𝑢) − 𝑧(𝐶𝑥 − 𝑒𝑟) (5)

Based on (1) and (5), the augmented system is defined in terms
of the system states 𝑥 and the tracking error 𝑒𝑟 as:

𝑋̇ =

[
𝑥̇

𝑒̇𝑟

]
= 𝐹 (𝑋) + 𝐺(𝑋)𝑢 (6)

with 𝐹 (𝑋) =
[

𝑓 (𝑥)
𝐶𝑓 (𝑥) − 𝑧(𝐶𝑥 − 𝑒𝑟)

]
and 𝐺(𝑋) =

[
𝑔(𝑥)
𝐶𝑔(𝑥)

]
.

The general reward function for the tracking problem is usually
considered in the following manner:

𝑟 = 𝑒𝑇
𝑟
𝑄𝑒𝑟 + 𝑢𝑇𝑅𝑢 (7)

where𝑄 and𝑅 are symmetric and positive definite. However, this
reward function does not take into account any safety considera-
tions. To this end, in the following section, this problem will be
addressed.

3 | Safe Reinforcement Learning Algorithm for
Solving the Tracking Problem

3.1 | Safe Value Function

Now, based on the augmented system (6), a modified reward
function that is sensitive to the system safety is introduced as

𝑟(𝑋, 𝑢) = 𝑋𝑇 𝑄̃𝑋 + 𝑢𝑇𝑅𝑢 + 𝐵𝜗(𝜌𝑋) (8)

with 𝑄̃ =
[

0 0
0 𝑄

]
, 𝜌 =

[
𝐼𝑛 0𝑛×𝑝

]
∈ ℝ𝑛×(𝑛+𝑝)(i.e., 𝜌𝑋 = 𝑥), and 𝐵𝜗

a normalized reciprocal control barrier function (RCBF) term
defined by

𝐵𝜗(𝜌𝑋) ≜ 𝐵𝜗(𝜌𝑋) − 𝐵𝜗(0), (9)

where 𝐵𝜗 is defined in (10) as follows

𝐵𝜗(𝜌𝑋) = − log
(

𝜗ℎ(𝜌𝑋)
𝜗ℎ(𝜌𝑋) + 1

)
(10)

with 𝜗 > 0.

Definition 1. A function 𝐵: 𝐼𝑛𝑡𝒞 → ℝ is a RCBF for the set
𝒞 if there exists class 𝜅 functions 𝛼1, 𝛼2 and 𝛼3 such that

1
𝛼1(ℎ(𝑥))

≤ 𝐵(𝑥) ≤ 1
𝛼2(ℎ(𝑥))

(11)

inf
𝑢∈𝒰

(
𝐿𝑓𝐵(𝑥) + 𝐿𝑔𝐵(𝑥)𝑢 − 𝛼3(ℎ(𝑥))

) ≤ 0 ∀𝑥 ∈ 𝐼𝑛𝑡𝒞 (12)

Based on the safe reward function (8), the following discounted
performance function is introduced

𝑉 (𝑋(𝑡)) = ∫
∞

𝑡

𝑒−𝛾(𝜏−𝑡)𝑟(𝑋, 𝑢)𝑑𝜏 (13)

where 𝛾 > 0 is the discount factor. Using a discounted perfor-
mance function is crucial in the proposed formulation since,
for the tracking problems, the system trajectory does not reach
zero. As such, without the discount factor, the performance func-
tion becomes infinite because the control input incorporates a
feed-forward component, preventing it from converging to zero
as 𝑡→∞, as indicated in [10].

Remark 1. Since the equilibrium satisfies 0 ∈ 𝐼𝑛𝑡 𝒞 (i.e.,
ℎ(0) > 0) (see Assumption 1), the barrier value 𝐵𝜗(0) is finite.
With the normalized barrier term in (9), we have 𝑟(0, 0) = 0 and
therefore the discounted value function (13) satisfies 𝑉 (0) = 0
exactly for any 𝜗 > 0.

Moreover, subtracting the constant 𝐵𝜗(0) only shifts the value
function by a constant and does not modify the optimal policy
in (21), since the policy depends on ∇𝑉 .

Remark 2. The quantity 𝐵𝜗(0) is a known scalar constant
obtained by evaluating the known safety function ℎ(⋅) at 𝑥 = 0
and substituting into (10), that is,

𝐵𝜗(0) = − log
(

𝜗 ℎ(0)
𝜗 ℎ(0) + 1

)
.
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For multiple constraints ℎ𝑗(𝑥) ≥ 0 (𝑗 = 1, . . . , 𝑞) implemented
via a summed barrier 𝐵𝜗(𝑥) =

∑𝑞

𝑗=1𝐵𝑗,𝜗(𝑥) leads to 𝐵𝜗(0) =∑𝑞

𝑗=1𝐵𝑗,𝜗(0).

The objective then becomes to find a safe and optimal control
policy that minimizes (13). Before addressing the problem of safe
tracking, the following definition and assumption are made.

Definition 2. A control policy is defined as a function from
the state space to the control space, typically denoted as 𝜋: 𝒳 ×
ℝ𝑝 → 𝒰 . In other words, given a state 𝑋, the policy determines a
control input by

𝑢 = 𝜋(𝑋) (14)

Definition 3. The set of safe and admissible inputs𝒰𝑠 for the
current state 𝑥 is defined as

𝒰𝑠 = {𝑢 ∈ 𝒰 | 𝑥𝑢 ∈ 𝒞 } (15)

𝑥𝑢 is the state of the system (1) evolved by the input 𝑢.

Assumption 3. There exists a safe feedback control policy
𝜋0(.): 𝒞 ×ℝ𝑝 → 𝒰𝑠 that asymptotically stabilizes the tracking
error (5) and stabilizes the system (1) and the cost defined in (13)
is finite.

The primary objective of this work is to minimize the value func-
tion as defined in (13), which serves as a key measure of perfor-
mance and effectiveness in achieving safe and optimal tracking
control. In the following section, the solution that enables tack-
ling this objective effectively will be developed.

3.2 | Safe Bellman and Safe HJB Equations
for Tracking Problem

Applying Leibniz’s rule, the following safe tracking Bellman
equation is defined by

𝑉̇ = −𝑟(𝑋, 𝑢) + ∫
∞

𝑡

𝜕

𝜕𝑡
𝑒−𝛾(𝜏−𝑡)𝑟(𝑋(𝜏), 𝜋(𝑋(𝜏)))d𝜏 (16)

Since the second term on the right-hand side of (16) is equal to
𝛾𝑉 (𝑋), it gives

𝑉̇ (𝑋) = −𝑟(𝑋, 𝑢) + 𝛾𝑉 (𝑋) (17)

Next, we construct a Hamiltonian for the safe tracking problem.

Definition 4. For any𝑉 ∈ 𝐶1 and any 𝑢 ∈ 𝒰 , a Safe Tracking
Hamiltonian (STH) is defined as

(𝑋,∇𝑉 , 𝑢) ≜ ∇𝑉 𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢) + 𝑟(𝑋, 𝑢) − 𝛾𝑉 (𝑋). (18)

For a fixed admissible policy 𝑢 = 𝜋(𝑋), the corresponding
value function 𝑉 𝜋 satisfies the policy evaluation equation
(𝑋,∇𝑉 𝜋, 𝜋(𝑋)) = 0. The optimal safe value function satisfies
the safe-THJB equation

min
𝑢∈𝒰

(𝑋,∇𝑉 , 𝑢) = 0. (19)

For the quadratic input penalty term in 𝑟(𝑋, 𝑢), minimizing STH
(𝑋,∇𝑉 , 𝑢) with respect to 𝑢 yields the first-order optimality
condition 𝜕

𝜕𝑢
= 0, which leads to the optimal policy

𝜋∗(𝑋) = −1
2
𝑅−1𝐺𝑇 (𝑋)∇𝑉 ∗(𝑋). (20)

To derive the equation for the optimal policy, the STH in
Equation (18) is minimized with respect to 𝑢. Taking the deriva-
tive of 𝑆𝑇𝐻(𝑉 , 𝑢) with respect to 𝑢 and setting it to zero, and
assuming a quadratic reward 𝑟(𝑋, 𝑢) = 𝑋𝑇 𝑄̃𝑋 + 𝑢𝑇𝑅𝑢, yields to
the optimal policy 𝜋∗

𝜋∗(𝑋) = −1
2
𝑅−1𝐺𝑇 (𝑋)∇𝑉 ∗(𝑋) (21)

where 𝑉 ∗(𝑋) is the optimal cost function defined by

𝑉 ∗(𝑋) = min
𝜋(.) ∫

∞

𝑡

𝑒−𝛾(𝜏−𝑡)𝑟(𝑋(𝜏), 𝜋(𝑋(𝜏)))d𝜏. (22)

By substituting the optimal control (21) in (18), the STH becomes
a safe tracking Hamilton-Jacobi-Bellman (safe-THJB) equation

𝐻𝑠𝑎𝑓𝑒(𝑉 ∗(𝑋))
Δ
= ∇𝑉 ∗𝑇 (𝑋)𝐹 (𝑋) +𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋) − 𝛾𝑉 ∗(𝑋)

− 1
4
∇𝑉 ∗𝑇 (𝑋)𝐺(𝑋)𝑅−1𝐺𝑇 (𝑋)∇𝑉 ∗(𝑋) = 0 (23)

Assuming that there exists an optimal safe control policy, it
implies the existence of an optimal safe value function satisfying
the safe-THJB equation

𝐻𝑠𝑎𝑓𝑒(𝑉 ∗(𝑋)) = 0 (24)

where 𝑉 ∗(𝑋) is a safe Lyapunov function (22) for the closed-loop
augmented system (6).

Assumption 4. There exists 𝑉 ∗ ∈  , where  is the set of
all functions in 𝐶1 that are also positive definite and radially
unbounded, such that the safe-THJB Equation (24) holds.

Lemma 1 establishes the uniqueness of solution to the safe-THJB
Equation (24).

Lemma 1. The Safe-THJB Equation (24) has a unique solution
𝑉 ∗ ∈  .

Proof. Considering another solution 𝑉 ∈  to (24), along the
solutions of the closed-loop augmented system composed of (6)
and denote the policy associated by 𝜋(𝑋). The policy 𝜋(𝑋) is
given by:

𝜋(𝑋) = −1
2
𝑅−1𝐺𝑇 (𝑋)∇𝑉 (𝑋) (25)

Then, along the solutions of the closed-loop system composed of
(6) and the control policy 𝑢̄ = 𝜋(𝑋), the following TSLE holds:

∇𝑉
𝑇
(𝐹 (𝑋) + 𝐺(𝑋)𝑢̄) + 𝑟(𝑋, 𝑢̄) − 𝛾𝑉 (𝑋) = 0 (26)

Similarly, the TSLE for the optimal value function 𝑉 ∗, with the
associated optimal policy 𝑢∗ = 𝜋∗(𝑋), is:

∇𝑉 ∗𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢∗) + 𝑟(𝑋, 𝑢∗) − 𝛾𝑉 ∗(𝑋) = 0 (27)
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By subtracting (27) from (26), it yields(
∇𝑉 (𝑋) − ∇𝑉 ∗(𝑋)

)𝑇

𝐹 (𝑋) + ∇𝑉
𝑇
(𝑋)𝐺(𝑋)𝑢̄

− ∇𝑉 ∗𝑇 (𝑋)𝐺(𝑋)𝑢∗ + ∇𝑉 ∗𝑇 (𝑋)𝐺(𝑋)𝑢̄

− ∇𝑉 ∗𝑇 (𝑋)𝐺(𝑋)𝑢̄ + 𝑢̄𝑇 𝑅𝑢̄ − 𝑢∗𝑇𝑅𝑢∗ − 𝛾𝑉 (𝑋) + 𝛾𝑉 ∗(𝑋)

=
(
∇𝑉 (𝑋) − ∇𝑉 ∗(𝑋)

)𝑇

(𝐹 (𝑋) + 𝐺(𝑋)𝑢̄)

+ ∇𝑉 ∗𝑇 (𝑋)𝐺(𝑋)(𝑢̄ − 𝑢∗) + 𝑢̄𝑇 𝑅𝑢̄ − 𝑢∗𝑇𝑅𝑢∗

+ 𝛾

(
𝑉 ∗(𝑋) − 𝑉 (𝑋)

)
=
(
∇𝑉 (𝑋) − ∇𝑉 ∗(𝑋)

)𝑇

(𝐹 (𝑋) + 𝐺(𝑋)𝑢̄)

− 2𝑢∗𝑇𝑅(𝑢̄ − 𝑢∗) + 𝑢̄𝑇 𝑅𝑢̄ − 𝑢∗𝑇𝑅𝑢∗ + 𝛾

(
𝑉 ∗(𝑋) − 𝑉 (𝑋)

)
=
(
∇𝑉 (𝑋) − ∇𝑉 ∗(𝑋)

)𝑇

(𝐹 (𝑋) + 𝐺(𝑋)𝑢̄)

+ (𝑢̄ − 𝑢∗)𝑇𝑅(𝑢̄ − 𝑢∗) + 𝛾

(
𝑉 ∗(𝑋) − 𝑉 (𝑋)

)
= 0 (28)

Multiplying both sides by 𝑒−𝛾𝑡 gives

𝑒−𝛾𝑡

(
𝑑𝑉 (𝑋)
𝑑𝑡

− 𝛾𝑉 (𝑋) − 𝑑𝑉 ∗(𝑋)
𝑑𝑡

+ 𝛾𝑉 ∗(𝑋)

)
= −𝑒−𝛾𝑡(𝑢̄ − 𝑢∗)𝑇𝑅(𝑢̄ − 𝑢∗) (29)

For all𝑋0, along the trajectories of the augmented system (6) with
𝑢 = 𝑢∗,

𝑒−𝛾𝑡0
(
𝑉 (𝑋0) − 𝑉 ∗(𝑋0)

)
= −∫

𝑇

0
𝑒−𝛾𝑡(𝑢̄ − 𝑢∗)𝑇𝑅(𝑢̄ − 𝑢∗)𝑑𝑡 (30)

Thus 𝑉 (𝑋) ≥ 𝑉 ∗(𝑋). Moreover, by subtracting (26) from (27), it
gives (

∇𝑉 ∗(𝑋) − ∇𝑉 (𝑋)
)𝑇

(𝐹 (𝑋) + 𝐺(𝑋)𝑢∗)

+ (𝑢̄ − 𝑢∗)𝑇𝑅(𝑢̄ − 𝑢∗)

+ 𝛾

(
𝑉 (𝑋) − 𝑉 ∗(𝑋)

)
= 0 (31)

By following the same steps, we obtain 𝑉 (𝑋) ≤ 𝑉 ∗(𝑋).

Thus, it can be concluded that 𝑉 (𝑋) = 𝑉 ∗(𝑋). ◽

The optimal safe tracking problem is solved by finding the solu-
tion of the safe-THJB Equation (24) for the value function. Then,
the optimal policy is obtained by replacing the solution in (21).
However, it is difficult to find the solution to (24) due to its nonlin-
ear nature. In this regard, RL method has emerged as a powerful
technique that allows addressing optimal control problems by
using iterative methods. In the next section, PI algorithm will be
introduced as one of the approaches to address these challenges.

3.3 | Safe Tracking Policy Iteration (PI)
Algorithm

Given the analytical challenges to solve the nonlinear safe-THJB
Equation (24), the problem can be tackled by using the following
safe tracking PI Algorithm 1 bellow:

ALGORITHM 1 | Safe tracking policy iteration algorithm.

Initialization. Initialize 𝜋0(.) with a safe and admissible policy
such as 𝜋0 ∈ 𝒰𝑠.
Policy Evaluation. Update the value using

𝛻𝑉 𝑇
𝑖
(𝑋)

(
𝐹 (𝑋) + 𝐺(𝑋)𝜋𝑖(𝑋)

)
+ 𝑟

(
𝑋, 𝜋𝑖(𝑋)

)
− 𝛾𝑉𝑖(𝑋) = 0

(32)
Policy Improvement. The control policy is improved by

𝜋𝑖+1(𝑋) = −1
2
𝑅−1𝐺𝑇 (𝑋)𝛻𝑉𝑖(𝑋) (33)

The following theorem establishes the convergence property of
the proposed safe tracking PI algorithm. To simplify the notation,
let 𝑢∗ = 𝜋∗(𝑋), 𝑢𝑖 = 𝜋𝑖(𝑋) and 𝑢𝑖+1 = 𝜋𝑖+1(𝑋).

Theorem 1. Suppose Assumptions 3 and 4 hold, and the solu-
tion 𝑉𝑖(𝑋) ∈ 𝐶1 satisfying (32) exists for 𝑖 = 0, 1, . . . . Then, the
following properties hold ∀𝑖 = 0, 1, . . . .

1. 𝑉 ∗(𝑋) ≤ 𝑉𝑖+1(𝑋) ≤ 𝑉𝑖(𝑋), ∀𝑋 ∈ 𝒞 ×ℝ𝑝.

2. Let lim𝑖→∞𝑉𝑖(𝑋0) = 𝑉 (𝑋0) and lim𝑖→∞𝜋𝑖(𝑋0) = 𝜋(𝑋0),
∀𝑋0 ∈ 𝒞 ×ℝ𝑝. Then 𝑋∗ = 𝑋 and 𝑢∗ = 𝑢, if 𝑉 ∈ 𝐶1.

3. 𝑢𝑖 asymptotically stabilizes the error dynamics.

4. 𝑢𝑖 is a safe policy, 𝑢𝑖 ∈𝒰𝑠.

The proof is provided in Appendix.

Safe tracking PI algorithm is an effective method that allows to
learn an optimal policy while ensuring safety. However, it does
present some challenges that need to be addressed. First, solving
Equation (32) directly at each iteration is challenging due to its
complexity, as it involves partial derivatives of the value function
and nonlinear terms.

To overcome this, neural networks (or more generally,
linearly-parameterized basis-function approximators) are used
to approximate the value function and the policy iteratively; see
Section 4.2, Equations (42–60) for the approximation structure
and the least-squares implementation.

Moreover, one of the main challenges arises during the stage
of data collection, where the state space is explored by adding
exploration noise to the policy. While probing noise can provide
important information about the system, it can also lead to viola-
tion of safety constraints. In the following section, this problem
is addressed.

4 | Safe Off-Policy for Tracking Problem

This section focuses on the implementation of the proposed safe
tracking PI algorithm. It is important to note that generally, the PI
algorithm can be implemented using two different approaches:
on-policy and off-policy. However, owing to the advantages of
the off-policy approach for safe learning [22] this paper only
develops off-policy based approach. Off-policy based approaches
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are relevant to safe learning problems and remain efficient as
they update multiple value functions associated with distinct
learning policies by reusing a stream of experiences obtained
by applying a certain behavior policy [24]. However, in these
methods, the incorporation of probing noise is fundamental for
exploration purposes. Nevertheless, introducing such noise dur-
ing the exploration phase entails inherent risks, as it can trigger
exploratory actions that potentially lead to undesired or unsafe
system states.

4.1 | Safe Exploration

For systems subject to probing noise 𝜖, consider

𝑋̇ = 𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑛𝑜𝑖𝑠𝑦 (34)

with 𝑢𝑛𝑜𝑖𝑠𝑦 = 𝑢0 + 𝜖.

The probing noise is assumed not to destabilize the system as
denoted in the following assumption.

Assumption 5. The closed-loop system (34) is input-to-state
stable (ISS) when 𝜖 is considered as input.

The first family of CBF, referred as RCBF, was introduced in
Section 2. Although it can be employed to ensure safety of
exploration, zeroing control barrier function (ZCBF) [25] will be
adopted in this section.

Definition 5. A function ℎ: 𝒳 → ℝ is a ZCBF defined on set
𝒳 with 𝒞 ⊆𝒳 ⊆ℝ𝑛 if there exists an extended class 𝜅 functions
𝛼 such that

sup
𝑢∈𝒰𝑠

(
𝐿𝑓ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 + 𝛼(ℎ(𝑥))

) ≥ 0 ∀𝑥 ∈ 𝒳 (35)

In the context of exploration, ZCBF ℎ is favored over RCBF 𝐵𝜗

because ZCBF allows taking into consideration the effects of
model disturbances since it is defined on a set 𝒳 larger than 𝒞
[26].

By satisfying the condition of the ZCBF, the safety of the policy
can be assured by marginally modifying the unsafe policy. Thus,
the exploration policy can be adjusted by adding the solution of
the following QP problem.

QP Problem: Find the additional control input 𝑢𝑠𝑎𝑓𝑒 that
satisfies

𝑚𝑖𝑛
𝑢𝑠𝑎𝑓𝑒

1
2
𝑢𝑇
𝑠𝑎𝑓𝑒

𝑢𝑠𝑎𝑓𝑒

𝑠.𝑡. 𝐿𝐹 ℎ(𝜌𝑋) + 𝐿𝐺ℎ(𝜌𝑋)(𝑢𝑛𝑜𝑖𝑠𝑦 + 𝑢𝑠𝑎𝑓𝑒) + 𝛼(ℎ(𝜌𝑋)) ≥ 0 (36)

The solution of the QP problem 𝑢𝑠𝑎𝑓𝑒 is crucial for ensuring pol-
icy safety within the off-policy algorithm. It allows data collection
not only within the safe set but also near the boundaries, improv-
ing the performance of the algorithm. Moreover, it is essential
to note that the functions 𝑓 and 𝑔 must be explicitly known
for the solution of the QP problem which render the approach
model-based.

4.2 | Safe Learning

Safe off-policy RL is an iterative algorithm for finding an opti-
mal and safe controller. It operates through two distinct policies:
the behavior policy, which is a safe policy used for data collection
during exploration, and the target policy, which evolves toward
optimality using the accumulated data. Once the learning process
converges, the optimal safe policy is implemented in the system.
This section presents the details of the proposed safe tracking
off-policy algorithm. The following system is considered

𝑋̇ = 𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑠 (37)

where 𝑢𝑠 = 𝑢𝑛𝑜𝑖𝑠𝑦 + 𝑢𝑠𝑎𝑓𝑒. Then, (37) can be expressed as

𝑋̇ = 𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖 + 𝐺(𝑋)𝜈𝑖 (38)

with 𝜈𝑖 = 𝑢𝑠 − 𝑢𝑖.

From (33), one has

∇𝑉 𝑇
𝑖
(𝑋)𝐺(𝑋) = −2𝑢𝑇

𝑖+1𝑅 (39)

Thus, for all 𝑖 ≥ 0, the time derivative of 𝑉𝑖(𝑋) along the solutions
of (37) is obtained by

𝑉̇ 𝑖 = ∇𝑉 𝑇
𝑖
(𝑋)(𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖 + 𝐺(𝑋)𝜈𝑖)

= −𝑋𝑇 𝑄̃𝑋 − 𝑢𝑇
𝑖
𝑅𝑢𝑖 − 𝐵𝜗(𝜌𝑋)

+ 𝛾𝑉𝑖(𝑋) − 2𝑢𝑇
𝑖+1𝑅𝜈𝑖 (40)

Integrating both sides of (40) over any time interval [𝑡, 𝑡 + 𝑇 ]
yields to

𝑉𝑖(𝑋(𝑡 + 𝑇 )) − 𝑉𝑖(𝑋(𝑡)) = −∫
𝑡+𝑇

𝑡

(
𝑋𝑇 𝑄̃𝑋 + 𝑢𝑇

𝑖
𝑅𝑢𝑖

+ 𝐵𝜗(𝜌𝑋) − 𝛾𝑉𝑖(𝑋)

+2𝑢𝑇
𝑖+1𝑅𝜈𝑖

)
𝑑𝑡 (41)

Considering Ω ⊆ ℝ𝑛+𝑝 as a compact set. Then, according to the
Weierstrass higher order approximation Theorem [27], the value
function 𝑉𝑖 (corresponding to the critic) and the control policy
𝑢𝑖+1 (corresponding to the actor) can be approximated using a
dense basis function [5, 28]:

𝑉 𝑖(𝑋) = 𝑊𝑖Φ̃(𝑋) (42)

𝑢̃𝑖+1(𝑋) = 𝑈𝑖Ψ̃(𝑋) (43)

with Φ̃ = [𝜙̃1, 𝜙̃2 . . . 𝜙̃𝑁1
]𝑇 and Ψ̃ = [𝜓̃1, 𝜓̃2 . . . 𝜓̃𝑁2

]𝑇 , are the vec-
tors of linearly independent smooth basis functions on Ω. 𝑁1 and
𝑁2 refer respectively to the number of critic and actor basis func-
tions. 𝑊𝑖 ∈ ℝ1×𝑁1 and 𝑈𝑖 ∈ ℝ𝑚×𝑁2 are the matrices weights to be
determined.

Assumption 6. (Approximation capability on a compact set)
On the compact set Ω ⊂ ℝ𝑛+𝑝, there exist ideal weights 𝑊 ⋆

𝑖

and 𝑈⋆
𝑖

and bounded approximation errors 𝜀𝑉 ,𝑖(𝑋) and 𝜀𝑢,𝑖(𝑋)
such that

𝑉𝑖(𝑋) = 𝑊 ⋆
𝑖
Φ̃(𝑋) + 𝜀𝑉 ,𝑖(𝑋), 𝜋𝑖+1(𝑋) = 𝑈⋆

𝑖
Ψ̃(𝑋) + 𝜀𝑢,𝑖(𝑋),

(44)
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with sup𝑋∈Ω |𝜀𝑉 ,𝑖(𝑋)| ≤ 𝜀𝑉 and sup𝑋∈Ω ||𝜀𝑢,𝑖(𝑋)|| ≤ 𝜀𝑢. More-
over, the approximation errors converge uniformly to zero, that
is, 𝜀𝑉 → 0 and 𝜀𝑢 → 0 as the number of basis terms retained tend
to infinity, that is,𝑁1 → ∞ and𝑁2 → ∞ respectively. Readers are
referred to [5, 28] where this approach has been described and
deployed to approximate the exact value function and optimal
control policy. It is noted that, in the ideal case 𝜀𝑉 = 𝜀𝑢 = 0, the
parameterizations can represent the exact PI iterates on Ω.

Lemma 2. The weights 𝑊𝑖 and 𝑈𝑖 can be obtained by solving
the following least-squares (LS) equation

Θ̃𝑁

𝑖

[
vec(𝑊𝑖)
vec(𝑈𝑇

𝑖
)

]
= 𝐸̃

𝑁

𝑖
(45)

for 𝑁 > 𝑁1 + 𝑚𝑁2 and

Θ̃𝑁

𝑖
= [Θ̃𝑖(𝑡1), . . . , Θ̃𝑖(𝑡𝑁 )]𝑇

𝐸̃
𝑁

𝑖
= [𝐸̃𝑖(𝑡1), . . . , 𝐸̃𝑖(𝑡𝑁 )]𝑇 (46)

where
𝐸̃𝑖(𝑡) = −𝐼Ψ̃Ψ̃

(
𝑈𝑇

𝑖−1 ⊗𝑈𝑇
𝑖−1

)
vec(𝑅)

− ∫
𝑡+𝑇

𝑡

(
𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)

)
𝑑𝑡 (47)

Θ̃𝑖(𝑡) =

[
(Φ̃(𝑋(𝑡 + 𝑇 )) − Φ̃(𝑋(𝑡)))𝑇 − 𝛾𝐼Φ̃

2
(
𝐼𝑢Ψ̃(𝑅⊗ 𝐼𝑁2

) − 𝐼Ψ̃Ψ̃(𝑈𝑇
𝑖−1𝑅⊗ 𝐼𝑁2

)
)]𝑇

(48)

with
𝐼Ψ̃Ψ̃ = ∫

𝑡+

𝑡

(
Ψ̃𝑇 (𝑋)⊗ Ψ̃𝑇 (𝑋)

)
d𝑡

𝐼𝑢Ψ̃ = ∫
𝑡+

𝑡

(
𝑢𝑇
𝑠
⊗ Ψ̃𝑇 (𝑋)

)
d𝑡

𝐼Φ̃ = ∫
𝑡+

𝑡

(Φ̃𝑇 (𝑋)⊗ 𝐼𝑁1
)d𝑡

Proof. Substituting the approximations (42) and (43) for 𝑊𝑖, 𝑢𝑖,
and 𝑢𝑖+1 into (41) results in

𝑊𝑖(Φ̃(𝑋(𝑡)) − Φ̃(𝑋(𝑡 + 𝑇 ))) = −∫
𝑡+𝑇

𝑡

2Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝜈̃𝑖𝑑𝑡

− ∫
𝑡+𝑇

𝑡

(
𝑋𝑇 𝑄̃𝑋 + 𝑢̃𝑇

𝑖
𝑅𝑢𝑖 + 𝐵𝜗(𝜌𝑋)

)
𝑑𝑡

+ 𝛾∫
𝑡+𝑇

𝑡

𝑊𝑖Φ̃(𝑋)𝑑𝑡 (49)

where 𝑢̃0 = 𝑢0, 𝜈̃𝑖 = 𝑢𝑠 − 𝑢̃𝑖. Thus,

∫
𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝜈̃𝑖𝑑𝑡 = ∫

𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅(𝑢𝑠 − 𝑢̃𝑖)𝑑𝑡 (50)

One can derive the following equations

∫
𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝑢𝑑𝑡 = ∫

𝑡+𝑇

𝑡

(
𝑢𝑇
𝑠
𝑅 ⊗ Ψ̃𝑇 (𝑋)

)
vec(𝑈𝑇

𝑖
)𝑑𝑡

= ∫
𝑡+𝑇

𝑡

(
𝑢𝑇
𝑠
⊗ Ψ̃𝑇 (𝑋)

)(
𝑅𝑇 ⊗ 𝐼𝑁2

)
vec(𝑈𝑇

𝑖
)𝑑𝑡

= 𝐼𝑢Ψ̃
(
𝑅⊗ 𝐼𝑁2

)
vec(𝑈𝑇

𝑖
) (51)

∫
𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝑢̃𝑖𝑑𝑡 = ∫

𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝑈𝑖−1Ψ̃(𝑋)𝑑𝑡

= ∫
𝑡+𝑇

𝑡

(
Ψ̃𝑇 (𝑋)𝑈𝑇

𝑖−1𝑅⊗ Ψ̃𝑇 (𝑋)
)

vec(𝑈𝑇
𝑖
)𝑑𝑡

= ∫
𝑡+𝑇

𝑡

(
Ψ̃𝑇 (𝑋)⊗ Ψ̃𝑇 (𝑋)

)
𝑑𝑡(

𝑈𝑇
𝑖−1𝑅⊗ 𝐼𝑁2

)
vec(𝑈𝑇

𝑖
)

= 𝐼Ψ̃Ψ̃
(
𝑈𝑇

𝑖−1𝑅⊗ 𝐼𝑁2

)
vec(𝑈𝑇

𝑖
) (52)

By substituting (51) and (52) into (50), it gives:

∫
𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖
𝑅𝜈̃𝑖𝑑𝑡 = 𝐼𝑢Ψ̃(𝑅⊗ 𝐼𝑁2

)vec(𝑈𝑇
𝑖
)

− 𝐼Ψ̃Ψ̃
(
𝑈𝑇

𝑖−1𝑅⊗ 𝐼𝑁2

)
vec(𝑈𝑇

𝑖
) (53)

Furthermore, it can be noted that

∫
𝑡+𝑇

𝑡

𝑢̃𝑇
𝑖
𝑅𝑢̃𝑖𝑑𝑡 = ∫

𝑡+𝑇

𝑡

Ψ̃𝑇 (𝑋)𝑈𝑇
𝑖−1𝑅𝑈𝑖−1Ψ̃(𝑋)𝑑𝑡

= 𝐼Ψ̃Ψ̃
(
𝑈𝑇

𝑖−1 ⊗𝑈𝑇
𝑖−1

)
vec(𝑅) (54)

and

𝛾∫
𝑡+𝑇

𝑡

𝑊𝑖Φ̃(𝑋) = 𝛾∫
𝑡+𝑇

𝑡

(Φ̃𝑇 (𝑋)⊗ 𝐼𝑁1
)𝑑𝑡 vec(𝑊𝑖)

= 𝛾𝐼Φ̃vec(𝑊𝑖) (55)

Finally, by substituting (54) and (55) into (49), the following
expression is derived(

(Φ̃(𝑋(𝑡 + 𝑇 )) − Φ̃(𝑋(𝑡)))𝑇 − 𝛾𝐼Φ̃
)
𝑊 𝑇

𝑖

+ 2
(
𝐼𝑢Ψ̃(𝑅⊗ 𝐼𝑁2

) − 𝐼Ψ̃Ψ̃(𝑈𝑇
𝑖−1𝑅⊗ 𝐼𝑁2

)
)
vec(𝑈𝑇

𝑖
)

= −𝐼Ψ̃Ψ̃
(
𝑈𝑇

𝑖−1 ⊗𝑈𝑇
𝑖−1

)
vec(𝑅) − ∫

𝑡+𝑇

𝑡

𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)𝑑𝑡

(56)

(56) can be reformulated in regression form as follows

Θ̃𝑖(𝑡)

[
vec(𝑊𝑖)
vec(𝑈𝑇

𝑖
)

]
= 𝐸̃𝑖(𝑡) (57)

with

𝐸̃𝑖(𝑡) = −𝐼ΨΨ
(
𝑈𝑇

𝑖−1 ⊗𝑈𝑇
𝑖−1

)
vec(𝑅)

− ∫
𝑡+𝑇

𝑡

(
𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)

)
𝑑𝑡 (58)

Θ̃𝑖(𝑡) =

[
(Φ̃(𝑋(𝑡 + 𝑇 )) − Φ̃(𝑋(𝑡)))𝑇 − 𝛾𝐼Φ̃

2
(
𝐼𝑢Ψ̃(𝑅⊗ 𝐼𝑁2

) − 𝐼Ψ̃Ψ̃(𝑈𝑇
𝑖−1𝑅⊗ 𝐼𝑁2

)
)]𝑇

(59)

(57) involves 𝑁1 + 𝑚𝑁2 unknown parameters which can be
determined using LS method. However, it is imperative to ensure
a sufficiently rich data set of state and input information to
guarantee an adequate number of equations for solving these
unknown parameters. The collected data are saved in matrices
Θ̃𝑁

𝑖
and 𝐸̃

𝑁

𝑖
defined as

Θ̃𝑁

𝑖
= [Θ̃𝑖(𝑡1), . . . , Θ̃𝑖(𝑡𝑁 )]𝑇 , 𝐸̃

𝑁

𝑖
= [𝐸̃𝑖(𝑡1), . . . , 𝐸̃𝑖(𝑡𝑁 )]𝑇
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As a result, the LS equation takes the form:

Θ̃𝑁

𝑖

[
vec(𝑊𝑖)
vec(𝑈𝑇

𝑖
)

]
= 𝐸̃

𝑁

𝑖
(60)

with 𝑁 > 𝑁1 + 𝑚𝑁2. ◽

Before solving the pair (𝑊𝑖,𝑈𝑖) from (45), it is crucial to ver-
ify the uniqueness of the solution. To this end, Assumption 7 is
introduced.

Assumption 7. For each 𝑖 = 0, 1, 2, . . . , there exists a suf-
ficiently large integer 𝑁 > 0, such that the following rank
condition holds.

rank
(
Θ̃𝑁

𝑖

)
= 𝑁1 + 𝑚𝑁2 (61)

It is essential to collect sufficient sampled data (i.e., ensuring
𝑁 is large enough for each iteration step 𝑖). The selection of
exploration noise is crucial in this process. Typically, the rank
condition can be verified computationally, although it cannot be
determined analytically.

Remark 3. The rank condition in (61) is derived from the per-
sistent excitation condition commonly used in adaptive control
[29].

Figure 1, presents the structure of the developed algorithm and
highlights its four distinct steps:

• Initialization: An initial safe and admissible policy is cho-
sen such that 𝑢̃0 = 𝑈0Ψ̃(𝑋).

• Safe Exploration: Probing noise is added to the initial pol-
icy to explore the state space and collect rich data. The explo-
ration policy 𝑢𝑛𝑜𝑖𝑠𝑦 is adjusted by adding the solution of the
QP problem in order to assure the safety of the system.

• Safe PI: After collecting data, the LS equation is solved, and
the policy evaluation and improvement steps are computed
iteratively until the convergence of the critic weights.

• Safe Operation The learned safe and optimal policy is used
to generate the control input of the augmented system (6).

Remark 4. The convergence and safety properties in
Theorem 1 are established for the exact PI iterates (𝑉𝑖, 𝜋𝑖). This
section provides an implementable off-policy realization using
approximations. Under Assumption 6 and the rank condition in
Assumption 7, the least-squares regression yields unique weights
in the chosen function class, and the learned policy approaches
the exact PI solution up to the approximation residual.

To assess the effectiveness of the algorithm, a simulation study
over an academic system has been done.

5 | Simulation Results

In this section, a simulation example is presented to verify the
efficiency of the proposed scheme and to demonstrate the design
procedures.

Consider a nonlinear system described by the following differen-
tial equations

𝑥̇1 = 𝑥2

𝑥̇2 = −𝑥3
1 − 0.5𝑥2 + 𝑢 (62)

A sinusoidal reference trajectory is generated by

𝑥̇𝑟 = 0.5
√

5𝑐𝑜𝑠(
√

5𝑡) (63)

Now, considering that only the states 𝑥1 will be tracked, the error
𝑒, is defined as

𝑒 = 𝑥1 − 𝑥𝑟 (64)

The safe set is described by 𝒞 = {𝑥| − 2 < 𝑥2 < 2}. The reward
function (8) is considered with 𝑄 = 8, 𝑅 = 0.00001 and 𝛾 = 0.1.
The CBF 𝐵𝜗 is given by

𝐵𝜗(𝜌𝑋) = 𝐵1,𝜗(𝜌𝑋) + 𝐵2,𝜗(𝜌𝑋) (65)

with

𝐵1,𝜗(𝜌𝑋) = − log
(

𝜗ℎ1(𝜌𝑋)
𝜗ℎ1(𝜌𝑋) + 1

)
,

𝐵2,𝜗(𝜌𝑋) = − log
(

𝜗ℎ2(𝜌𝑋)
𝜗ℎ2(𝜌𝑋) + 1

)
where 𝜗 = 400, ℎ1(𝜌𝑋) = −𝑋𝑚𝑖𝑛

2 +𝑋2 and ℎ2(𝜌𝑋) = 𝑋𝑚𝑎𝑥
2 −𝑋2

based on (2). The values of 𝑄, 𝑅, and 𝜗 are selected to ensure
that when the state 𝑥2 approaches the boundaries of the safe set,
a larger penalty is assigned to 𝐵𝜗(𝜌𝑋), emphasizing safety. Con-
versely, when the states are within the safe set, the focus shifts to
performance, giving more weight to the terms 𝑥𝑇𝑄𝑥 and 𝑢𝑇𝑅𝑢,
while the role of 𝐵𝜗(𝜌𝑋) becomes less significant.

From 𝑡= 0s to 𝑡= 5s, the exploration noise 𝜖(𝑡) is injected into the
initial policy, with 𝜖(𝑡) being set to

𝜖(𝑡) =
12∑
𝑙=1

10 sin((2𝑙 − 1)𝑡) (66)

The activation functions are considered, respectively, as

Φ̃(𝑋) = [𝑋2
1 , 𝑋2

2 , 𝑋2
3 , 𝑋1𝑋2, 𝑋1𝑋3, 𝑋2𝑋3, 𝑋4

1 , 𝑋4
2 , 𝑋4

3 , 𝑋2
1𝑋

2
2 ,

𝑋2
1𝑋

2
3 , 𝑋2

2𝑋
2
3 , 𝑋3

1𝑋2, 𝑋3
1𝑋3, 𝑋3

2𝑋1, 𝑋3
2𝑋3, 𝑋3

3𝑋1, 𝑋3
3𝑋2]T

Ψ̃(𝑋) =
[
𝑋1, 𝑋2, 𝑋3

]𝑇 .

These weights of the critic and actor are trained by finding the
solution of (45) for 𝑁 = 250. The input and state data are col-
lected over each interval of 𝑇 = 0.02𝑠. The initial weights of the
actor are set to 𝑈0 = [−2 − 16 − 60].

Based on Equation (36), the CBF criteria is formulated as

𝐿𝑓ℎ1(𝜌𝑋) + 𝐿𝑔ℎ1(𝜌𝑋)𝜖(𝑡) + 𝛼1(ℎ1(𝜌𝑋))

+ 𝐿𝑔ℎ1(𝜌𝑋)(𝑢 + 𝑢𝑠𝑎𝑓𝑒) ≥ 0

𝐿𝑓ℎ2(𝜌𝑋) + 𝐿𝑔ℎ2(𝜌𝑋)𝜖(𝑡) + 𝛼2(ℎ2(𝜌𝑋))

+ 𝐿𝑔ℎ2(𝜌𝑋)(𝑢 + 𝑢𝑠𝑎𝑓𝑒) ≥ 0 (67)
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FIGURE 1 | Flowchart of Safe Off-Policy algorithm for tracking problem.
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FIGURE 2 | Trajectory of 𝑥1 during exploration.
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FIGURE 3 | Trajectory of 𝑥2 during exploration.

with 𝛼1 = 60ℎ1(𝜌𝑋), 𝛼2 = 50ℎ2(𝜌𝑋). These values are fixed to
enable less conservative exploration. This selection allows the
system to approach the boundaries more closely, allowing the col-
lection of data not only from within the safe region but also from
its vicinity.

In the exploration phase, Figure 2 presents the trajectories of
the state 𝑥1, showcasing both the safe case (blue curve) and the
unsafe case (red curve). There is no significant difference between
the two curves since there are no constraints on the state 𝑥1. For
the state 𝑥2, it is clear that the system maintains safety during the
exploration phase. However, when the QP problem is deactivated,
it can be observed from the red curve that the state 𝑥2 violates the
safety boundary (dashed black line) (Figure 3). Figure 4 displays
the noisy input applied for exploration purposes. It can be seen
that, in order to ensure safety, slight adjustments are made to the
unsafe policy (red curve), ultimately resulting in a secure policy
(blue curve).

After collecting data, the safe tracking PI algorithm is iteratively
computed until the critic weights converge. In this example,
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FIGURE 4 | Exploration policy under probing noise.
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FIGURE 5 | Convergence of critic weights.

the algorithm has converged after 10 iterations as shown
in Figure 5.

Figures 6 and 7 display the trajectory of the state variable 𝑥1, dur-
ing both phases: exploration and operational (exploitation). Dur-
ing the exploration phase, which lasts from t = 0 s to t = 5 s, the
exploration input is applied to the system to collect data. Then the
trained actor is used to control the system during the operational
phase. Figure 6 displays the trajectory of the state 𝑥1. In both the
safe and unsafe scenarios, it is evident that, after applying the
optimal learned policy, 𝑥1 effectively tracks the reference, demon-
strating the effectiveness of the policy in guiding the state variable
toward the desired reference trajectory. In Figure 7, the trajectory
of the state 𝑥1 is presented. During the operational phase, it is
noteworthy that both curves exhibit striking similarity. To vali-
date the safety of the learned policy, it will be employed to control
the system behavior from the initial states 𝑋0 = [0.1, 1, 0.1]𝑇 and
not the states where exploration was interrupted. Figure 8 dis-
plays three curves:
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FIGURE 6 | Trajectory of 𝑥1 during exploration and exploitation.
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FIGURE 7 | Trajectory of 𝑥2 during exploration and exploitation.

• the grey curve represents the trajectory of𝑥1 where the initial
policy was applied to the system;

• the red curve illustrates the trajectory of 𝑥1 for the classical
off-policy algorithm, where there are no safety considera-
tions during the exploration and the exploitation;

• the blue curve represents the trajectory of 𝑥1 under the
learned policy, where the exploration was done in a safe
manner and the reward function was augmented with CBFs.

It can be deduced that the learned policy, whether in the safe
or unsafe cases, does indeed ensure that 𝑥1 follows the refer-
ence trajectory 𝑥𝑟. In contrast, when using the initial policy, a
delay is observed between 𝑥1 and the reference, underscoring the
improved performance achieved through the learned policy.

In Figure 9, the two curves represent the same cases as in
Figure 8, specifically for the state 𝑥2. Notably, under the pro-
posed algorithm, 𝑥2 consistently remains within the safe region,
demonstrating the efficiency of the approach in satisfying safety
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FIGURE 8 | Trajectory of 𝑥1 during the operational phase under the
learned policy.
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FIGURE 9 | Trajectory of 𝑥2 during the operational phase under the
learned policy.

0 1 2 3 4 5 6 7 8 9 10
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

FIGURE 10 | Trajectory of 𝑒 during the operational phase under the
learned policy.
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constraints. While applying the classical off-policy algorithm, 𝑥2
would surpass the predefined safety boundaries, showing the
advantages of the proposed method in ensuring safe operation.
In Figure 10, the graph illustrates the evolution of the error
between the state 𝑥1 and the reference 𝑥𝑟 for the three scenar-
ios previously mentioned in Figure 8. The largest error is notably
observed when employing the initial policy, indicating that it
is not optimal. With the learned policy, the error significantly
decreases, showing its effectiveness in trajectory tracking. How-
ever, it is worth noting that in the safe case, the error remains
larger compared to the unsafe case. This is because the safe con-
troller balances safety and performance, while the unsafe case
prioritizes performance without taking into consideration any
safety guarantees.

6 | Conclusion

This paper proposes a novel approach that ensures safe and opti-
mal tracking control learning using off-policy based approach. It
introduces guarantees of safety throughout both the exploration
and exploitation phases. The exploration phase introduces prob-
ing noise to collect diverse and informative data, while simulta-
neously employing the QP problem to enforce safety constraints.
Safe tracking PI is then iteratively computed to achieve a policy
that balances safety and optimality. Simulation results assert the
effectiveness of the algorithm in generating safe policies, even in
the presence of probing noise, while significantly reducing the
error between the reference and the state. This demonstrates that
the learned policy successfully strikes a balance between safety
and the optimality of performance.

It is important to note that while the proposed algorithm has
demonstrated promising results in ensuring safety for tracking
problems, future work will focus on addressing the challenge of
relying on a system model to solve the QP problem. This limita-
tion can be addressed by assuming only a nominal model is avail-
able and approximating model uncertainty using machine learn-
ing techniques such as neural networks or Gaussian processes.
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Appendix A
Before developing the proof of Theorem 1, Lemma 3 is given.

Lemma 3. Under Assumption 4, the following holds:

1.
𝑉 ∗(𝑋) ≤ 𝑉𝑖(𝑋); (A1)

2. for any 𝑉𝑖−1 ∈  , satisfying

∇𝑉 𝑇
𝑖−1

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ 𝑟(𝑋, 𝑢𝑖) − 𝛾𝑉𝑖−1(𝑋) ≤ 0 (A2)

it follows that 𝑉𝑖(𝑋) ≤ 𝑉𝑖−1(𝑋);

3.

∇𝑉 𝑇
𝑖

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖+1

)
+𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)

− 𝛾𝑉𝑖(𝑋) + 𝑢𝑇
𝑖+1𝑅𝑢𝑖+1 ≤ 0. (A3)

Proof.

1. First, we want to prove that 𝑉𝑖(𝑋) ≥ 𝑉 ∗(𝑋). Under Assumption 4,
we have

∇𝑉 ∗𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢∗) + 𝑟(𝑋, 𝑢∗) − 𝛾𝑉 ∗(𝑋) = 0 (A4)

It follows that

(
∇𝑉𝑖 − ∇𝑉 ∗)𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ 𝑢𝑇

𝑖
𝑅𝑢𝑖 − 𝑢∗𝑇 𝑅𝑢∗ +

∇𝑉 ∗𝑇 (𝑋)𝐺(𝑥)(𝑢𝑖 − 𝑢∗) + 𝛾
(
𝑉 ∗(𝑋) − 𝑉𝑖(𝑋)

)
=
(
∇𝑉𝑖 − ∇𝑉 ∗)𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
− 2𝑢∗𝑇 𝑅(𝑢𝑖 − 𝑢∗)

+ 𝑢𝑇
𝑖
𝑅𝑢𝑖 − 𝑢∗𝑇 𝑅𝑢∗ + 𝛾

(
𝑉 ∗(𝑋) − 𝑉𝑖(𝑋)

)
=
(
∇𝑉𝑖 − ∇𝑉 ∗)𝑇 (𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ (𝑢∗ − 𝑢𝑖)𝑇 𝑅(𝑢∗ − 𝑢𝑖) + 𝛾

(
𝑉 ∗(𝑋) − 𝑉𝑖(𝑋)

)
= 0 (A5)

Multiplying both sides by 𝑒−𝛾𝑡, for all 𝑋0, along the trajectories of
the augmented system (6) with 𝑢 = 𝑢𝑖 and 𝑋(0) = 𝑋0, the following
holds:

𝑒−𝛾𝑡0
(
𝑉𝑖(𝑋0) − 𝑉 ∗(𝑋0)

)
= ∫

∞

0
𝑒−𝛾𝑡(𝑢∗ − 𝑢𝑖)𝑇 𝑅(𝑢∗ − 𝑢𝑖)𝑑𝑡 ≥ 0

(A6)
which implies that 𝑉𝑖(𝑋) ≥ 𝑉 ∗(𝑋).

2. We have

∇𝑉 𝑇
𝑖−1(𝑋)

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ 𝑟(𝑋, 𝑢𝑖) − 𝛾𝑉𝑖−1(𝑋) ≤ 0 (A7)

Let 𝑚(𝑋) ≥ 0, such that

∇𝑉 𝑇
𝑖−1(𝑋)

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ 𝑟(𝑋, 𝑢𝑖) − 𝛾𝑉𝑖−1(𝑋) = −𝑚(𝑋) (A8)

Since ∇𝑉 𝑇
𝑖
(𝑋)

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+ 𝑟(𝑋, 𝑢𝑖) − 𝛾𝑉𝑖(𝑋) = 0, it follows(

∇𝑉𝑖−1(𝑋) − ∇𝑉𝑖(𝑋)
)𝑇 (

𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖
)
+ 𝛾

(
𝑉𝑖 − 𝑉𝑖−1

)
= −𝑚(𝑋) (A9)

Multiplying both sides by 𝑒−𝛾𝑡, for all 𝑋0, along the trajectories of
the augmented system (6) with 𝑢 = 𝑢𝑖 and 𝑋(0) = 𝑋0, the following
holds:

𝑒−𝛾𝑡0
(
𝑉𝑖(𝑋0) − 𝑉𝑖−1(𝑋0)

)
= −∫

∞

0
𝑒−𝛾𝑡𝑚(𝑋) < 0 (A10)

Thus 𝑉𝑖(𝑋) < 𝑉𝑖−1(𝑋).

3. The goal is to show that

∇𝑉 𝑇
𝑖

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖+1

)
+𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)

− 𝛾𝑉𝑖(𝑋) + 𝑢𝑇
𝑖+1𝑅𝑢𝑖+1 ≤ 0. (A11)

By definition

∇𝑉 𝑇
𝑖

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖+1

)
+𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋) − 𝛾𝑉𝑖(𝑋)

+ 𝑢𝑇
𝑖+1𝑅𝑢𝑖+1

= ∇𝑉 𝑇
𝑖
(𝑥)

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖+1

)
+𝑋𝑇 𝑄̃𝑋 + 𝑢𝑇

𝑖+1𝑅𝑢𝑖+1

+ 𝐵𝜗(𝜌𝑋) − 𝛾𝑉𝑖(𝑋)

+ ∇𝑉 𝑇
𝑖
𝐺(𝑋)𝑢𝑖 − ∇𝑉 𝑇

𝑖
𝐺(𝑋)𝑢𝑖 + 𝑢𝑇

𝑖
𝑅𝑢𝑖 − 𝑢𝑇

𝑖
𝑅𝑢𝑖

= ∇𝑉 𝑇
𝑖

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑖

)
+𝑋𝑇 𝑄̃𝑋 + 𝑢𝑇

𝑖
𝑅𝑢𝑖 + 𝐵𝜗(𝜌𝑋)

− 𝛾𝑉𝑖(𝑋) + ∇𝑉 𝑇
𝑖
𝐺(𝑋)(𝑢𝑖+1 − 𝑢𝑖) + 𝑢𝑇

𝑖+1𝑅𝑢𝑖+1 − 𝑢𝑇
𝑖
𝑅𝑢𝑖

= ∇𝑉 𝑇
𝑖
𝐺(𝑋)(𝑢𝑖+1 − 𝑢𝑖) + 𝑢𝑇

𝑖+1𝑅𝑢𝑖+1 − 𝑢𝑇
𝑖
𝑅𝑢𝑖

= −2𝑢𝑇
𝑖+1𝑅(𝑢𝑖+1 − 𝑢𝑖) + 𝑢𝑇

𝑖+1𝑅𝑢𝑖+1 − 𝑢𝑇
𝑖
𝑅𝑢𝑖

= −(𝑢𝑖+1 − 𝑢𝑖)𝑇 𝑅(𝑢𝑖+1 − 𝑢𝑖) ≤ 0

The proof of Lemma 3 is complete. ◽

Now, the proof of Theorem 1 will be developed in the following.

Proof. First, Theorem 1.1 and Theorem 1.2 are shown to be true by
induction, and it is proved that 𝑉𝑖 ∈  , for all 𝑖 = 0, 1, . . .
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a. For 𝑖 = 1, it follows from Assumption 3, Lemma 3.1 and Lemma 3.2
that Theorem 1.1 and Theorem 1.3 are true. Under Assumption 3
and 4, 𝑉 ∗ ∈  and 𝑉0 ∈  thus 𝑉1 ∈  .

b. Suppose Theorem 1.1 and Theorem 1.3 hold for 𝑖 = 𝑗 > 1 and 𝑉𝑗 ∈ , We want to show that Theorem 1.1 and Theorem 1.3 also hold
for 𝑖 = 𝑗 + 1 and 𝑉𝑗+1 ∈  .

Since 𝑉 ∗ ∈  and 𝑉𝑗 ∈  , we deduce that 𝑉𝑗+1 ∈  . By Lemma 3.3, one
obtains

∇𝑉 𝑇
𝑗+1(𝑋)

(
𝐹 (𝑋) + 𝐺(𝑋)𝑢𝑗+2

)
+𝑋𝑇 𝑄̃𝑋 + 𝐵𝜗(𝜌𝑋)

− 𝛾𝑉𝑗+1(𝑋) + 𝑢𝑇
𝑗+2𝑅𝑢𝑗+2 ≤ 0 (A12)

Along the solutions of system (6) for 𝑢 = 𝑢𝑗+2, one obtains 𝑉̇ 𝑗+1 ≤ 0. Since
𝑉𝑗+1 ∈  , it is a well-defined Lyapunov function for the augmented sys-
tem (6) with 𝑢 = 𝑢𝑗+2. Therefore, 𝑢𝑗+2 is a stabilizing policy which implies
that Theorem 1.3 holds for 𝑖 = 𝑗 + 1.

From Lemma 3.2, we have 𝑉𝑗+2 ≤ 𝑉𝑗+1 and by induction assumption we
have 𝑉 ∗(𝑋) ≤ 𝑉𝑗+1(𝑋) ≤ 𝑉𝑗 (𝑋), which gives

𝑉 ∗(𝑋) ≤ 𝑉𝑗+2(𝑋) ≤ 𝑉𝑗+1(𝑋)

Hence, Theorem 1.1 holds for 𝑖 = 𝑗 + 1.

If such a pair (𝑉 , 𝑢) exists, we already know that the solution of safe-HJB
is unique, and thus we can deduce that 𝑉 ∗ = 𝑉 and 𝑢∗ = 𝑢.

Now, it must be shown that at each iteration 𝑢𝑖 is safe, and thus we want to
show that the states under policy 𝑢𝑖 remain in the safe set 𝒞 . Earlier, we
have proved that 𝑉 ∗(𝑋) ≤ 𝑉𝑖+1(𝑋) ≤ 𝑉𝑖(𝑋) ≤ 𝑉0, which implies that at
each iteration 𝑉𝑖 is bounded and consequently the reward 𝑟(𝑋, 𝑢𝑖) and the
barrier function𝐵𝜗 remains bounded after each policy improvement step.
Moreover, 𝐵𝜗 tends to infinity near the boundary of the safe set, implying
that the system states do not cross 𝜕𝒞 . This in turn guarantees safety and
proves that 𝑢𝑖 ∈ 𝒰𝑠. ◽
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